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PREFACE 

This  book  is  designed  to  present  a  mathematical  treatment  of 
some  of  the  fimdamentals  of  the  theory  of  electric  oscillations 
and  electric  waves. 

Although  the  selection  of  material  particularly  applicable  to 
radiotelegraphy  has  been  the  first  consideration,  yet,  because 
the  electromagnetic  theory,  which  is  fundamental  to  radioteleg- 
raphy, is  fimdamental  also  to  optics,  wire  telephony  and  power 
transmission,  it  is  hoped  that  the  volume  may  be  useful  in  these 
fields  also. 

Book  I  on  Electric  Oscillations  and  Book  II  on  Electric  Waves 
are  practically  independent,  so  that  a  reader  with  a  fair 
knowledge  of  mathematics  may  read  the  two  books  in  either 
sequence. 

A  student  in  optics  might  confine  his  attention  almost  entirely 
to  Book  II.  A  mature  reader  primarily  interested  in  wire  tele- 
phony or  power  transmission  might  begin  at  Chapter  XVI  of 
Book  I,  and  continue  through  Chapter  XVII,  with  such  occa- 
sional references  to  the  earlier  chapters  as  are  necessary  for 
familiarity  with  the  methods  employed.  He  might  then  look 
into  some  of  the  earlier  chapters  in  order  to  acquaint  himself  with 
the  various  transformer  problems  arising  in  connection  with 
coupled  circuits. 

It  is  suggested  that  students  of  radiotelegraphy  begin  at  the 
b^inning  of  Book  I  and  read  the  various  chapters  consecutively, 
with  the  possible  exception  of  Chapters  IX,  X,  and  XV,  which 
may  be  omitted  or  postponed  without  rendering  difficult  the 
understanding  of  what  follows.  It  is  perhaps  unnecessary  to 
say  that  the  theoretical  work  of  this  book  should  be  supplemented 
by  copious  descriptive  matter  and  laboratory  work. 

Certain  important  subjects  related  to  radiotelegraphy  have 
been  omitted — particularly  the  matter  of  spark-gaps,  arcs, 
vacuum  tubes,  direction  finders  and  the  propagation  of  electric 
waves  over  the  surface  of  the  earth.  These  defects  are  to  be 
partly  remedied  by  including  the  omitted  material  in  a  revision 
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of  the  author's  earlier  book  "The  Principles  of  Wireless  Teleg- 
raphy" and  in  other  writings  now  in  preparation. 

The  writer  takes  pleasure- in  acknowledging  his  indebtedness  to 
Mr.  Yu  Ching  Wen  for  valuable  assistance  in  reading  the  proofs; 
to  Mr.  H.  E.  Rawson  for  supplying  a  draftsman;  and  to  the 
publishers  for  their  accuracy  and  dispatch  in  the  di£Gicult  com- 
position and  manufacture  of  the  book. 

G.  W.  P. 
Cruft  Laboratort,  Harvard  University, 
Cambridge,  Mass.,  U.  S.  A., 
December^  1919. 
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Book  I 
ELECTRIC  OSCILLATIONS 

CHAPTER  I 

FUNDAMENTAL  LAWS  AND  EQUATIONS 

1.  Notation. — 

/  =  Current  (constant), 

Q  =  Quantity  of  electricity  (constant), 

E  =  E.m.f.,  or  difference  of  potential  (constant), 
i  =  Instantaneous  value  of  current  at  time  t  (variable), 
q  =  Instantaneous  value  of  quantity  at  time  t  (variable), 
6  »  Instantaneous  value  of  e.m.f.  at  time  t  (variable), 

R  —  Resistance, 

L  =  Self-inductance, 

C  =  Capacity. 

When  several  of  these  quantities  enter  into  the  same  equation, 
they  must  all  be  measured  in  some  common  set  of  units. 

2.  KirchhoflPs  Current  Law'  for  a  Steady  State. — When  a 
conductor  is  traversed  by  a  constant  current  and  all  the  charges 


Fig.  1. — Conduotor  with  sectionB  Si,  St,  Sp. 

of  the  conductor  are  constant,  the  same  amount  of  electricity 
per  second  (i.e.,  the  same  current)  flows  through  every  cross 
section,  Si,  S2,  Sz  of  the  conductor  (Fig.  1).  In  this  figure 
the  two  lines  in  a  general  horizontal  direction  are  boundaries  of 

1  Kirchhoff,  Poffg.  Ann.f  Vol.  72  (1847).     Also  GeaammeUe  Ahhandlungen, 
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2  ELECTRIC  OSCILLATIONS  [Chap.  I 

the  conductor  across  which  no  current  is  allowed  to  flow.  Any 
two  transverse  surfaces,  as  Si  and  S3,  together  with  the  bounda- 
ries of  the  conductor,  enclose  a  region  of  the  conductor.  Now  if 
more  or  less  electricity  flows  per  second  into  the  region  through 
Si  than  flows  out  through  S3  in  the  same  time,  there  will  be  a 
growth  or  a  decrease  of  electric  charge  within  the  region,  which  is 
contrary  to  the  hypothesis  of  a  steady  state.  Therefore,  the 
current  in  through  any  surface  Si  and  out  through  any  surface 

S3  must  be  the  same  if  the  state  of 
S     ^y^rl^    current  and  charge  is  constant  in 
C^^^y\y^      time. 

[       y\  If   an   electric   conductor   is 

^       ^        !  ^       !  — ^^*    branched  as  at  A  in  Fig.  2,  so  that 

. ^--..^..^S^  through  the  main  conductor  a  cur- 

^^ — ^^^"^^^     ^®^*  ^  flows  into  any  surface  S  en- 
^^     closing  A,   while  currents  /i,  /j, 

Fio.   2.-Braiiched      conductor,     -fa,     .     .     .    flow   OUt  of   S   through 

with  region  about  A  enclosed  by  the  branches,  and  if  there  is  no 
a  surface    .  growing  accumulation  of  el^tricity 

within  the  enclosure,  then  numerically, 

(/)in=    (/1  +  /2  +  /8+    .      .      .     ).«*  (1) 

If  now  we  give  algebraic  sign  to  currents,  attributing  to  currents 
"out''  a  sign  opposite  to  currents  "in,"  then 

I  +  /1  +  /2  +  /S+  .    .    .     =0;  (2) 

that  is, 

Ss/  =0,  (3) 

where  His  indicates  algebraic  summation  applied  to  all  parts 
of  the  closed  surface  S. 

Equations  (1),  (2),  and  (3)  are  merely  different  methods  of 
stating  symbolically  that  electricity  is  conserved,  and  that  in  the 
cases  imder  consideration  there  is  no  accumulating  of  electricity 
within  a  certain  region,  and  that,  therefore,  the  amount  of  elec- 
tricity flowing  out  of  the  region  in  a  given  time  is  equal  to  the 
amount  flowing  into  the  region  in  the  same  time. 

3.  Kirchhoff's  Current  Law  in  the  above  Form  Inapplicable 
at  Regions  Containing  Capacity. — Fig.  3  represents  an  electric 
circuit  containing  a  condenser  C  If  we  suppose  that  a  battery 
or  other  source  of  e.m.f.  is  applied  at  B,  current  will  flow  for  a 
short  time  into  the  condenser.     If  now  we  draw  a  closed  surface 
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S  including  one  plate  of  the  condenser,  it  is  apparent  that  there 
may  be  an  electric  current  i  flowing  into  the  region  bounded  by 
the  siirface  S,  while  there  is  at  the  same  time  no  current  (in  the 
elementary  sense  of  the  word)  flowing  out  of  the  region  bounded 
hyS. 

As  another  example,  if  we  suppose  a  conducting  wire  AB, 
Fig.  4,  to  be  supported  on  insulators  and  open-ended  at  S,  and 
let  a  battery  be  connected  between  the  other  end  A  and  the 
ground  E,  it  is  apparent,  according  to  elementary  notions, 
that  a  charge  of  electricity  will  flow  into  the  conductor  at  A, — 
this  charge  constituting  an  electric  current  n  at  A — ^while  there 


+ 


s 


\' 


q        I 


-i? 


C 


^  Earth  i 


A 


Fig.  3. — Circuit  containing  battery 
B  and  condenser  C,  with  one  plate  en- 
closed by  surface  jS. 


Fig.  4. — Illustrating  distributed 
capacity. 


is  no  current  out  from  the  end  B  of  the  conductor.  At  any  point 
intermediate  between  A  and  B,  there  will  in  general  be  a  current 
%  (say),  and  this  current  will  be  different  at  different  points  along 
the  conductor;  so  that  if  a  closed  surface  S  be  drawn,  there  will 
in  general  be  a  difference  between  the  current  flowing  into  and 
the  ciurent  flowing  ovi  of  S, 

4.  Generalization  of  Kirchhoff's  Current  Law  so  as  to  Apply 
to  Variable  Currents.  Law  of  Conservation  of  Electricity. — 
If  ti  is  the  instantaneous  value  of  current  flowing  into  a  given 
region  bounded  by  a  closed  surface  S,  and  to  is  the  instantaneous 
value  of  the  current  at  the  same  instant  flowing  out  of  the  region 
S,  we  may  suppose  that  in  the  time  dt  the  current  into  the  region 
delivers  a  charge  udt  and  the  current  out  from  the  region  carries 
away  a  charge  iodt;  the  difference  between  these  two  quantities 
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is  dq  (say),  where  dq  is  the  gain  of  charge  of  the  region  in  the 
time  dJt.  The  assumption  that  there  is  no  creation  or  destruc- 
tion of  electricity  during  the  process  makes 

dq  =  iidi  —  if4t]  (4) 

therefore, 

dq       ,        ,  _. 

^-U-io,  15) 

As  a  generalization  of  this  equation,  if  we  consider  current 
flowing  into  a  given  region  bounded  by  a  closed  surface  to  be 
positive,  and  current  flowing  out  to  be  negative,  then 

t-fc--  •  (6) 

Equation  (6)  may  be  stated  as  follows:  The  excess  of  the  current 
flowing  into  a  given  region  at  a  given  time  over  the  current  fl^owing 
out  at  the  same  time  is  the  time^rate  of  increase  of  quarUity  of 
electricity  within  the  region  at  that  time. 

T^is  is  a  statement  of  the  Law  of  the  Conservation  of  Elec- 
tricity, and  applies  to  all  cases  of  the  flow  of  -electricity  whether 
the  flow  is  constant  or  variable.  We  shall  call  the  equation 
Kirchhoff's  Generalized  Current  Law,  or  Kirchhoff*s  Current  Law, 
The  terms  employed  in  the  statement  and  equations  are  explained 
in  the  next  section. 

'  6.  Explanation  of  Terms  of  Foregoing  Statements  and  Equa- 
tions. Intrinsic  Charge. — The  quantities  q  and  ii  in  equation 
(6)  must  be  measured  in  the  same  set  of  units.  If  ii  is  in  amperes, 
q  must  be  in  coulombs.  If,  on  the  other  hand,  ii  is  in  absolute 
units  of  either  the  electrostatic  or  the  electromagnetic  system, 
q  must  be  in  absolute  units  of  the  same  system.^ 

The  charge  indicated  by  g  is  a  charge  that  can  be  increased 
or  diminished  only  by  an  actual  transfer  of  electricity  (free 
electrons)  into  the  region  containing  q.  Such  a  charge  is  known 
as  an  intrinsic  charge,  and  is  to  be  distinguished  from  certain 
induced  charges  to  be  considered  later. 

The  current  ii  must  include  any  actual  transfer  of  electricity 
into  the  region,  whether  of  the  ordinary  conduction  variety  or 
whether  the  transfer  is  by  an  actual  transfer  of  charged  matter 
into  the  region;  that  is,  t\-  must  include  conduction  and  convection 
currents  of  electricity.     It  is  highly  probable  that  all  transfer  of 

*  For  discussion  of  these  units  see  Pierce,  "  Principles  of  Wireless  Teleg- 
raphy," Appendix  I. 
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free  electricity,  even  in  metallic  conduction,  is  accompanied  by 
the  flow  of  matter  in  the  form  of  electrons,  and  is,  therefore, 
essentially  a  convection  cmrent;  but  this  subject  may  properly 
be  deferred  to  later  consideration.  The  current  t\,  however, 
in  the  present  form  of  the  equation  does  not  include  displacement 
currents  to  be  treated  in  Book  II. 

6.  Generalization  of  EirchhofiPs  Electromotive  •Force  Law. — 
If  we  have  a  circuit  of  the  form  of  Fig.  5  in  which  an  e.m.f.  e 
is  applied  to  a  constant  resistance  R,  a  constant  inductance  L, 
and  a  constant  capacity  C  in  series,  the  instantaneous  value  of 


Fig.  5 — Circuit  containing  e.  m.  f .  «,  resistance  /?,  self -inductance  L,  and 

capacity  C 

the  e.m.f.  e  at  any  time  t  is  equal  to  the  sum  of  the  instantaneous 
values  of  the  potential  drops  e^,  eL,  ec\  that  is, 

e  ^  eR  +  eL  +  6c,  (7) 

in  which 

Cn  =  the  fall  of  potential  in  the  resistance  iZ, 
e^  =  the  fall  of  potential  in  the  inductance  L, 
ec  =  the  fall  of  potential  in  the  capacity  C. 

Let  us  now  adopt  the  following  rule  of  signs:  If  e  and  i  are  in 
the  direction  of  the  arrows  they  are  given  a  positive  sign.  If 
they  are  in  the  opposite  direction  they  are  given  a  negative  sign. 
If  the  charge  on  the  plate  A  (toward  which  positive  i  flows)  is 
positive  q  is  positive.    If  this  charge  is  negative  q  is  negative. 

Then  by  Ohm's  law,^  the  fall  of  potential  in  the  resistance  R  is 

ea  =  Rh  (8) 

1  G.  S.  Ohm,  "Die  galvanische  Kette  mathematisch  bearbeitet,"  Berlin, 
IS27. 
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where  i  is  the  instantaneous  current  through  the  resistance  R. 
The  fall  of  potential  in  the  inductance  L  is 

e.  =  L  j^,  (9) 

where  L  is  the  self-inductance  of  the  coil  L,  and  i  is  the  current 
through  L.     This  current  is  the  same  as  the  current  through 
Ry  since  there  is  assumed  to  be  no  capacity  and  therefore  no 
accumulation  of  charge  within  R  and  L. 
The  fall  of  potential  in  the  condenser  C  is 

Ccr  =  1^  (10) 

where  +  g  is  the  charge  on  the  plate  A  of  the  condenser,  and  C 
is  the  capacity  of  the  condenser.  It  is  to  be  noted  that  there 
is  an  equivalent  charge  of  the  opposite  sign  (  — g)  on  the  plate 
B;  because,  since  there  is  no  other  capacity  in  the  circuit,  the 
current  throughout  the  circuit  at  the  time  t  is  everywhere  the 
same  except  within  the  dielectric  of  the  condenser:  and,  there- 
fore, the  current  out  of  the  condenser  at  B  is  always  the  same 
as  the  current  into  the  condenser,  at  A,  and  hence  the  deficit  of 
charge  (the  negative  charge)  of  B  is  always  the  same  as  the 
excess  of  charge  (the  positive  charge)  of  A, 
By  Kirchhoff's  Current  Law  (eq.  6) 

da 

dt        *' 
therefore, 

q  =  yidi.  (11) 

If  now  we  substitute  (8),  (9),  (10)  and  (11)  in  (7),  we  obtain 

e  =  Ri  +  L%+l^.  (12) 

at  (' 

In  this  equation  the  applied  e.m.f.  e  is  usually  called  the  im- 
pressed e.m.f.  This  impressed  e.m.f.  may  be  variable,  constant 
or  zero.  If  it  is  variable  its  instantaneous  value  at  any  time  t 
is  to  be  taken,  and  the  current  i  is  the  instantaneous  value  of  the 
current  at  the  same  time  t 

It  may  not  be  apparent  jiist  why  the  e.m.f.  e,  represented  in 
Fig.  5  as  produced  by  a  dynamo,  shall  be  considered  as  impressed 
e.m.f.,  while  the  other  terms  of  the  equation  (12)  are  regarded  as 
falls  of  potential.     The  reply  is,  that  e  is  the  terminal  voltage 
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of  the  dynamo  and  is,  therefore,  impressed  by  a  source  of  power 

external  to  the  sequence  of  elements  R,  L  and  C    If  e  is  not  the 

terminal  voltage  of  the  dynamo,  but  the  total  e.m.f.  generated 

in  the  dynamo,  then  equation  (12)  would  still  be  true  if  we  add 

the  resistance  of  the  dynamo  to  R  and  add  the  inductance  of  the 

dynamo  to  L,  although  in  this  case  difficulty  would  arise  because 

the  equation  presupposes  a  constant  L,  which  would  not  be  the 

case  if  the  dynamo  contained  iron  in  its  armature. 

As  a  further  note  on  impressed  e.m.f.,  if  we  regard  e  as  the 

terminal  voltage  of  the  dynamo,  it  is  evident  that  we  may  regard 

di       fidt 
the  quantity  e  —  L—  —  as  the  e.m.f.  impressed  on  R\ 

for  there  is  a  terminal  dynamo  voltage  e  impressed  on  the  circuit; 

di 
this  is  opposed  by  the  counter  e.m.f.  L  -^  due  to  the  magnetic 

field  of  the  self  inductance  coil  L  and  by  the  coimter  e.m.f.    ^ 

di       fidt 
due  to  the  charge  of  the  condenser,  leaving  e  —  L  — —  - 

di        C 

as  the  e.m.f.  impressed  on  R, 

It  is  perhaps  still  more  instructive  to  transpose  also  the  term 
Ri  to  the  left  hand  side  of  equation  (12),  giving 

e-Ri-Lf-^  =  0  (13) 

dt         C    . 

We  may  now  regard  Ri  as  the  counter  e.m.f.  of  the  resistance, 
and  may  interpret  equation  (13)  as  an  algebraic  statement  of  the 
fact  that  the  impressed  e.m.f*  and  the  counter  e.m.f.' s  constitute 
a  system  in  equilibrium. 

If  we  have  several  dynamos  or  batteries  of  terminal  voltages 
6i,  e2,  ez  .  .  . ,  these  e.m.f  .'s  being  estimated  positive  when  tend- 
ing to  send  currents  in  the  direction  of  the  arrows  and  negative 
when  tending  to  send  currents  in  the  opposite  direction,  and  if  we 
have  several  capacityless  resistances"  fli,  jRj,  Rz  ,  .  . ,  several 
capacityless  inductances  Li,  L2,  Ls  .  .  . ,  and  several  condensers 
of  capacities  Ci,  d,  Cz  ,    .    . ,  all  in  series,  we  shall  have 

ei  +  e2  +  €i+  .    .    .  -  (Ri  +  R2  +  Rz+  .    .    .)i  - 
(L, +L2  +  L3+.    .    •)^-(c;  +  ^^  +  ^^+-    •     )fidt=0 

^  Some  or  all  of  the  resistances  may  be  in  whole  or  part  the  resistances  of 
the  inductance  coils. 
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or 

26  -  {XR)i  ~  (2;L)  j^  -  (s^)  fidt  =  0.  (14) 

Equation  (14)  presupposes  that  the  L's,  fi's,  and  C^s  are  in- 
dependent of  the  time  t.  It  may  readily  be  seen  how  the  equation 
is  to  be  modified  to  make  it  applicable  to  cases  in  which  these 
coefficients  are  variables.  We  shall,  however,  have  occasion  to 
discuss  chiefly  those  problems  in  which  fi,  L,  and  C  are  constants 
independent  of  current  i  and  independent  of  time  t,  and  shall  at 
present  limit  ourselves  to  these  conditions.  The  group  of  results 
constituting  Kirchhofif's  Generalized  Electromotive  Force  Law,  or 
Kirchhoff's  Second  Law,  may  be  summarized  as  follows:* 

7.  Summary  of  EirchhofTs  E.M.F.  Law : 

1.  When  there  is  an  instantaneous  current  i  flowing  in  a 
constant  capacityless  and  inductanceless  resistance  R  at  the  time 
t,  there  is  impressed  at  the  same  time  at  the  terminals  of  the 
resistance  by  some  source  of  power  external  to  the  resistance  a 
difference  of  potential  es  equal  to  Ri  and  in  the  direction  of  i; 

2.  When  there  is  at  the  time  t  an  instantaneous  current  i 
flowing  in  a  constant  capacityless  inductance  L  of  resistance 
Rlj  there  is  impressed  at  the  same  time  at  the  terminals  of  the 
inductance  by  some  source  of  power  external  to  the  inductance 

of  i; 

3.  When  there  is  at  the  time  t  an  instantaneous  ciu'rent  i 
flowing  into  the  positively  charged  plate  of  a  condenser  of  con- 
stant capacity  C,  there  is  an  equal  cm-rent  i  flowing  away  from 
the  other  plate^  of  the  condenser,  and  there  is  impressed  upon 
the  condenser  from  some  source  of  power  external  to  the  con- 
denser a  difference  of  potential  between  the  plates  of  the  value 

ec  equal  to  *^        and  in  the  direction  of  i; 

4.  When  several  of  these  elements  (resistance,  inductance 
and  condensers)  are  in  series  the  total  instantaneous  impressed 
e.m.f.  is  equal  to  the  sum  of  the  instantaneous  e.m.f.'s  impressed 
on  the  elements. 

^  Care  must  be  exercised  in  determining  what  is  the  other  plate  of  the 
condenser.  It  is  the  aggregate  of  all  bodies  on  which  terminate  lines  of 
static  force  from  the  first  plate. 


CHAPTER  II 

THE  FLOW  OF  ELECTRICITY  IN  A  CIRCUIT  CONTAIN- 
ING RESISTANCE,  SELF-INDUCTANCE,  AND 
CAPACITY.    DISCHARGE,  CHARGE,  AND 
CURRENT  INTERRUPTION 

8.  Notation.— 

R    =  Resistance, 

L    =  Self  induetancei 

C   =  Capacity, 

/    =  Initial  constant  current, 

E   =  Constant  impressed  e.m.f., 

Eo  =  Initial  difference  of  potential  between  the  plates  of  a 

condenser, 
Qo  =  Initial  charge  on  one  plate  of  a  condenser  prechosen  as 

positive, 
Q    =  Final  charges  on  this  plate, 
q   •—  Charge  at  the  time  t  on  the  condenser  plates,  A  (Fig.  1), 

prechosen  as  positive, 
i     =  Instantaneous  current  flowing  toward  the  plate  A  at 

the  time  <, 
e     =  Impressed  e.m.f.  at  the  time  t.    Let  the  positive  direction 

of  e  be  toward  that  plate  of  the  condenser  designated  as 

positive. 

As  we  proceed  we  shall  need  also  the  following  additional 
abbreviations: 

r'\  ^   -       ^  «     /^^^        r 

(iv)  "  -  +  Vib  -  jIv 

(v)  a  =  R/2L, 
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Among   these   expressions  the  following  algebraic   relations 
are  seen  to  exist: 

(vi)  &i  =  -a  +  wa  =  -a  +  jw, 

(vii)  k^  =  —a  —  WA  =  —  a  —  jo), 


(viii) 
(ix) 

(X) 


kikt  =     a2  -  «*•  =      a^  +  0)^  = 
&i  —  A2  =     2wa  =  2;ci), 


LC 


As  these  relations  occur  in  the  text,  we  shall  refer  to  them  by 
their  respective  Roman  Numerals. 

9.  Differential  Equation  of  Current  and  Quantity. — If  in  a 
circuit  of  the  form  of  Fig.  1,  we  equate  the  impressed  e.m.f.  e 
to  the  sum  of  the  counter  e.m.f. 's  (that  is,  the  counter  e.m.f.  of 


+flf 


nmo^ 


-9 


a  J 


Fio.  1. — Circuit  containing  R,  L,  C  and  impressed  e.m.f.  c. 

self  inductance  +  the  counter  e.m.f.  of  resistance  +  the  counter 
e.m.f.  of  capacity)  we  have,  by  (7),  (8),  (9),  and  (10)  of  Chapter  I, 


«  =  4"  +  ^*  +  -c- 


(1) 


We  have  also  the  following  relation  of  i  to  q  (6),  Chapter  I, 

(2) 


.  _  dq 


or 


q  =  fidL  (3) 

Differentiating  (1)  and  introducing  (2),  we  obtain 


de 


dH  .    ^di 


dt  ^^dt^^  ^dt'^  C 


(4) 
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Likewise,  if  we  replace  i  in  equation  (1)  by  its  value  in  terms 
of  q  from  equation  (2),  we  obtain 

Equations  (4)  and  (5)  are  the  differential  equations  for  the 
current  in  the  circuit  and  for  the  charge  in  the  condenser  at  any 
time  t  in  terms  of  the  e.m.f.  impressed  upon  the  circuit. 

10.  General  Solution. — ^A  general  solution  of  equations  of 
the  form  of  (4)  and  (5)  is  given  in  Appendix  I,  Note  6.  Instead 
of  making  direct  use  of  the  solution  there  given,  it  is  instructive 
to  solve  (4)  and  (5)  by  elementary  methods  for  specific  values 
of  6  such  as  arise  in  important  practical  cases. 

11.  Important  Special  Problems. — By  assigning  different 
values  to  the  impressed  e.m.f.,  6,  various  special  problems  arise 
in  connection  with  the  flow  of  current  in  condenser  circuits.  The 
following  of  these  problems  are  highly  important  and  interesting: 

I.  To  find  i  and  q  during  the  discharging  of  a  condenser 
initially  charged. 

II.  To  find  i  and  q  during  the  charging  of  a  condenser  imder  a 
constant  impressed  e.m.f. 

III.  To  find  i  and  q  produced  by  interrupting  a  current  flowing 
in  an  inductance  which  is  shunted  by  a  condenser. 

IV.  To  find  i  and  q  under  the  action  of  a  sinusoidal  impressed 
e.m.f. 

These  problems  will  be  treated  in  order  (the  first  three  in  this 
chapter,  and  the  fourth  in  Chapter  V).  Each  problem  will  be 
examined  in  detail,  partly  on  account  of  the  interest  that  it  pre- 
sents in  itself,  and  partly  as  introductory  to  other  matter. 

L  THE  DISCHARGING  OF  A  COIfDENSER^ 

12.  Differential  Equation  for  Current  and  Quantity  During 
Discharge. — Suppose  a  condenser  of  Capacity  C,  Fig.  2,  to  be 
initially  charged  with  a  quantity  of  electricity  +  Qo  on  one  plate 
and  —  Qo  on  the  other  plate,  and  at  the  time  t  =  0,  let  the  gap  G 
be  closed  in  such  a  way  that  there  is  no  spark^  at  G,  then  we  have 
the  initial  conditions. 

1  This  problem  was  first  solved  by  Sir  Wm.  Thomson,  Phil.  Mag,,  5, 
p.  393,  1853. 

*  Because  a  spark  has  a  resistance  that  is  a  function  of  the  current  through 
the  spark. 
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When 


t  =  0,   q  =  Qo  =  CEo, 


(6) 


where   E  is  the  initial   difference  of  potential   between   the 
plates  of  the  condenser.     We  have  also: 


When 


i  =  0,  i  =  0. 


(7) 


In  addition  to  these  initial  conditions,  we  have  the  fact  that 
the  e.m.f.  impressed  upon  the  circuit  is  zero;  whence  the  dif- 
ferential equations  (4)  and  (5)  take  the  respective  forms 


0=L^'+«S"+i 


dt- 


dt 


«=^w«+4^+5 


(8) 


(9) 


It  is  seen  that  (8)  and  (9)  are  identical  in  form.  They  are 
the  differential  equations  for  the  current  i  and  the  quantity  q  during 
the  condenser  discharge. 


t*o  ^  i'O 


f-f  ^  t-i 


+<?. 


-«. 


L 


C 


+3 


L 


-5 


O 


Fio.  2. — Illustrating  condoDsser  discharge.     Left-hund  diagram  is  the  condition 

at  t  ~  o;  right-hand,  at  t  —  t. 

13.  General  Solution  of  Equations  (8)  and  (9). — ^Let  us  fix 
our  attention  upon  equation  (8).  This  equation  is  a  homoge- 
neous linear  differential  equation  of  the  second  order,  with  con- 
stant coefficients.  This  terminology,  which  is  used  generally  in 
the  theory  of  differential  equations,  has  the  following  significance. 

/  •  di  dH  \ 

If  we  regard  i  and  its  derivatives  ( t,  ^»  ^,  .    .    .)  as  the 

elements  of  the  equation,  the  equation  is  linear  in  these  elements, 
since  products  or  squares  or  higher  powers  of  these  elements  do 
not  enter.  It  is  homogeneous,  since  every  significant  term  of  the 
equation  contains  one  of  the  elements  to  the  same  power;  namely, 
the  first  power.    It  has  the  constant  coefficients  L,  R,  and  1/C. 
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The  equation  is  of  the  second  order,  by  which  is  meant  that  the 
highest  order  of  any  derivative  is  the  second  order. 

The  following  general  propositions  in  the  theory  of  differential 
equations  are  applicable  to  the  problem: 

/.  The  sum  of  ttoo  or  more  soluiions  of  a  linear  homogeneous 
equalion  is  a  solution  of  the  equation;  thai  is,  the  soluiions  are 
additive. 

II.  If  we  can  in  any  way  find  a  solutiom  of  a  linear,  homogeneous 
equation  of  the  nth  order,  the  solution,  if  it  contains  n  independent 
arbitrary  constants,  is  the  most  general  solution,  or  the  complete 
integral  of  the  equation. 

The  proofs  of  these  two  propositions  are  found  in  Appendix 
I,  Notes  1  and  4.  We  shall  employ  the  propositions  in  obtaining 
the  solution  of  equations  (8)  and  (9). 

In  the  beginning  let  us  attempt  to  find  by  inspection  a  par- 
ticular solution  of  (8).  We  may  try  anything  we  like  in  the 
search  for  a  solution;  for  example,  let  us  try  i  =  A,  Sk  constant. 
This  substituted  in  (8)  yields  0  =  0  +  0  +  A/C,  and,  therefore, 
A  =  0,  and  i  =  0.  Such  a  value  will  not  contribute  anything 
by  addition  to  any  other  solution  that  may  be  found. 

We  might  make  various  other  random  attempts  to  find  a 
particular  solution  of  (8),  but  we  shall  make  greater  progress  by 
basing  our  attempts  upon  some  rational  experience,  particularly 
upon  experience  with  the  use  of  exponential  functions. 

Let  us  try 

i  =  Ac**,  (10) 

where  A  and  k  are  constants  and  e  is  the  base  of  the  natural 
logarithms.    This  value  of  i  substituted  in  (8)  gives, 

0  =  {Lk^  +  Rk  +  1/C}A€*'.  (11) 

It  is  seen  that  we  may  divide  out  At'^  from  (11),  obtaining 

0  =  Lifc2  +  fifc  +  1/C.  (12) 

We  have  thus  the  result  that  (10)  is  a  solution  of  (8)  provided 
k  satisfies  the  quadratic  equation  (12V 

Solving  this  quadratic  equation  (12)  for  k,  we  find  the  two  roots 


*  =  -  ^  + -y/^^^  =  *i         by  (i),  Art.  8,     (13) 


and 


*  "^  ~  2Z;  ~  \4L*  ~  W^*       ^^  ^"^'  ^^'  *'    ^^^^ 
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Equations  (13)  and  (14)  give  two  specific  values  of  k  either  of 
which  will  make  the  exponential  value  of  i  given  in  (10)  satisfy 
the  differential  equation  (8). 

The  coefficient  A  of  equation  (10)  is  entirely  arbitrary  and 
may  have  any  values  whatsoever  so  far  as  may  be  determined  by 
the  given  differential  equation.  The  constant  k  is  determined  by 
(13)  and  (14).  ^^ 

In  the  attempt  to  find  ot£!|  particular  solution  of  (8)  we  have 
really  found  two  particular  solutipns,  namely,  either 

i  =  A  !€*»',  (15) 

or 

i   =   .426*^.  (16) 

In  these  equations  Ai  and  At  are  arbitrary  constants,  which 
are  in  general  independent  of  each  other. 

Now  by  Proposition  I,  Art.  13,  the  sum  of  these  two  solutions  is 
a  solution.     That  is, 

i  =  Ai€*''  +  A2€*"'  (17) 

is  a  solution  of  equation  (8).  In  fact,  this  is  the  most  general 
solution,  or  complete  integral,  of  (8),  provided  ki  and  kt  are  dif- 
ferent quantities;  for  then  Ai  and  At  are  two  independent  arbi- 
trary constants;  and  by  Proposition  II,  Art.  13,  such  a  solution  is 
general. 

If  on  the  other  hand  fci  =  ktj  the  solution  (17)  reduces  to 

z  =  (Ai  +  At)^''',  (18) 

and,  therefore,  possesses  only  one  arbitrary  constant;  for  the  sum 
of  A I  and  il2  is  no  more  arbitrary  than  Ai  alone. 
The  exceptional  case  with  ki  equal  to  kt  arises  when 

R^  =  4L/C, 
or 

WA  =  w  =  0, 

as  may  be  seen  by  reference  to  (13)  and  (14)  and  to  (iii)  and  (iv). 
Art.  8.  This  is  called  the  Critical  Case.  The  critical  case  re- 
quires a  special  treatment,  which  is  given  in  Appendix  I,  Note  7, 
where  the  result  is  obtained  in  the  form  of 

_  ^1 
i  =  (ill  +  Att)  e     2X^  (19) 
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If  the  reader  does  not  care  to  follow  the  reasoning  of  the  Note  7 
in  Appendix  I,  he  can  satisfy  himself  that  (19)  is  a  solution  of  (8) 
in  the  critical  case  by  substituting  (19)  directly  in  (8)  and  intro- 
ducing also  the  condition 

fi«  =  4L/C. 

Since  (19)  contains  two  independent  arbitrary  constants,  i'  is 
the  complete  integral  for  the  critical  case. 

To  sum  up,  we  have  found  the  general  solution  of  (8)  to  be 

i  =  Ait'^  +  A  26^,      provided  iJ*  5^  4L/C,  (20) 

i^(Ai  +  A^)  €    21.,  provided  fi*  =  4L/C.  (21) 

Now  to  obtain  the  value  of  q  we  may  solve  directly  equation 
(9),  just  as  we  have  solved  (8).  We  shall,  however,  adopt  the 
alternative  method  of  obtaining  q  by  integrating  (20)  and  (21), 
employing  the  relation 

q  =  fidt.  (22) 

Equation  (20)  gives 

9  =  X  €     +V^    y  provided  22*  7^  4L/C,  (23) 

and  equation  (21)  gives 

q  =  f  {Ai  +  A2t)€-^(U, 
where  by  (v)  a  =  R/2L;  whence 

g  =  ^  r"  +  A,  ft  r"  dt, 

—a 

When  the  last  term  of  this  equation  is  integrated  by  parts,  we 
obtain 

Equations  (20),  (21),  (23),  and  (24)  are  the  general  solutions 
of  the  differential  equations  (8)  and  (9).  In  these  equations  Ai 
and  As  are  arbitrary  constants;  while  ki,  k^  and  a  are  constants  of 
the  circuits  defined  in  equations  (i),  (ii),  and  (y),  Art  8,  respectively. 

14.  Determination  of  the  Arbitrary  Constants  Ai  and  As 
Subject  to  the  Initial  Conditions. — We  may  now  determine  the 
arbitrary  constants  subject  to  the  initial  conditions  written  above 
as  (7)  and  (6).     These  initial  conditions  are: 
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When  «  =  0,  i  =  0, 

and  when  /  =  0,  ^  =  Qo  =  CEq, 

In  the  non-critical  case  (R^  j^  4L/C),  these  initial  conditions 
substituted  in  (20)  and  (23)  give  ^ 

0  =  ili  +  il2',  (25) 

whence 

This  last  equation,  by  (viii)  and  (ix),  Art.  8,  gives 

Qo  =  Ai(- 2«*LC). 


Therefore 


Qo  Eo 


'^^=  -^^^  2cSc  "  S'  provided  iJ^  5^  4L/C,  (27) 

where 

Eo  =  Oo/C^  =  initial  diflference  of  potential  of  the  plates 

of  the  condenser. 

In  the  critical  case  (iZ*  =  4L/C),  the  substitution  of  the  initial 
conditions  into  (21)  and  (24)  gives 

0  =  Ai.  (28) 

Qo  =  -  -^  -  ^-^,  (29) 

whence 

^  A2  =  -a^Qo  (30) 

but  by  (v),  Art.  8y  and  the  critical  relation,  we  have 

a«  =  i2V4L2  =  1/LC. 
Therefore 

A2  =  -  Qo/LC  =  -  Eo/L,  provided  R^  =  4L/C.       (31) 

16.  Complete  Solution  for  Current  Subject  to  the  Initial 
Conditions. — Having  determined  the  values  of  the  arbitrary 
constants  Ai  and  A 2  subject  to  the  initial  conditions  of  the  prob- 
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lem  of  the  condenser  discharge,  let  us  now  substitute  their  values 
in  equations  (20)  and  (21). 

We  obtain  from  (20),  which  is  the  value  of  i  for  the  non-critical 
case,  the  result 

Eq      {   kit  hd\ 

Replacing  A;i  and  k^  by  their  values  from  (vi)  and  (vii),  we 
obtain 


Eq  --^ 


*    =     —   .r-^6^*'^ 


(32) 


or,  replacing  ta^  by  its  equivalent  value  jo),  this  may  be  written 
in  the  alternative  form 


t    ^    —  — -  €  ' 


(33) 


2j 

It  is  seen  that  (32)  and  (33)  may  be  respectively  written 

E 


-  €-^'  sinh  cojk<  (34) 


and 

i ^  €-'  sin  tat  (36) 

Returning  now  to  the  value  of  i  in  the  critical  case,  equation 
(21),  and  replacing  the  arbitrary  constants  by  their  values  (28) 
and  (31),  we  obtain 

i  =  -  ^* ,-«.  (36) 

Eqaaium  (34)  or  equation  (35)  gives  the  value  of  i  in  the  nov- 
critical  case.  Either  of  these  equations  may  he  used,  hut  it  is  simpler 
to  use  (34)  whenever  coj^  is  real  {fhat  is,  when  iJ*>4L/C);  and 
(36)  whenever  co  is  real  (that  is,  when  R^<4L/C). 

In  the  critical  case  (where  R^=AL/C)  the  solution  is  equation 
(36), 

The  values  of  a,  Wh  and  ca  are  given  in  Art.  8. 

16.  Complete  Solution  of  Quantity  Subject  to  the  Initial 
Conditions. — The  value  of  q  may  be  obtained  by  substitution  of 
the  values  of  the  constants  Ai  and  A%  into  the  equations  for  q 
(23)  and  (24),  but  we  shall  adopt  the  alternative  method  of 
integrating  i  with  respect  to  time. 
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In  the  non-critical  case,  by  taking  the  time  integral  of  (35) 
we  obtain 


(?  =  fidt 
=  -  f-rt-^'  sin  (atdt 


Eq 


L<aVa^  +  w* 
Therefore  by  (viii),  Art.  1, 
E 


€"^'  sin 


<at+  tan 


•© 


q  =  j^y/LC  €-'  sin  { w/  +  tan-i  (^  j .  (37) 


The  corresponding  integration  of  (34)  gives 
Ei 


q  =  £jVlC  €-'  sinh  j  a,*<  +  tanh-»  (^)  j  •  (38) 

In  the  critical  case,  in  which  R^  =  ^/C,  we  may  obtain  q 
simply  by  substituting  the  values  of  Ai  and  A2  from  (28)  and  (31) 
into  (24),  obtaining 

but  by  (v)  and  by  the  fact  that  in  the  critical  case  fi*  =  4L/C, 
we  have 

a«  =  «V4L»  =  1/LC, 
and  therefore, 

q  =  EoC{l  +  at)  €"«' 

=  Qo(l  +  at)  €-**'•  (39) 

j^^ftux^ton  (37)  or  (38)  (jfiwcs  tAe  miue  of  q  in  the  non-criticai  case, 
EiXher  of  these  equations  may  be  used,  bvi  it  is  simpler  and  more 
direct  to  use  (38)  when  coa  is  real  (fhat  is,  when  R^>4L/C  )  and 
(37)  whsn  «  is  real  (that  is,  when  R^<4L/C    ). 

In  the  critical  case  (where  R^  =  4L/C  )  the  solvlion  is  (39). 
The  values  of  a,  coh  and  w  are  given  in  Art.  8. 

17.  Identity  of  the  Critical  Case  Results  with  the  Non-critical. 
It  is  to  be  noted  that,  although  the  form  of  the  expression 
derived  for  i  and  q  in  the  critical  case  is  different  from  the  form 
obtained  in  the  non-critical  case,  in  reality  the  non-critical  results 
reduce  to  the  critical  results  if  we  make 

iJ2  =  4L/C. 
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This  may  be  shown  as  follows:  If 

fl«  =  4L/C 


equation  (iv)  gives 
Now 


<a 


=  0. 


lim 
«=0 


sin  (at  I    _     lim 
«     /  a)  =  0 


fw<-(a)0V3!+ 


0) 


']-'■■ 


whence  by  (35)  the  current,  as  w  approaches   0,  approaches 


^.--'  =  -^.-1 


which  is  the  current  in  the  critical  case,  as  given  in  (36). 

If  next  we  concern  ourselves  with  the  Umit  approached  by  the 
charge  q  of  equation  (37)  as  o)  approaches  0,  and  note  that  we  may 
expand  tan  ~^  (co/a)  for  small  values  of  co/a  in  the  form 

tan-1  ^^^  =  ^  _  1  ^^^  +   .    _   [B.  O.  Peirce's  Tables,  No.  779] 
we  find  that 


lim 
w  «  0 


sin    w<  +  tan    ^l-j 


CO 


=  t  -h 


a 


This  substituted  in  (37)  gives 


Now  by  the  fact  that  in  the  critical  case 

R^  =  4L/C, 

1 


we  have 


Vlc 


=  a: 


therefore 


q  =  Qo(l  +  aOe-S 


which  is  in.  agreement  with  the  value  of  q  for  the  critical  case, 
equation  (39). 

We  thris  obtain  the  reavlt  that  after  the  determination  of  the 
constants  of  integration,  the  critical^case  solvMon,  although  appar- 
enUy  very  different  in  form  from  the  non-critical  case,  is  in  reality 
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comprised  in  the  naiv-critical  solutions.  We  need  thtis,  as  the 
resvit  of  the  discharge  problem^  only  one  equation  for  i  (35)  and  on^ 
for  q  (37)  whatever  the  value  of  R^  in  relation  to  4L/C.  The  other 
values  of  i  and  q  given  in  (34)  and  (38)  are  more  directly  applicable 
when  cj  is  imaginary;  and  those  given  in  (36)  and  (39)  are  more 
direcUy  applicable  when  (a  is  zero. 

Before  entering  upon  an  examination  of  the  results  for  the  cur- 
rent and  quantity  during  the  discharge  of  a  condenser,  we  shall 
first  investigate  the  analogous  problem  for  the  charging  of  a 
condenser  imder  the  action  of  a  constant  impressed  e.m.f. 

U.  THE  CHARGING  OF  A  CONDENSER 

18.  The  Charging  of  a  Condenser  Under  a  Constant  Impressed 

E.M.F.— Let 

E  =  the  constant  impressed  e.m.f. 

The  counter  electromotive  forces  are  the  same  as  in  the  pre- 
ceding problem,  so  that  the  differential  equation  for  current  is 

E  =  L^  +  Ri  +  ^.  {40) 

Differentiating  (40)  we  obtain 

To  obtain  the  differential  equation  for  q,  we  may  substitute 
for  i  in  (40)  its  value 


obtaining 


dq 


^-^S+4'+J-  («' 


Equations  (41)  and  (42)  are  the  required  differential  equations. 

We  shall  not  distinguish  between  the  critical  and  the  non- 
critical  cases,  but  after  the  final  solution  has  been  obtained  and 
the  arbitrary  constants  determined,  the  critical  case  will  appear 
as  a  special  case  of  the  non-critical,  or  general,  case. 

The  complete  solution  of  (41)  has  already  been  obtained  in  (20) 
in  the  form 

i  =  Aje**'  +  A:€*''.  (43) 
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The  complete  solution  of  (42)  is 

q  =  Bv^''  +  B^^  +  CE,  (44) 

by  Appendix  I,  Note  8,  or  as  follows: 

The  result  (44)  may  be  obtained  by  adding  the  particular 
integral  of  (42)  (namely,  CE)  to  the  camplemerUary  function 
which  is  the  solution  of  (42)  with  the  constant  E  replaced  by 
zero.     This  complementary  function  is 

Having  now  the  values  of  i  and  q  in  (43)  and  (44),  we  are  now 
to  observe  that  to  make  i  equal  to  the  time  derivative  of  q,  we 
must  require  that 

Bi  =  Ai/fci    and    B2  =  Ai/k^; 

so  that  we  may  write  q  in  the  form 

Let  us  now  insert  the  initial  conditions  that  the  condenser  shall 
start  uncharged  and  that  the  initial  current  shall  be  zero;  that  is, 

when     t  —  Oy     q  =  0,     and     i  =  0. 

These  conditions  give 

0  =  Ai  +  A2, 
and 


»-  *; + 1 + ""^ 

whence 

■ 

Ai  =  -Ai, 

and 

Ai^CE  ^  *^\ 

fci    —    fc2 

=  or  .      by(viu)  and  (ix). 

Now  by  comparison  it  will  be  seen  that  Ai  and  A%  are  the 
negatives  of  the  values  obtained  for  these  quantities  in  equations 
(25)  and  (27)  (which  give  the  current  and  quantity  during  the 
discharge),  except  that  the  E  which  appears  in  the  present  prob- 
lem is  the  e.m.f.  impressed  on  the  circuit,  while  in  the  discharge 
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problem  Eo  is  the  potential  difference  to  which  the  condenser  was 
initially  charged. 

In  the  event  that  the  condenser  is  first  charged  under  the 
impressed  e.m.f.  E  and  then  discharged,  these  two  values  of  E 
are  the  same.  If  ^  is  measured  from  the  beginning  of  the 
charging  in  the  one  case  and  from  the  beginning  of  the  discharg- 
ing in  the  other  case,  it  will  be  seen  that  the  current  in  the  two 
cases  differs  only  in  sign,  and  that  the  quantity  during  charge  is 
a  constant  CE  minus  the  quantity  during  discharge. 

Expressed  mathematically,  these  results  are  contained  in  the 
following  table: 

19.  Comparison  of  Discharge  with  Charge. — 

During  discharge 
t  »  Time  from  beginning  of  dis- 
charge, 
Eo  ~  Difference   of    potential   be- 
tween the  plates  of  the  con- 
denser at  <  =0, 
Qo  =  Charge  on  positive  plate  when 
t  =  0, 
t  =  Current  toward  the  positive 

plate  at  time  /, 
q  »  Charge  on  the  positive  plate 
at  time  i. 
then 


Eq 

E. 


at 


sin  <ji)t, 


(46) 


q  =  Vl/C  j-^  f~"  sin 


During  charge 
z  ~  Time  from  beginning  of  charge, 

E  =  Difference    of    potential    be- 
tween the  plates  of  the  cod 
denser  a.t  t  —  « , 

Q  —  Charge  on  positive  plate  when 

i  =  Current    toward    the  positive 

plate  at  time  /, 
q  =  Charge  on   the  positive  plate 

at  time  ^ 
then 

i  =  +  ^  €-'  sin  cat,  (48) 

"•'  sm 


(47) 


q  =  CE  -  y/LC  y-  *' 
{.t  +  tan-  I) . 


(49) 


Note  that  in  the  case  in  which  a>  is  not  real,  these  quantities 
are  the  same  as  here  given,  but  may  be  more  conveniently  used 
with  hyperboUc  sines  and  hyperbolic  antitangents  in  place  of  sin 
and  tan,  and  with  cok  substituted  for  co. 

Also  the  result  for  the  critical  case  is  comprised  in  the  above 
equations.  We  may,  however,  simplify  the  result  in  the  critical 
case,  by  taking  the  Umits  of  i  and  q  above  as  ca  approaches  zero. 
This  process  gives  for  the  critical  case 

During  discharge  During  charge 


.-«« 


q  -»  Go(l  +  a/)€""' 


(50) 


(51) 


^CE  -CE{1  +al)€^'. 


(52) 


(53) 


t 
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m.  PERIOD,  DAMPING  FACTOR,  AND  LOGARITHMIC 

DECREMENT 


20.  Determinatioii  of  Period  During  Discharge. — We  come 
now  to  a  discussion  of  the  results  obtained  in  the  case  of  the 
condenser  discharge.  We  have  found  for  the  current  and  quantity 
during  discharge  the  equations 


Eq      .  . 

t  =  —  r    €"^sin  cot, 

L(jO 

E 
q  =  \/LCY^€-^mn  {wt  +  tan"-), 


/O) 


a' 


(54) 


(56) 


in  which  i  is  the  current  flowing  toward  the  plate  that  was  ini- 
tially positively  charged,  and  q  is  the  quantity  of  electricity  on 
this  plate  at  the  time  L 


Fio.  3. 


Fio.  1. 


Figs.  3  and  4. — Giving  respectively  current  i  and  quantity  q  (on  positive  plate  of 

condenser)  plotted  against  time. 

If  w  is  real  (that  is,  if  R'^KAL/C)  both  of  these  quantities  are 
seen  to  be  periodic  and  to  have  a  factor  that  is  a  sinusoidal 
function  of  the  time. 

A  diagram  of  i  plotted  against  t  is  given  in  Fig.  3.  A  similar 
diagram  for  q  is  given  in  Fig.  4. 

The  period  of  oscillation  of  the  current  in  Fig.  3  may  be  defined 
as  the  time  between  alternate  zero  values  of  the  current;  that  is, 
the  time  between  the  points  ax  and  a%,  a^  and  aj,  etc.  These 
points  are  the  values  of  t  for  which  i  becomes  zero  after  successive 
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complete  cycles,  and  by  (54)  they  occur  at  values  of  t  for  which 

sin  <at  =  0. 
Since  only  alternative  points  are  considered,  this  relation  gives 

(at  =  0,  2t,  47r,  etc.; 

whence,  giving  subscripts  to  different  values  of  t  satisfying  the 
relation,  we  have 

ti  =  0, 

h  =  47r/a),  etc. 

and,  therefore,  the  period  T  is 

T  =  t2-*i  =  h-t2  =   .    .    .    =  2ir/(a. 

Putting  in  the  value  of  w  from  (iv),  we  obtain 

2w 
^  =     j  1         P2~  (Thomson's  Formula).     (56) 


\LC 


R^ 
4L2 


EquaJtion  (66)  gives  T  the  period  of  oscillation  of  the  current 
during  the  discharge  of  a  condenser.  Similar  reasoning  gives  the 
same  period  of  oscillation  of  the  quantity  q.  It  is  seen  that  this 
period  is  redly  only  provided 

R^  <  4L/C.  (56a) 

21.  Approximate  Value  of  the  Period  of  Discharge. — Assuming 
that  the  inequaUty  (56a)  is  satisfied,  it  is  seen  that 

R^  ^    1 


4L*  -  LC 

then  the  equation  (54)  may  be  expanded  by  the  binomial  theoi^m 
into 

T  =  2kVlc{  1 2~  +  — 8 ■        ■  ^  ^^^ 

where  » 

R 

Now  if  we  note  by  (viii)  that 
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we  shall  see  that  equation  (57)  reduces  to 

T  =  2irVLCy  (58) 

(Thomson's  approximation  formula)  provided 

^<<a,2,or^<<-^  (58a) 

where  the  symbol  <  <  means  "is  negligible  in  comparison 
with." 

The  approximate  period  T  calculated  by  the  formula  (58)  has 
an  important  r61e  in  some  of  the  work  of  the  later  chapters  and  is 
called  the  Undamped  Period  of  the  Circuit  and  will  often  be  desig- 
nated by  5  to  distinguish  it  from  the  true  period  T. 

The  EqxwJtvm  (68)  gives  the  Undamped  Period  of  the  oacilla' 
tions  of  current  during  the  discharge  of  the  condenser.  This  is 
sensibly  the  actual  free  period  of  the  oscillations  if  a V2  is  negligible 
in  comparison  with  <aK  The  oscillations  of  q  have  the  same  period 
as  the  osciUaiions  of  i. 

22.  The  Time  between  Successive  Positive  or  Negative 
Maxima  is  the  Same  as  the  Time  between  Alternate  Zero 
Values. — ^Let  us  next  find  the  time  between  successive  positive 
or  negative  maxima  of  current  and  show  that  this  gives  the 
same  period  as  the  time  between  alternate  zero  values  of  current. 

Equation  (54)  for  the  current  is 

t  —  —  _-    t"^'  sm  <at. 

Differentiating  this  with  respect  to  the  time  and  setting  di/dt  = 
0,  we  have 


Lo)  —a 


whence 


(at  =  tan  -'    — ,    tan  ~^  -    +  27r,    tan~^ h  4x,     ... 

-a  -a  -a 

If  we  let  the  successive  values  of  t  obtained  from  this  equation 
be  tif  t2t  hf  et<;.  and  let  ^  =  tan  ~Kw/  —  a),  we  have 

U  =  s^/w  +  27r/w,       *  (59) 
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Now  the  interval  of  time  between  the  successive  maxima  is  T' 
(say),  and  is  seen  to  be 

T'  =  h-  ti  =  h  -  t2  =  .    .    .  =  2ir/cj  =  T. 

The  time  between  successive  maxima  of  the  sam^e  sign  is  the 
same  as  the  tim>e  between  alternative  zero  values  of  currenJL,  This 
sam£  fact  is  true  in  regard  to  quantity. 

23.  Period  of  Oscillation  During  Charging. — If  R^  is  less  than 
4L/C,  the  angular  velocity  w  that  occurs  in  the  equations  for 
charge  or  discharge  of  the  condenser  is  a  real  quantity  and  the 
charge  or  discharge  is  oscillatory.  From  the  similarity  of  the 
equations  for  charge  and  discharge,  it  is  seen  that  the  period  of 
oscillation  of  current  or  quantity  during  charge  is  the  same  as  the 
period  of  oscillation  during  discharge  for  a  circuit  of  given 
constants. 

24.  Logarithmic  Decrement.  Damping  Constant. — In  the 
equations  given  above  we  have  seen  that,  in  case  R^  is  less  than 
4L/C  the  discharge  of  the  condenser  and  the  charge  of  the  condenser 
are  oscillatory,  and  we  have  determined  the  period  of  theoscillation, 
and  have  also  proved  that  the  period  between  maxima  or  minima 
is  the  same  as  the  period  between  zero  values.  The  oscillation 
is,  however,  not  purely  sinusiodal,  because  the  equations  for  i 
and  q  involve  an  exponential  factor  with  negative  exponent. 
This  exponential  factor  starts  with  the  value  1  when  t  =  0, 
and  decreases  with  increasing  <,  and  becomes  0  when  T  =  co  ; 
that  is,  the  amplitude  of  the  oscillations  becomes  smaller  and 
smaller  with  increasing  time.  This  process  is  called  damping 
and  the  factor  c~"'  is  called  the  damping  factor.  The  constant  a 
is  called  the  damping  constant. 

If  we  designate  successive  maxima  of  current  in  the  samo 
direction  by  /i,  /2,  /si  etc.,  as  indicated  in  Fig.  3,  we  shall  have 
by  equations  (54)  and  (59) 

r  E       _^, 

Ii  =  —  y—  €"•'*  Sin  ip 
Lo) 

/2  =  -  ?-  €-('!  +  T)  sin  {2r  +  ip] 


/,  =  ~  A  e-^Ci  +2r)  sin  {47r  +  <p}, 
Lo) 


etc. 
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Now  in  these  several  equations  the  sine  terms  are  the  same; 
therefore,  by  division,  we  obtain 

/1//2  =  V/s  =  c*'': 
whence 

aT  =  log.Ji-  lofe/a  =  log./2-  lofc/a,  .    .    .  (61) 

Let  us  designate  aT  by  a  single  letter  d,  then 

d  =  aT  =  ^-  (62) 

It  is  seen  that  the  natural  logarithm  of  the  amplitvde  of  the  current 
fa^ls  by  a  constant  amount  d  during  each  complete  osciUaiiony  or 
cycle;  that  is,  d  is  the  decrement  per  cycle  of  the  logarithm  of  the 
amplitude  of  the  current.  This  quantity  d  is  caUed  the  logarithmic 
decremerU  per  cycle,  abbreviated  Log.  Dec.  It  is  seen  that  the  Log. 
Dec.  of  qis  the  same  as  that  of  i. 

In  terms  of  the  logarithmic  decrement  d  the  equations  (35)  and 
(37)  for  current  and  quantity  during  the  oscillatory  discharge 
of  the  condenser  may  be  written 

i  =  -  f\'^''sin  Oil,  (63) 

q  =  VLC  ^%"  r'sin  (<^t  +  tan-^  ^'^)  -  (64) 

IV.  EXCITATION  BY  CURRENT  INTERRUPTION 

26.  The  Production  of  Oscillatioiis  by  Buzzer  Excitation. — 

In  many  of  the  experiments  employed  in  high-frequency  measure- 
ments electrical  oscillations  are  produced  by  excitation  of  the 
condenser  circuit  by  the  use  of  a  buzzer,^  which  acts  by  making 
and  breaking  a  current  flowing  in  an  inductance. 

The  accompanying  figure  (Fig.  5)  represents  a  battery  B 
suppl3dng  current  to  an  inductance  L  through  an  interrupter  /. 
The  inductance  L  has  resistance  R,  and  is  shunted  by  a  condenser 
of  capacity  C. 

The  interrupter  J  is  here  represented  as  a  buzzer  with  its 
field  coil  Lo  also  shunted  by  a  condenser  Co. 

The  mathematical  theory  which  follows  appUes  to  the  heavy 
Une  circuit  LRC,  which  is  a  circuit  of  frequency  high  in  compari- 
son with  that  of  the  circuit  LoCo. 

^  This  form  of  buzzer  excitation  is  due  to  Zenneck,  Leilfaden  der  drahtloaen 
Telegraphies  p.  3. 
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Let  US  measure  time  from  the  instant  of  interruption  of  current 
at  /.  Let  the  current  flowing  in  L  at  any  time  t  seconds  after 
the  interruption  be  z,  which  is  a  function  of  t,  and  let  the  charge 
in  the  condenser  C  at  the  same  time  be  q. 

Then 

i  =  dq/dt,  (65) 

From  the  time  f  =  0,  when  the  circuit  is  broken  at  J,  there  is 
no  external  impressed  e.m.f.,  so  the  differential  equations  for 
current  and  quantity  are 

t 


and 


«-^s+«s;+c 


"  - '-'i + "^^ + i 


(66) 


(67) 


INI 
B 


■^q 


^ 


^ 


-a 


c 


Fio.  5. — Diagram  of  circuits  for  busser  excitation. 

t 

The  complete  solution  of  (66)  and  (67)  gives 

■ 


« 


Jetl 


(68) 


where  fci  and  fca  have  the  values  given  in  (i)  and  (ii),  Art.  8. 
The  initial  conditions  are 


and 


When  <  =  0,     t  =  /, 
when  /  =  0,     q  =  -  CRI, 


(69) 
(70) 


where  /  is  the  current  flowing  in  the  coil  L  at  the  time  of  inter- 
ruption at  /.  Equation  (70)  is  obtained  on  the  assumption  that 
the  current  is  in  practically  steady  state  immediately  before 
interruption,  so  that  the  counter  e.m.f .  in  the  coil  is  RI.  This  is 
the  potential  of  the  lower  plate  of  the  condenser  in  excess  of  the 
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upper  plate.  The  capacity  C  times  this  potential  gives  the 
charge  on  the  lower  plate  as  CRI;  but  the  upper  plate  is  regarded 
as  positive,  whence  the  negative  sign  in  (70).  The  charge  is 
-CRI. 

If  now  we  introduce  the  initial  conditions  (69)  and  (70)  into 
the  pair  of  equations  (68),  we  obtain 

/    =   ^X  +  il2,  (71) 

^CRI  =  4^  +  ^  =  k,A,  +  k,A,^  ^^2j 

A  determination  of  the  it's  from  these  equations  may  be  made 
as  follows: 

From  (72),  by  the  relations  (v),  (vii),  and  (viii),  we  obtain 

-CRI  =  LC{{Ai  +  At)  (-a)  +  MA2  -  Ax)}. 
Now  a  =  fi/2L, 

whence 

-  ^  Ai  +  A2   .  j(a(Ai  —  A%) 

2        ^  2a         ' 

This  equation,  combined  with  (71),  gives 

Ai  —  At  =  al/jo), 
which  combined  with  (71)  gives 

^^  =  ^  +  2' 

^«  ==  -  2^;  +  2' 

Substitution  of  these  values  of  Ai  and  A  2  into  the  equation 
(68)  for  i  gives,  in  view  of  (vi)  and  (vii), 

i  =  €-'»'{Aif''"'  +  Ate''""}  (73) 

-  -{^(^ + -«) + i  (.-  -  <--)  I 

—  _  g-a«  /^,  COS  o)t  +  a  sin  <at) 

CO 


=  --^ €-•'  sm  I  y)t  +  tan-i  _  1 

CO  \  a/ 

By  (viii)  this  last  equation  gives 

i  = r^—  €-•'  sin  ((at  +  tan""^- V 

WLC  \  a/ 
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Equaiion  (74)  gives  the  current  in  the  coil  L  in  the  direction  of 
the  original  current  I,  at  a  time  t  seconds  after  the  interruption  of 
I  at  J. 

26.  On  the  B.M.F.  Induced  in  a  Very  Loosely  Coupled  Sec- 
ondary Circuit  by  Buzzer  Excitation. — In  the  preceding  sections 
there  has  been  discussed  the  oscillations  produced  in  a  circuit 
by  a  method  known  as  buzzer  excitation.  Oscillations  produced 
in  this  way  are  often  employed  to  impress  an  e.m.f .  on  a  secondary 
circuit  for  the  purpose  of  making  measurements  in  the  secondary 
circuit.  A  diagram  of  this  arrangement  of  apparatus  is  shown 
in  Fig.  6. 

The  oscillations  occurring  in  the  circuit  LC  impress  an  e.m.f. 
on  the  circuit  I/2C2.    Let  us  now  specify  that  the  circuit  L2C2, 


1^ 


Primary 


./ 


B 


Secondary 


u 


M 


Fio.  6. — BuBser   excitation   of   primary   circuit   inducing   e.m.f.   in   secondary 

circuit. 


which  we  shall  call  the  secondary  circuit,  shall  be  so  far  away  from 
the  primary  circuit  LC  that  the  current  induced  in  the  secondary 
does  not  materially  influence  the  current  flowing  in  the  primary, 
and  let  us  determine  the  e.m.f.  induced  in  the  secondary  circuit. 
The  induced  e.m.f.  has  the  instantaneous  value  determined 
by  the  mutual  inductance  M  between  the  two  circuits  and  by  the 
time  rate  of  change  of  the  primary  current.     The  relation  is 


''  =  ^t' 


(75) 


Substituting  in  (75)  the  value  of  i  from  (74)  and  performing 
the  differentiation,  we  have 


MI 


ea  =  — y---^  €-•'  {  —  a  sin  (o)i  +  V?)  +  o)  cos  (tat  +  <p)), 


where 


0) 


<p  =  tan"^  -. 
a 
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Expanding  the  sine  and  cosine  terms  by  the  formulas  for  sines 
and  cosines  of  a  sum  and  noting  that 

sin  V?  =  <»>/y/o)^  +  a*  =  wy/LCj  by  (viii),  and 

cos  ip  =  a\/LCj 
we  have 

MI 

^2  =  —  77^  r-*'  sin  (at.  (76) 

L/C  CO 

Equation  (76)  gives  the  instantaneous  value  of  the  e.m.f.  impressed 
on  a  loosely  coupled  secondary  circuit  by  buzzer  excitation  of  a 
primary  cirduit. 

Let  us  supi)08e  now  that  we  are  to  impress  different  frequencies 
of  e.m.f.  on  the  secondary  circuit  by  giving  C  in  the  primary 
various  values,  and  see  how  the  impressed  e.m.f.  depends  on 
the  frequency.  We  shall  get  the  result  only  approximately, 
by  supposing  that  the  decrement  of  the  primary  current  is  so 
small  that  a'  is  negligible  in  comparison  with  <a*,  then  by  (viii) 

w*  =  l/LC  approximately, 

and  (76)  becomes 

Cj  =  —  Afw/c"*'  sin  <at,  approximately.  (77) 

Equation  (77)  gives  an  approximate  value  of  the  instantaneous 
value  of  the  e.m.f.  impressed  on  a  loosely  coupled  secondary  circuit 
by  a  primary  circuit  excited  by  a  buzzer  and  varied  as  to  frequency 
by  varying  the  condenser  in  the  primary  circuit.  The  induced 
e.m.f.  is  in  this  case  proportional  to  the  frequency  of  the  primary 
circuit — this  frequency  being  n  =  «/2ir. 


CHAPTER  III 

ENERGY    TRANSFORMATIONS    DURING    CHARGE    OR 

DISCHARGE  OF  A  CONDENSER 

27.  Notation. — 

p  —  Instantaneous  value  of  power, 

P  =  Average  power, 

W  =  Energy  stored, 

Wr  =  Energy  expended  in  a  resistance, 

Wii  =  Energy  supplied  during  time  from  ^i  to  U, 

Wt  =  Energy  in  system  at  time  i, 

7*  =  Mean-square  current, 

I  =  Square  root  of  mean-square  current  (R.M.S.  current). 

28.  General  Notions  Regarding  Power  and  Energy. — ^Let  us 
suppose  that  we  have  two  conducting  terminals  A  and  B  pro- 
truding through  the  side  of  a  room,  and  that  we  do  not  know  what 
kind  of  electrical  circuit  or  electrical  apparatus  is  within  the 
room,  except  that  it  is  such  that  when  we  connect  the  terminals 
A  and  S  to  a  given  electrical  system  outside  of  the  room,  the 
current  at  any  instant  flowing  out  at  B  has  the  same  magnitude 
as  the  current  flowing  in  at  A. 

Then  if 

i  =  the  instantaneous  value  of  current  flowing 

into  the  room  at  A,  and 
e  =  the  instantaneous  excess  of  potential  at  A 

over  that  at  B, 

the  instantaneous  power  p  flowing  into  the  room,  or  supplied 
from  without  to  the  apparatus  within  the  room,  is 

p  =  ei,  (1) 

This  equation  is  based  immediately  upon  fundamental  defini- 
tions; for  the  excess  of  potential  e  of  A  over  B  is,  by  definition 
of  potential,  the  work  that  must  be  expended  by  an  outside 
system  to  send  a  unit  quantity  of  electricity  from  A  to  B.    To 
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send  i  units  of  electricity  per  second  requires  an  amount  of  work 
per  second,  or  power,  equal  to  c  X  t. 

Returning  to  the  power  equation  (1)  let  us  note  that  either 
e  or  iy  or  both  of  them  may  be  negative.  Keeping  the  definitions 
of  i  and  e  given  above  and  merely  interchanging  the  letters  A 
and  B  attached  to  the  terminals  will  change  the  sign  of  both  e 
and  i,  but  will,  therefore,-  not  affect  the  value  of  the  product  p. 
If  on  the  other  hand,  the  disposition  of  the  apparatus  within  the 
room  is  such  that  current  comes  out  at  A,  while  A  has  a  higher 
potential  than  B,  then  the  instantaneous  power  is  negative,  and 
the  apparatus  within  the  room  is  at  the  given  instant  suppl3ring 
power  to  the  apparatus  outside  of  the  room. 

The  energy  supplied  to  the  apparatus  within  the  room  from 
without,  during  a  time  extending  from  ti  to  t2,  is  the  time  integral 
of  the  power;  that  is 

w^2  =  j;;  pdt.  (2) 

29.  Power  Supplied  to  a  Perfect  Condenser. — Suppose  that 
the  two  terminals  A  and  B  that  were  thought  of  as  protruding 
from  a  room,  are  the  terminals  of  a  condenser  of  capacity  C. 
The  condenser  will  be  defined  as  perfect  if  it  is  such  that  C  is 
constant  and  independent  of  q  in  the  equation 

q  =  Cey  (3) 

where 

q  =  the  instantaneous  charge  upon  that  plate  of  the 

condenser  that  is  attached  to  the  terminal  A, 
e  =  the  excess  of  potential  of  A  over  B, 
and 

C  =  the  capacity  of  the  condenser. 

The  relations  dealt  with  in  the  previous  chapters  assumed  that 
the  condensers  employed  were  perfect  condensers.  Unless 
otherwise  stated  the  condensers  throughout  the  book  will  be 
assumed  to  be  perfect. 

In  the  case  of  the  condenser  attached  to  the  terminals  A  and  B 
let 

i  =  the  instantaneous  current  flowing  in  at  A, 

then 

i  =  dq/di.  (4) 
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Combining  equations  (1),  (3),  and  (4),  we  obtain  for  the  in- 
stantaneous power  p  supplied  to  the  condenser  the  value 

^  .        qdq        1    d{q')  _  C  d(e«) 

p  =  ''  =  cdt^2c-dr-2-dr-  ^^^ 

Equation  (5)  gives  the  instantaneous  value  of  the  power  P  sup- 
plied to  the  perfect  condenser  of  capacity  C. 

30.  Energy  Supplied  to  a  Perfect  Condenser. — The  energy 
Wn  supplied  to  the  condenser  from  without  in  the  interval  of 
time  from  ti  to  tt  is,  by  (2)  and  (5) 

Integrating,  we  have 

^"  = 2C^' 

C  (g^'  -  El*)  ... 

= 2 '  ^^^ 

in    which 

E2  and  Q2  =  difference  of  potential  and  charge 

respectively  at  the  time  U, 
El  and  Qi  =  these  quantities  at  the  time  ti. 

It  is  seen  that  the  energy  W12  suppUed  to  the  condenser  depends 
only  upon  the  initial  and  final  state  of  the  charge  of  the  condenser, 
and  is  independent  of  the  time  required  to  effect  the  modification 
of  the  charge. 

Equation  (6)  gives  the  energy  that  must  be  supplied  to  the  con- 
denser to  raise  the  charge  from  Qi  to  Q2  (fir  its  potential  from  Ei 
toEi). 

It  is  to  be  noted  that  if  Q2  -  ±  Qu  ^12  =  0;  that  is,  during 
any  process  in  which  the  charge  of  the  condenser  is  taken  from  a 
given  value  through  any  modification  and  brought  back  to  the  initial 
volume,  or  its  negative,  the  energy  supplied  to  the  condenser  from 
without  is  zero. 

Whatever  energy  is  supplied  to  increase  the  charge  of  the  con^- 
denser  is  stored  in  the  static  field,  and  is  completely  recovered 
when  the  condenser  is  brought  to  its  initial  state  of  charge,  or  to  an 
equal  charge  of  opposite  sign. 
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If  the  condenser  is  initially  uncharged,  Qi  =  0,  and  by  equation 
(6) 

Equation  (7)  gives  the  energy  W  required  to  charge  a  condenser 
of  capacity  C  from  an  initially  uncharged  state  to  a  final  charge  Q, 
with  final  potential  difference  E. 

31.  Power  and  Energy  Supplied  to  a  Resistanceless  Induc- 
tance.— If  the  two  terminals  A  and  B  in  the  preceding  illustra- 
tion are  the  terminals  of  a  resistanceless  inductance,  and  if 

i  =  the  current  flowing  in  at  A, 

then  the  counter  e.m.f.  of  the  inductance  will  be 

r  di 

This  will  be  the  excess  of  potential  of  A  above  that  of  By  and  the 
p)Ower  supplied  to  the  inductance  will  be,  by  (1) 

J.  ,di      L  d{i^)  .Q. 

The  energy  W12  supplied  to  the  inductance  during  the  time 
from  ti  to  ti  is  seen  by  (2)  and  (8)  to  be 


T  *  -  k'-^'-'  -  '■•'.  « 


where 


I2  =  current  flowing  in  the  inductance  at  the  time  <2, 
/i  ==  corresponding  current  at  the  time  ti. 

Equation  (8)  gives  the  power  p  supplied  to  the  inductance  at  the 
time  t. 

Equation  (9)  gives  the  energy  W12  supplied  to  the  inductance 
L  to  change  the  current  in  the  inductance  from  7i  to  1 2- 

It  is  to  be  noted  that  if  1 2  =  ±/i,  1^12  =  0;  that  is,  in  any 
process  during  which  the  current  starts  at  the  value  Ii,  goes  through 
any  changes  whatever  and  returns  to  Ix  or  to  —7],  the  total  energy 
supplied  to  the  resistanceless  inductarhce  is  zero.  Whatever  energy 
is  supplied  to  it  while  the  absolute  value  of  i  is  increasing  is  stored 
in  the  magnetic  field  and  is  recovered  when  the  absolute  value  of  i 
is  again  reduced  by  an  equal  amount. 

If  the  initial  current  flowing  in  the   inductance  is  7i  =  0, 
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and  the  final  current  is  It  =  /,  equation  (9)  gives  for  the  energy 
stored  in  the  inductance  the  value 

W  =  ^LI*.  (9a) 

Equation  (9a)  gives  the  value  of  the  energy  stored  in  the  induo 
tance  L  when  traversed  by  a  current  I. 

32.  Power  and  Energy  Supplied  to  a  Resistance. — When  a 
current  i  flows  through  a  rissistance,  the  counter  e.m.f.  of  the 
resistance  is  Ri,  so  that  the  power  supplied  to  the  resistance  at 
any  instant  is 

p  =  Ri^.  (10) 

The  energy  suppUed  during  a  time  from  ti  to  tt  is 


-*i?' 


Wii  =  R  I  i^dt.  (11) 

EquatioThs  (10)  and  (11)  give  respectively  the  instantaneous  power 
p,  and  the  energy  Wiz  supplied  from  ti  to  tij  to  a  resistance  R. 

It  is  to  he  noted  that  whether  i  is  positive,  negative,  increasing, 
diminishing  or  steady,  i*  is  positive  and  every  increment  of  time 
during  which  current  is  flowing  in  the  resistance  adds  to  the  energy 
expenditure. 

33.  Logarithmic  Decrement  of  Energy  of  the  Circuit  During 
the  Discharge  of  a  Condenser. — ^Let  us  consider  that  a  condenser 
of  capacity  C  has  been  charged  to  an  initial  potential  difference 
E  and  is  allowed  to  discharge  through  a  resistance  and  inductance, 
and  let  us  determine  the  energy  resident  in  the  inductance  and 
capacity  at  any  time  t  seconds  after  the  beginning  of  the  discharge. 

In  general,  at  the  time  t,  the  condenser  has  a  charge  q  given  by 
equation  (47),  Art.  19,  and  there  is  flowing  through  the  in- 
ductance a  current  i  given  by  (46),  Art.  19. 

The  total  energy  resident  in  the  system  is 

a^       Li^ 

Tr  =  ^  +  ^,  (12) 

If  we  replace  q  and  i  by  their  values  from  (46)  and  (47).  Art.  19, 
we  obtain 

LC   E^ 


^=.l^^«-^-^'«-*(«'+*^-'3 


T     F^ 

=  of -9-  €"'"' !  sin^  (oj/  +  tan-^  ")  +  sin^  u)t  ]  -         (13) 
2Lu)^  I  a/  J 
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This  ifi  the  electrical  energy  resident  in  the  S3rstem  at  any  time 
t.  If  now  we  take  any  two  times  t  and  t  +  T,  where  T  is  one 
whole  period  of  oscillation,  the  sine  terms  will  be  identical  at  t 
and  t  +  Ty  and  we  shall  have  as  the  ratio  of  the  energies  in  the 
system  at  the  two  times 

Wt  €-2^ 


whence 


=  ^r, 


log  Wi  -  log  Wt+r  -  2aT  =  2d,  (14) 

where 

d  =  aT, 

and  is  the  logarithmic  decrement  of  cmrent  or  quantity  per 
cycle. 

Equation  (14)  gives  the  logarithmic  decrement  of  electrical  energy 
in  a  condenser  and  indiuiance  during  discharge,  and  shows  by 
comparison  with  (61)  of  Art.  24  that  the  log.  dec.  of  energy  per 
cycle  is  twice  the  log.  dec  of  current  or  quantity  per  cyde. 

34.  Energy  Expended  in  Resistance  During  Condenser  Dis- 
charge.— In  the  preceding  paragraph,  we  have  examined  the 
energy  resident  in  the  condenser  and  inductance  during  the  dis- 
charge of  a  condenser.  We  shall  now  attack  the  complementary 
problem  of  determining  how  much  energy  has  been  dissipated 
in  the  resistance  from  the  beginning  of  the  discharge  to  a  time 
t  seconds  thereafter. 

If  the  time  extends  from  t  =  0  to  t  =^  t,  the  expended  energy 
by  (11)  is 

WE=-Rf^im.  (16) 

Letting  the  initial  value  of  condenser  potential  be  E,  we  have, 

equation  (46),  Art.  19, 

E^ 

i^  =   y=^:  €-*«'  Sin^o)/ 

Substituting  this  value  of  i^  into  (15)  we  obtain 
RE^ 


W^  -  Zf^jy^' ^^'-^' 


RE^  rt     ...  1  -  cos  2o)t 


2ai  t )^J!^  dt 


m  ft  ^ 

^  *—  f^  -  -^^.-^cos  ('2«t  v.-  tan l^^l '(16) 
L*«*  [-4a      4v/a«+««       V  -a/Jo 


b 
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This  expression  can  be  simplified  by  noting  the  trigonometric 
relation 

cos(a:  +  y)  cos  (x  —  y)  =  I  —  sin^x  —  sin^, 
whence 

f     .     s       1  —  sin^x  —  sin^y  ,,.  . 

"'^^'^  +  ^)  =        cos(x-y)  ^16") 

Now 

-  cos  hcai  -  tan-i  _^\  >cos  (2a»<  +  tan-^  -)  (17) 

If  now  we  let 

X  =  (at  +  tan"^(w/a) 
y  =  <d, 

and  employ  (16a),  equation  (17)  becomes 


—  cos  I  2o)i  —  tan^  —  I  = 

\  -o/  a 


1  -  sin^f  of  +  tan-i  ^\  _  gi^a  cat        (18) 

This  result  introduced  into  (16)  gives,  on  replacing  a^  +  w^ 
and  a  by  their  values  from  (viii)  and  (v),  Art.  8, 

£2 


^*"  2L"2 


[I  -  sin2  Lt  +  tan-i  -)  -  sin^oit  \  e'^"] 


CO 

J^^c      r  E^ 


-  [2^2  [sin2  (cat  +  tan-i^)  +  sin«o><]  je-^*'.       (19) 

Equation  (19)  ^Ve«  the  energy  Wr  expended  in  the  resistance 
R  during  the  discharge  of  the  condenser  in  the  interval  of  time  from 
the  beginning  of  the  discharge  to  t  seconds  thereafter y — the  condenser 
being  originally  charged  to  a  potential  difference  E. 

It  is  to  be  noticed  that  this  energy  expanded  in  the  resistance  + 
the  energy  left  in  the  circuit  (13)  is  E^C/2,  which  is  the  energy  origi- 
nally in  the  condenser. 

It  is  also  to  be  noticed  that  if  we  make  t  infinite,  the  terms  in-- 
volvirhg  t  in  (19)  become  zero,  and  the  total  energy  expended  in  the 
resistance  becomes 

Wr  =  EK:/2,  (20) 

so  thai  the  energy  lost  in  the  resistance  is  the  total  energy  of  the 
condenser  charge. 

36.  Average  Current  and  Mean-square  Current  During  N 
Complete  Condenser  Discharges  per  Second. — If  we  suppose 
that  the  condenser  is  charged  N  times  per  second,  and  after  each 
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charging,  the  charging  source  is  removed  and  the  condenser  is 
discharged  through  a  current-measuring  instrument  whose 
deflections  are  proportional  to  the  average  current,  we  should 
have  a  measure  of  the  average  current  of  the  N  discharges  per 
second. 

If  we  assume  that  each  discharge  is  practically  complete,  we 
can  easily  calculate  this  average  current  from  fundamental 
considerations,  as  follows. 

The  quantity  of  electricity  flowing  from  the  condenser  at  each 
discharge  is  its  original  charge  =  CE,  .  Per  second  the  quantity 
is  N  times  this,  so  that 
The  average  current  for  N   complete   discharges   per  second 

=  NCE  =  NQ.  (21) 

On  the  other  hand,  certain  types  of  current-measuring  in- 
struments read  the  square  root  of  the  meannsquare  current 
(R.M.S.  current).  This  is  true  of  hot-wire  ammeters,  thermal- 
junctions,  djTiamometers,  etc. 

We  shall,  therefore,  calculate  from  elementary  considerations 
the  R.M.S.  current  during  N  complete  condenser  discharges  per 
second. 

If  there  are  N  discharges  per  second,  the  energy  dissipated 
in  the  resistance  R  of  the  circuit  per  second  (that  is,  the  average 
power  P  dissipated)  is  by  (20) . 

P  =  NE^C/2,  (22) 

This  average  power  divided  by  R  gives  the  mean-square 
current,  hence 

where  /*  with  a  dash  over  it  means  the  mean-square  current. 

Taking  the  square  root  of  the  mean-square  current  (23),  we 
obtain 

R.M.S.  current  for  N  complete  discharges  per  second 

-7  =  E^§  (24) 

Equations  (21)  and  (24)  give  respectively  the  mean  current  and 
the  R,M,S.  current  obtained  from  N  condenser  discharges  per 
second.  The  condenser  is  charged  each  time  to  a  potential  differ- 
ence E,  the  charging  source  is  removed,  and  the  condenser  is  then 
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discharged  through  any  inductance  L  and  resistance  R.  The  in- 
ductance of  the  circuit  is  found  to  he  immaterial,  protrided  the  dis- 
charge is  complete. 

In  the  case  of  the  average  current^  both  inductance  and  resistance 
are  immaterial.  The  number  of  discharges  N  per  second  is  sup-- 
posed  to  be  sufficiently  small  to  permit  practically  complete 
discharges. 

36.  Energy  Lost  in  the  Resistance  of  the  Circuit  During  the 
Charging  of  a  Condenser. — We  shall  next  prove  a  very  interesting 
fact  concerning  loss  of , energy  when  a  condenser  is  charged  by 
applying  a  constant  e.m.f.  E. 

During  the  process  of  charging  a  condenser  through  any  re- 
sistance and  inductance  under  the  action  of  a  constant  im- 
pressed e.m.f.  Ey  the  energy  lost  in  the  resistance  of  the  circuit 
from  time  0  to  ^  is 

W^  =  rJ'^  iHt,  (25) 

where  t  is  measured  from  the  beginning  of  the  charge. 

It  is  to  be  noticed  that  i^  during  the  charge  is  of  the  same  form 
as  i^  during  discharge  (equations  (48)  and  (46),  Art  19)  so 
that  (25)  when  integrated  gives  the  same  result  as  (19),  and  when 
t  is  made  infinite  (see  (20)) 

Wn  =  ^  (26) 

Equation  (26)  gives  the  energy  dissipated  in  the  resistance  of 
the  circuit  when  a  condenser  C  is  charged  by  the  application  of  a 
constant  e.m.f.  E.  This  amount  of  energy  dissipated  is  inde* 
pendent  of  the  inducta7u:e  and  resistance  through  which  the  con^ 
denser  is  charged.  This  energy  dissipated  is  equal  in  amount  to 
the  energy  finally  delivered  to  the  condenser,  equation  (7),  so  that 
the  efficiency  of  the  process  of  charging  a  condenser  from  a  constant 
e.m.f.  applied  through  any  inductance  and  resistance  to  the  con- 
denser is  3^;  which  means  that  in  order  to  deliver  any  given  amount 
of  energy  to  a  condenser  by  applying  a  constant  e.m.f.  an  equal 
amount  of  energy  must  be  dissipated  in  the  resistance  of  the  circuity 
however  small  we  make  that  resistance. 

37.  Energy  and  Power  Supplied  to  a  Condenser  Circuit  Excited 
by  Current  Interruption. — Reference  is  made  to  Pig.  5,  Chapter 
II,  which  shows  a  circuit  LRC  excited  by  sending  a  practically 
steady  current  I  through  L  and  interrupting  the  current  in  the 
feed  line. 
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After  each  interruption  of  the  feed  circuit  at  J,  if  the  oscilla- 
tions in  the  LRC  circuit  have  time  to  die  practically  to  zero 
before  a  new  make  of  the  interrupter,  the  energy  expended  in  the 
resistance  R  is 

as  may  be  seen  from  the  principle  of  the  conservation  of  energy, 
since  the  first  of  these  terms  is  the  energy  in  the  inductance  and 
the  second  is  the  energy  in  the  condenser  at  the  beginning  of  the 
discharge. 

If  there  are  N  makes  and  breaks  of  current  at  J  each  second, 
the  energy  per  second  (mean  power  P)  dissipated  in  this  circuit  is 

P  =  Ar(^'-±-^^).  (28) 

Equation  (28)  gives  the  average  jxrwer  P  delivered  to  the  oaciU 
latcry  circuit  LRC  and  expended  in  that  circuity  provided  the 
circuit  is  actuated  by  making  and  breaking  a  current  I,  N  times 
per  second,  at  J  (Fig.  5,  Chapter  II),  and  provided  the  interrup- 
tions are  suffiderUly  infrequent  to  allow  a  pra<:ticaUy  complete  dis- 
charge  of  the  inductance  between  interruptiorhs,  and  provided  the 
feed  current  I  has  time  to  come  to  a  steady  state  in  L. 


CHAPTER  IV 

THE  GEOMETRY  OF  COMPLEX  QUANTITIES 

38.  Utility. — In  the  mathematical  treatment  of  periodic  phe- 
nomena a  considerable  simplification  is  made  by  the  use  of  imagi- 
nary and  complex  quantities.  As  aids  to  the  memory,  the  complex 
quantities  may  be  represented  geometrically  by  simple  diagrams, 
which  are  easier  to  remember  than  the  algebraic  formulas.  By 
the  use  of  a  simple  set  of  rules  for  the  geometrical  representation 
of  algebraic  quantities  and  algebraic  operations  (rules  due  to 
Argand  and  Demoivre)  many  of  the  algebraic  manipulations 
may  be  performed  by  the  aid  of  geometrical  constructions;  and 
the  final  results  obtained  may  be  reinterpreted,  if  necessary,  into 
algebraic  symbols  for  the  purposes  of  calculations. 

39.  Representation  of  Real  Quantities. — Real  quantities  are 
represented  along  a  horizontal  axis.  This  axis  is  called  the  axis 
of  reals.  As  in  analytical  geometry,  the  numerical  magnitudes 
of  the  real  quantities  are  represented  by  lengths  proportional  to 
these  ^magnitudes.  Positive  values  of  real  quantities  are  rep- 
resented by  lengths  drawn  to  the  right  along  the  axis  of  reals, 
from  some  arbitrary  origin;  negative  values  are  represented  by 
lengths  drawn  to  the  left  from  the  origin. 

A  negative  quantity  may  be  looked  upon  as  making  an  angle 
of  180°,  or  180°  +  n  360°  with  the  positive  axis  of  reals;  while  a 
positive  quantity  makes  an  angle  0°  +  n  360°  with  this  axis, 
where  n  is  an  integer. 

Let  us  examine  the  result  obtained  by  multiplying  -|-a  by 
—  fc.  The  result  is  —  afc,  a  quantity  having  a  magnitude  equal 
to  the  product  of  the  magnitude  of  the  factors,  and  an  angle 
(180°)  equal  to  the  sum  of  the  angle  of  the  factors. 

Likewise,  the  product  of  —a  by  —fc  is  -|- oft,  a  quantity  as  be- 
fore having  a  magnitude  equal  to  the  product  of  the  magnitudes 
of  the  factors  and  an  angle  (360°)  equal  to  the  sum  of  the  angles 
of  the  factors,  since  a  line  making  an  angle  of  360°  with  the 
positive  axis  is  coincident  with  a  line  making  0°  with  this  axis. 

As  a  third  example,  the  multiplication  of  a  quantity  a  by  —  1 

42 


\m 


Chap.  IV]     GEOMETRY  OF  COMPLEX  QUANTITIES    43 

reverses  it,  and  a  double  multiplication  of  a  by  —  1  is  equivalent 
to  a  double  reversal,  or  rotation  through  180°  +  180°. 

40.  Representation  of  Imaginary  Quantities.  Argand's 
Method. — ^The  quantity  ^/—l  is  a  number  that  multiplied  by 
itself  gives  —1.  Also  the  double  appUcation  of  \/  — 1  to  a 
quantity  a  as  a  multiplier  gives  —a:  this  result  is  equivalent 
to  the  result  obtained  by  rotating  a  through  an  angle  of  180°. 
Consistent  with  this  and  with  the  fact  that  with  real  quantities 
double  multiplication  resulted  in  the  addition  of  angles,  let  us 
postulate  that  the  single  operation  of  multiplying  by  y/  —  1 
amounts  to  a  changing  of  a  into  a  position  it  would  have  if 
rotated  through  90°.  That  is,  we  shall  represent  geometrically 
\^  —  l  X  a  by  a  length  a  along  an  axis  perpendicular  to  the  axis 
of  reals. 

This  vertical  axis  is  called  the  axis  of  imaginaries.  The  + 
and  —  sign  before  imaginary  quantities,  as  before  real  quantities, 
shows  opposition  in  direction;  that  is,  +  V'— 1  a  and  —y/  —  \  a 
have  opposite  directions  along  the  axis  of  imaginaries  as  shown 
in  Fig.  1.  A  detailed  consideration  of  this  method  of  represent- 
ing real  and  imaginary  quantities  along  two  mutually  perpen- 
dicular axes  in  the  same  plane  shows  that  the  system  is  entirely 
self-consistent.  In  order  to  avoid  repeatedly  writing  V^— 1, 
we  shall  follow  the  prevaiUng  custom  in  electrical  engineering 
and  adopt  the  symbol  j  for  this  quantity;  that  is 

3  =  V~l  (1) 

P=  -1. 

41.  Representation  of  Complex  Quantities. — The  complex 
quantity  a  +  bj  shall  be  represented  by  the  directed  sect,  or 
vector,  OPy  with  a  component  a  along  the  axis  of  reals  and  a 
component  hj  along  the  axis  of  imaginaries.  Fig.  2.  The  directed 
sect,  or  vector,  OP  may  be  called  the  vectorial  representation 
of  the  complex  quantity,  or  briefly  the  vector  OP  may  be  called 
the  vector  a  +  bj. 

A  vector  has  magnitude  and  direction.  The  magnitude  of  the 
vector  OP  is  the  length  of  OP,  which  is 

y/a'  +  52  =  r  (say).  (2) 

The  direction  of  OP  is  determined  by  the  angle  ^,  which  has 
the  value 

<p  =  tan-i  (3) 

a 
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The  polar  coordinates  of  the  point  P  are  r  and  <p;  and  we  may 
also  describe  the  vector  OP,  or  the  complex  quantity  a  +  6;, 
which  it  represents,  by  a  function  of  the  coordinates  r  and  <p. 
We  shall  now  find  two  different  expressions  for  this  function, — 
one  in  trigonometric  form,  and  the  other  in  exponential  form. 


-a 


a 


-v^a 


V 

Fio.  1. — Representation  of  real 
and  imaginary  quantities. 


Fig.  2. — Representation    of    a    com- 
plex quantity  a  +  bj. 


42.  Trigonometric  Expression  for  a  Vector. — ^Let  us  take  the 
complex  quantity  a  +  bj,  and  express  it  in  terms  of  r  and  <p, 
where 

r  =  VaM-TS  (4) 


(p  =  tan"-^  - 
a 


(5) 


From  (5) 


tan  fp  =  b/a,  (6) 

sin  (p  =  b/r,  (7) 

cos  (p  =  a/r.  (8) 

If  we  multiply  and  divide  a  +  bj  by  r,  we  have  the  identity 

a  +  bj  =  r(cos  <p  +  j  sin  <p).  (9) 

The  function  r(cos  ip  +  j  sin  tp)  is  the  trigonometric  polar  co- 
drdinate  expression  for  the  complex  quaniity  a  +  bj,  or  for  the 
vector  OP,  Fig.  2. 

43.  Exponential  Expression  for  the  Vector  OP.  Demoivre's 
Formula. — ^Another  form  of  expression  for  the  vector  OP  in 
polar  coordinates  may  be  obtained  by  examining  the  series 
expansions  of  cos  tp,  sin  <p,  and  ^;  to  wit 


(p^      ip^ 
cos  *»  =  1  -  2]  +  4 ,  - 


(10) 
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^^^1^2!     ^    3!    ^   ' 
By  combining  these  quantities  we  have 

cos  ^  +  i  sin  ^  =  ^; 
whence  by  equations  (9)  and  (13) 

a  +  &;  =  r€^, 


(11) 


(12) 


(13) 


(14) 


in  which  r  is  the  length  of  the  vector  a  +  bj,  and  ^  is  the  angle  of 
the  vector  expressed  in  radians. 

Equation  (14)  gives  a  very  convenient  'polar  coordinate  expres- 
sion for  a  vector  of  length  r  making  an  angle  <p  radians  with  the 
axis  of  reals.  Fig.  3. 


Fio.  3. — Polar-coordinate  repre- 
sentation of  r«i^. 


FiQ.  4. — Uniform  circular  motion. 


44.  Exponential  Expression  for  a  Unif oim  Circular  Motion. — 

If  ^  is  the  angle  of  the  vector  r^,  and  if  this  angle  is  made  to 
vary  uniformly  with  the  time,  we  may  write     • 

ip  =  wtf  (15) 

where  cu  is  a  constant. 

Under  these  conditions  the  vector,  Fig.  4,  indicated  by  OP 
revolves  around  the  point  0  with  uniform  velocity  « in  a  positive 
direction,  as  indicated  by  the  arrow.    The  function 

r€^  =  r€^  •   (16) 

therefore  represents  a  uniform  circular  motion  in  which  the 
angle  co  radians  is  described  in  a  unit  time. 

The  angle  cj  described  per  unit  time  is  caUed  the  angular  velocity 
of  the  revolution. 
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For  the  radius  OP  to  move  through  an  angle  2ir  radians  (i.e., 
once  around)  requires  a  time  T  such  that 


or 


2ir  =  u)T, 
T  =  2ir/w. 


(17) 
(18) 


T  given  by  (18)  is  the  period  of  revolution, 

46.  The  Addition  of  Complex  Quantities,  and  the  Sununation 
of  Vectors. — Returning  now  to  general  elementary  considera- 
tions, let  us  suppose  that  we  have  two  complex  quantities 


2i  =  ai  +  hij 


and 


Z2   =   0.2  +  hij. 

By  direct  algebraic  addition  their  sum  z  is  seen  to  be 

2  =  2l  +  22  =  ai  +  02  +  (6l  +  b2)j. 


(19) 


(20) 


From  this  it  is  seen  that  the  geometrical  representation  of 
Zj  which  is  the  sum  of  the  complex  quantities  Zi  and  Zt,  is  ob- 


"^-a^-— — >U- 02" 


ag  0 

Fig.  5. — Addition  of  vectors. 


M 


V 


X 


tained  by  laj^ing  off  Oi  +  02  on  the  axis  of  reals,  giving  the  point 
x,  Fig.  5,  then  at  x  a  length  61  +  62  must  be  laid  off  in  the  direc- 
tion of  the  axis  of  imaginaries.  This  brings  us  to  the  point  P. 
The  vector  OP  is  2,  the  sum  of  Zi  and  Z2. 

If  now  through  the  points  M  and  N  respectively  we  draw  the 
vertical  line  MS  and  the  horizontal  line  NS,  and  jpin  the  inter- 
section point  S  with  0  and  P,  we  see  that  OS  and  SP  are  in 
magnitude  and  direction  equivalent  to  Zi  and  22  respectively. 

Therefore,  the  geometrical  sum  of  two  vectors  Zi  and  Z2  is 
obtained  by  putting  Z2  on  the  end  of  2i,  and  joining  the  beginning 


to 
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of  2i  with  the  end  of  22-  The  same  result  is  obtained  if  Zi  is 
put  on  end  of  z^,  as  shown  by  dotted  Unes  in  Fig.  5.  The  sum  is 
again  the  vector  OP  and  is  now  obtained  by  joining  the  beginning 
of  the  dotted  Zi  to  the  end  of  the  dotted  Z2. 

In  like  manner,  the  vector  z  is  the  sum  of  the  vectors  21,  Zi, 
Zty  Zi,  Zfi,  in  Fig.  6.  The  vector  sum  of  Zi,  Z2,  .  .  .  Zi  is  independ- 
ent of  the  order  of  the  addition  of  terms.  For  example,  if  the 
order  «i,  z^,  Zi,  Zz^  Z4  be  taken  the  construction  in  Fig.  7  is  obtained, 
which  has  the  same  smn  as  that  obtained  in  Fig.  6. 


Fio.  6. — Addition  of  five  vectors. 


Fio.  7. — Addition  of  same 
vectors  in  different  order. 


46.  The  Multiplication  of  Complex  Quantities,  and  the  Geo- 
metrical Representation  of  the  Product. — Given 

Zi  =  Qi  +  bij 

22  =  02  +  b^j- 
Let  


(21) 


^2    =     \02M-   &2S 


(22) 


(pi  =  tan' 


ip2  =  tan 


a2 


(23) 


Let  it  be  required  to  find  the  product  of  Zi  and  Z2.  We  shall 
annunciate  the  rule  in  advance  of  proof. 

Ryle. — The  product  of  two  complex  quantities  Z\  and  Z2  [^as  we 
shall  immediately  prove)  is  a  new  complex  quantity  represented  by  a 
length  rir2  and  making  an  angle  ^i  +  fp2  v^th  the  positive  axis  of 
reals.  That  is,  the  result  of  multiplying  together  of  two  complex 
quantities  is  obtained  by  multiplying  their  magnitudes  and  adding 
their  angles. 
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Two  proofs  of  this  proposition  follow: 

Exponential  Proof. — Put  Zi  and  22  into  their  exponential  forms 

Zi  =  rie^'^S 
Z2  =  r2€^'^; 
whence  by  direct  multiplication 

ZiZ2  =  rirse''^*^*  +  ^\  (24) 

The  product  has,  therefore,  the  product  of  ri  and  rj  for  its 
magnitude,  and  the  sum  of  the  angles  <pi  and  ^2  for  its  angle. 

AUemative  Proof. — The  convenience  of  the  use  of  the  ex- 
ponential function  in  operations  involving  multiplication  is 
evident  from  the  preceding  paragraph.  Let  us  compare  with  it 
the  more  involved  process  of  direct  multiplication  of  the  algebraic 
form  of  the  complex  quantities. 

Writing 

Zi  =  ai  +  bijy 

22  =  ^2  +  bij, 
and  taking  the  product,  we  have 

ziZ2  =  aiUi  —  6162  +  (0162  +  a2bi)j,  (25) 

Now  as  in  equations  (7)  and  (8) 

ff 

ai  =  fi  cos  <pi,  ,  61  ==  Ti  sin  <pi. 

a^  =  r2  cos  <pi,  hi  =  r^  sin  (pt. 

These  values  introduced  into  equation  (25)  give 

Z\Z2  =  rir2{(cos  ^1  cos  ^2  —  sin  <pi  sin  ^)  + 

j(cos  tp\  sin  <P2  +  cos  <pt  sin  ^1) } 

=  riTt  {cos(^i  +  ^)  +  i  sin  (^1  +  ^2) }     ^  (26) 

This  equation  compared  with  (9)  shows  that  the  product  of 
Zi  and  Z2  has  the  product  of  their  magnitudes  for  a  magnitude, 
and  the  sum  of  their  angles  for  an  angle. 

47.  Division  of  Complex  Quantities. 

Rule, — Divide  the  magnitudes  and  subtract  the  armies. 

Proof. — Using  the  exponential  forms  given  just  above  equation 
(24),  we  have 

«2  ^2 
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Example. — Divide  re^  by  a  +  bj. 


whence 

re'^  r 


a  +  6j       y/a^  +  bi 


^{iP-  tan-i  (6/0)  I  /«^\ 


48.  To  Raise  a  Complex  Quantity  to  the  nth  Power. 

Rule. — Raise  the  magnitude  to  the  nth  power  and  take  n  times 
the  angle. 
Proof.— 

2«  =  {rc^^'P  =  rV*^.  (28) 

Example. — 

(a  +  bjY  =  ( Vc^M^)"  €^'"  *"  "  ^'^""^  (29) 

49.  To  Extract  the  nth  Root  of  a  Complex  Quantity. 

Rule. — Take  the  nth  root  of  the  magnitiuie  and  -th  of  the  angle. 

n 

Proof. — 

Vz  =  \/^  -  v^r€^/^  (30) 

60.  Integration  by  the  Use  of  Exponentials. — As  an  example 
of  the  use  of  the  above  principles  let  it  be  required  to  inte- 
grate €*'  cos  {(at  +  <p)  with  respect  to  t. 

Let  the  abbreviation  r.p.  be  an  abbreviation  for  the  words 
real  part  of. 

By  equation  (13) 

cos  (cat  +  ip)  =  r.p.  €^*^"'+'^>, 
whence 

ft"^  cos(<at  +  <p)dt  =  r.p./€^+-'<-'+^>(ft  (31) 

by  direct  integration. 

=   r.p. — y.  =6  a 

by  (27), 
€<»'cos  (w<  +  ^  —  tan-'- j 

61.  Caution  Regarding  Use  of  Antitangents. — In  the  use  of 

antitangents  of  ratios  such  as  occur  in  the  preceding  problem,  it  is 

4 
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important  carefully  to  attend  to  the  signs  of  quantities  occurring 
in  the  ratios,  for 

tan~i  (-w/a)  =  -tan-^  (w/a),  (32) 

tan""^  (o)/  — a)  =  w  —  tan~*  (co/a),  (33) 

tan""^  (  — 0)/  — a)  =  TT  +  tan"^(a)/a).  (34) 


}f 


62.  Problems. — In  the  following  problems  ^  =  \/— l;a,  b,  r 
and  ^  are  real  quantities. 
Abbreviations:  r.p.  =  "real  part,"   i.p.  =  "imaginary  part. 

Find  r.p.  and  i.p.  of 
1.  re~J> 
^    Oi  +  bij  . 

2.     ;  /  v^ 


/qi  4-  fei  j 


express  result  in  terms  of  antitangents. 


4.  Integrate 

Prove 

5.  e>/2  =  J, 

6.  e-^^^ J, 

7.  «^'  =  -  1, 

8.  c^jv  ^  1 

9.  Using  exponentials  prove  that 
J*  BinXdx  —  —  cos  x. 

10.  Show  that 

y*cos«  <Mt  is  not  equal  to  r.p.  y*  U^^)  Ht. 


CHAPTER  V 


CntCDIT  CONTAINING  RESISTANCE,  SELF  INDUC- 

TANCE,  CAPACITY,  AND  A  SINUSOIDAL 

IMPRESSED  ELECTROMOTIVE  FORCE 

63.  Sketch  of  Method. — If  a  circuit,  Fig.  1,  contains  in  series 
a  resistance  i2,  self  inductance  L  and  a  capacity  C,  and  has 
impressed  upon  it  a  sinusoidal  e.m.f.,  E  sin  a><,  the  diflferential 
equation  for  the  current  in  the  circuit  is 


JEsm  Git  =  L.   +  Rt  +^  - 


(1) 


Fio.  1. — Circuit  containing  sinusoidal  e.m.f. 


For  reference  let  us  write  down  the  equation 


(2) 


The  complete  solution  of  (1)  is 

(a)  the  complete  solution  of  (2),  plus 
{h)  any  particular  solution  of  (1). 
The  proof  of  this  is  as  follows:  Equations  (1)  and  (2)  when 
freed  of  the  integral  sign  by  differentiation  are  differential  equa- 
tions of  the  second  order.  Their  general  solutions  must  contain 
two  arbitrary  constants,  and  any  solution  found  for  the  equation 
(1)  and  found  to  have  two  arbitrary  constants  is  complete.  Now 
(a)  reduces  the  right-hand  side  of  (1)  to  zero  and  contains  two 

51 
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arbitrat-y  constants;  (b)  reduces  the  right-hand  side  of  (1)  to  its 
left-hand  side;  therefore,  since  the  right-hand  side  of  (1)  and  (2) 
is  homogeneous  and  of  the  first  degree  (linear)  the  sum  of  (a) 
and  (b)  reduces  the  right-hand  side  of  (1)  to  the  left-hand  side  and 
contains  two  arbitrary  constants.  This  sum  is,  therefore,  the 
complete  integral  of  (1). 

We  have  already  found  (6)  the  complete  integral  of  (2)  in 
Chapter  II,  equation  (17);  namely, 

i2=^l€*"  +  A26*^,  (3) 

where  ki  and  A^s  have  the  values  given  in  equations  (i)  and  (ii) 
at  the  beginning  of  Chapter  II,  and  At  and  A 2  are  two  arbitrary 
constants. 

64.  The  Particular  Solution  of  (1). — It  remains  only  to  find  a 
particular  solution  of  (1).    To  find  this  let  us  replace 

E  sin  ca  by  Ee  ^*^, 

solve,  and  take  l/j  times  the  imaginary  part  of  the  result. 
This  substitute  equation  is 

£?«*•-  =  L^"  +  Ri  +  ^-  (4) 

Of  this  equation  we  need  only  a  particular  solution.    This  is 
seen  to  be  of  the  form 

t'l  =A^,  (5) 

* 

as  may  be  seen  by  direct  substitution  in  (4),  giving 

E^-'  =  Ae^fLjo,  +  R  +  ^},  (6) 

which  is  the  condition  under  which  (5)  is  a  solution  of  (4). 
This  condition  (6)  reduces  to 

A ^ 


Substitution  of  (7)  in  (5)  gives  for  the  required  particular 
solution  of  (4) 


2'l  = 


R  +  j{L<.  -  ^)  ^*> 


k 
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Adopting  the  usual  notation,  let  us  write  an  abbreviation 

X.=  L«-^-  (9) 

Ceo 

This  quantity  X  is  called  the  Reactance  of  the  Circuit. 
In  terms  of  X  the  denominator  of  (8)  becomes 

R+j(L<^  -??-)  =  R+JX  UO) 

X 

The  last  step  is  taken  by  the  methods  of  Chapter  IV. 
Substituting  (10)  in  (8),  we  have,  as  the  particular  solution  of 
(4) 

i\  =  -V  ^  --=^-  (11) 

Vr^  +  x^ 

To  obtain  from  this  the  corresponding  particular  solution  of 
(1),  we  need  only  take  the  imaginary  part  of  I'l,  and  divide  it 
by  i,  obtaining 

E  X 

ii  =      ;-^-= — '-  sin  {wt  —  tan~^-^l*  (12) 

^       ^/Ri  +  X^  R^  ^     ^ 

Equation  (12)  gives  a  vaiue  of  the  current  ii  that  is  a  particular 
solrition  of  the  differerUial  eqiuUion  (1).  . 

66.  The  General  Solution  of  (1). — We  may  now  obtain  the 
general  solution,  or  complete  integral,  of  (1)  by  taking  the  sum 
of  (12)  and  (3).    If  we  indicate  the  current  by  i,  we  have 

EquaJtion  (13)  is  the  complete  solution  of  (1).  The  apparent 
exception  that  arises  in  the  critical  case  in  which  R^  =  4L/C  dis- 
appears as  an  exception  after  the  determination  of  the  arbitrary 
constants. 

In  (13)  A I  and  A  2  are  arbitrary  corhstants,  and   . 

^  =  ^-  -  ^^    ^ ^1^) 

(14a) 

(146) 

56.  Transformation  of  the  General  Solution  into  Periodic 
Form. — For  some  purposes  it  is  more  instructive  to  put  the  two 
exponential  terms  of  (15)  into  the  form  of  a  sine  function. 


fcl 

ss 

R 

jR^ 

1 
LC 

hn 

IR^ 

1 
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This  can  be  done  by  letting 

(15) 


then 


Wo    = 

j  1        ft' 
\LC      4L^' 

ao  = 

R/2L, 

A;i  = 

— Oo  +iwo, 

h  = 

—  Oo  —  i«o. 

(16) 


(17) 


With  this  notation  equation  (3)  becomes 

fj  =  €-*»•*{  A i(cos  0)0^  +  j  sin  wo^)  +  Aj(cos  wo^  —  j  sin  wo^) } 
=  €-«««{  (A  1  +  A2)cos  0)0^  +  i(Ai  —  Aa)  sin  coof }.  (18) 

If  now  in  (18)  we  let 

'''''^'       V(Ai  +  A0^+b(Ai-A2)h^ 
.  ^  A1  +  A2 

^"^  ^'       VcAi  +  A2)H^{i(Ai  -  A^)^ 
and 

/o  =  \/(A,  +  A,)2+{i(A.-A=)|S 
we  obtain 

Z2  =  /o  €-  ^<  sin  (wo^  +  ^0).  (19) 

In  equation  (19)  /©  and  ^0  are  new  arbitrary  constants  which 
are  to  be  determined  by  the  initial  conditions  of  the  problem. 
Equation  (19)  is  a  perfect  equivalent  of  (3),  and  after  the  deter- 
mination of  the  arbitrary  constants  gives  correct  results  whether 
R^  is  equal  to,  less  than,  or  greater  than  4L/C;  that  is,  whether 
Wo  is  zero,  real,  or  imaginary.  Only,  however,  when  the  angular 
velocity  wo  of  free  oscillation  of  the  circuit  is  real  does  the  solution 
remain  periodic.  If  wo  is  zero  or  imaginary  (19)  goes  over  into 
the  exponential,    or  hyperbolic,   form,    which  is   non-periodic. 

If  we  add  equation  (19)  to  (12)  we  obtain  the  complete  ex- 
pression in  the  transformed  aspect;  to  wit, 

E  X 

i  =  — 7^  -  — -f:  sin(w<  —  tan-^  -) 

+  /oc""'*'sin(a)o/  +  ^0).  (20) 

Equation  (20)  is  the  complete  expression  for  the  current  in  the 
circuit  containing  resistance,  self-indudance  and  capacity ,  and 
an  impressed  sinusoidal  e.m.f.  This  equation  is  alternative  to 
(13).     The  impressed  e.m.f,  has  angular  velocity  w,  ivhile  «o  is 
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the  angular  velocity  of  free  oscillation  of  the  circuit,  and  a©  =  R/2L. 
/o  and  jf/Q  are  arbitrary  constants  to  be  determined  by  the  initial 
conditions. 

67.  The  Quantity  Constituting  the  Charge  of  the  Condenser. — 
In  equation  (20)  is  given  an  expression  for  the  current  flowing 
in  the  circuit  imder  the  action  of  an  impressed  sinusoidal  e.m.f. 
To  obtain  q  the  quantity  of  electricity  constituting  the  charge  of 
the  condenser  at  any  time  t,  it  is  only  necessary  to  form  the 
integral 

q=  fidt 

=  — ^ cos  ( <d  —  tan^  —  1 

VTj*  +  x*      V  r) 

-UVLC  €-"  sin  (a>o<  +  ^0  +  tan-i  ^)  -         (21) 

58.  Determination  of  the  Arbitrary  Constants  when  the  E.  M.F. 
is  Impressed  on  a  Circuit  without  Current  or  Charge. — The 
reader  who  is  not  immediately  interested  in  the  determination  of 
these  constants  may  omit  this  and  the  next  section  and  resume 
the  reading  at  the  section  on  the  Steady-state  Solution  (Art.  60). 

In  eqiiations  (20)  and  (21)  two  arbitrary  constants  /o  and  ^o 
occur.  These  are  to  be  determined  for  each  specific  problem 
by  the  use  of  the  initial  conditions. 

We  cannot  in  general  impose  the  condition  that  ^  =>  0  when 
the  initial  current  and  charge  are  zero,  for  this  impUes  that  the 
dynamo  impressing  the  e.m.f.  {E  sin  (at)  is  thrown  into  the  circuit 
containing  no  current  and  no  charge  when  the  dynamo  e.m.f. 
is  itself  just  zero.  Now  if  the  djoiamo  is  thrown  into  the  circuit 
at  a  random  time  this  will  not  be  the  case.  Our  problem,  in 
case  the  initial  charge  and  current  are  zero,  imposes  the  condi- 
tions 

i  =  fj,  i  =  0,  g  =  0,  (22) 

where  ti  is  the  random  time  determining  the  phase  of  the  e.m.f. 
at  the  time  of  impressing  it. 

If  now,  for  abbreviations,  we  let 

7  =  ^-1= 

X 

<p  ^  o)t  —  tan~*  ^f 

iPi  =  wci  —  tan  ^  -^> 


(23) 
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equations  (20)  and  (21)  become 

i  =  /  sin  ^  +  /a€"'^8in(«rf  +  ^o),  (24) 

and 

g  =  -:?^cos^  - /oVl^€"^8in(a)o«  +  ^o+ tan-i-),    (25) 

where  it  is  to  be  noticed  that  ^  is  a  function  of  the  time  L 
The  initial  conditions  (22)  introduced  into  (24)  and  (25)  give 

0  =  /  sin  ^1  +  /a€-^'»  8in(«o«i  +  ^0)  (26) 

and 

0  r=  -  i  cos  v>i  -  /o  VlC  e^'  sin  («rfi  +  ^0  +  tan-^  -)  .(27) 

EUminating  7o  between  these  two  equations  by  transposing  the 
first  term  of  each  equation  to  the  left-hand  side  and  dividing 
(27)  by  (26),  we  obtain 

-  sin  ( <aft\  +  ^0  +  tan"^  — ) 

-  cot  ^1  ^y/LC .— ,    ,    ■    ,-. ^ 

0)  sm  (wo^i  +  Wo) 

sin  (ojrfi  +  ^0) 

=  aoLC  +  woLC  cot  («rfi  +  ^0),  (28) 

whence 

cot  («rfi  +  ^0)  =  Yn  ^^^  ^1 ^ 

ao*  +  wo^  ^  .  a© 

= cot  ipi  —  — • 

0)0)0  0)0 

We  may  now  use  the  general  trigonometric  relation 

sin  X  =  —j==^=^j  and  from  the  preceding  equation  obtain 
V 1  +  cot^x 

sin  (wo<i  +  *o)  =  -{       -;---; —  -— ,  =  ^  (say). 

(ao*  +  wo'._.  ao  1  *  (29) 


4 


1  + 


cot  ^1 

0)0)0  0)0  J 


Now  the  quantity  P,  defined  as  equal  to  the  middle  term 
of  (29)  is  completely  given  in  terms  of  the  constants  of  the 
the  circuits  (ao  and  o)o),  the  angular  velocity  of  the  impressed 
e.m.f.  (o)),  and  the  time  at  which  the  e.m.f.  is  impressed  [com- 
prised in  ip\  defined  in  (23)]. 
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To  determine  the  two  constants  of  integration,  we  have  by  (29) 

and  by  (29)  and  (26) 

/o  =  "B"*"*^*  sin  <pi. 

Substituting  these  constants  into  (20)  we  have,  by  (23), 


E  f   . 

t  =  — ; —    -—    sm 


Vft'  +  ^r^i 


<at  —  tan~'  -5 


ao^-t.)  sin  [oi^ii  -  ii)  +  sin-ip}]-     (39) 


Equation  (30)  fftt^es  ^  complete  valvje  of  the  current  i  when  the 
e.m.f,  is  impressed  at  a  time  tx  upon  a  circuit  vrithovt  current  or 
charge.  In  this  equation  <pi  and  P  have  the  values  given  in  (23) 
and  (29).  In  the  expression  for  i,  t  is  greater  than  ti,  which  is  the 
time  at  which  the  e.m.f,  E  sin  cd  was  thrown  into  the  circuit. 

69.  Condition  That  Makes  the  Transient  Term  in  (30)  Zero.— 
The  term  involving  the  exponential  in  (30)  is  called  the  transient 
term. 

One  method  of  making  this  transient  term  zero  is  to  let  t 
be  infinite.     We  shall  consider  this  in  the  next  section. 

Another  method  of  making  the  transient  term  zero  is  to  make 

%^^  =  0.  (31) 

Let  it  be  noted  that,  if  sin  ^1  =  0,  cot  <p\  =  infinite,  and  by 
(29)  P  =  0,  so  that  we  require  to  make  a  special  investigation. 


In  view  of  (29)  we  may  write 


sm  <pi 


=  ^si 


sinVi  + 


ao*  +  0)0*  ao   . 

cos  <pi sin  tpi 


2 


•    (32) 


0)0)0  0)0 

Setting  the  radical  equal  to  zero  and  expanding  it,  we  obtain 

Oo'  +  0)0*  ,  .   ,       ,   Go*  +  0)0*       -           2ao   .  1       /v 
= —  {smVi  H i —  cosVi sm  ^1  cos^i    =  0, 

0)0  (i>^  O) 

which  divided  by  a  common  factor  gives  t. 

*or.2  2ao  .     ^  OoM-  0)0* 

tan Vi  "*"    —  tan  ^1  = z . 

0)  O)' 
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Solving  this  quadratic,  we  get 

tan  (pi  = —  (33) 

(a 

Note  that  this  equation  can  be  satisfied  by  real  values  of  <pi 
only  provided  the  constants  of  the  circuit  are  such  that  a)o  is 
itself  zero  or  imaginary;  that  is,  only  for  a  non-oscillatory  circuit. 
Replacing  <pi  by  its  value  from  (23)  and  coo  by  its  value  from  (15), 
we  obtain  \ 


tan  (a>U  -  tan-«|)  =  1  j  -  ^  ±  ^^,  -  ^ 
Under  this  condition  the  complete  current  becomes 


(34) 


— r sin  I  a><  —  tan^  — ) 

VR^  +  X^        \  R) 


i  =  —J-       .-=  sin  ( a><  —  tan""^  —  ).  (35) 


Equation  (34)  gives  the  time  ti  at  which  the  sinusoidal  e.m.f. 
may  be  impressed  vnthout  any  transient  term  in  the  resulting  cur- 
rent, and  (35)  is  the  resulting  current.  The  condition  (32)  can 
be  fulfilled  only  provided  coo  is  imaginary,  that  is,  only  provided  the 
coThstants  of  the  circuit  are  such  as  to  make  it  a  rum-osdUaJtory 
circuit  {i.e.,  R^>4L/C). 

60.  Results  in  the  Steady  State. — ^Apart  from  the  method 
outlined  in  the  preceding  section  for  making  the  transient  term 
in  the  current  equation  zero,  it  is  seen  that  this  transient  term 
in  each  case  is  multiplied  by  an  exponential  factor  with  an  expo- 
nent that  approaches  minus  infinity  with  increase  of  time.  If 
the  time  is  sufiBiciently  long  after  the  application  of  the  sinusoidal 
e.m.f.,  the  transient  term  becomes  negligible. 

The  state  of  things  after  the  transient  term  has  become  prac- 
tically zero  is  called  the  steady  state,  and  the  solution  for  the 
steady  state  is  called  the  steady  state  solution. 

In  the  steady  state,  after  the  transient  term  has  become 
practically  zero,  it  is  seen  from  (20)  and  (21)  that  the  current 
and  quantity  are  given  by  the  equations 

i  =      .  J^ sin  (a)t  -  tan-^  ~\^  (36) 

Vr^  +  x^      \  rJ'  ^ 

q  =  —^^£l^-^  cos  (o>t  -  tan-i  JY  (37) 

^       VR^  +  X^        \  R/' 


I 
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in  which 

E  ^n  id  ^  the  impressed  e.m.f.,  and 
X  —  Ixa  —  1/C<a  =  the  reactance  of  the  circuit.       (38) 

Ry  Lf  and  C  =  the  resistance,  inductance,  and  capacity 

of  the  circuit. 

Equaitons  (36)  and  (37)  give  the  values  of  the  current  i  and  the 
quantity  of  electricUy  q  constitrding  the  charge  of  the  condenser  at 
the  time  t,  under  the  action  of  a  sinusoidal  e.m.f.E  sin  <at  which 
has  been  in  application  sufficiently  Umg  to  permit  the  establishment 
of  a  steady  state. 

Some  of  the  characteristics  of  the  steady-state  flow  of  current 
will  be  discussed  in  the  next  Chapter  on  Electrical  Resonance  in 
Simple  Circuits. 


CHAPTER  VI 

ELECTRICAL  RESONANCE  IN  A  SIMPLE  CIRCUIT 

61.  Wave  Length,  Actual  and  Conventional. — We  have  seen 
in  Chapter  II  that  an  electrical  circuit  containing  capacity  and 
self -inductance,  if  the  resistance  is  not  too  great,  has  a  characteris- 
tic period  of  oscillation.  We  shall  show  in  subsequent  chapters, 
treating  Maxwell's  Electromagnetic  Theory  that,  with  certain 
forms  of  these  circuits,  energy  is  radiated  into  surrounding  space 
in  the  form  of  electromagnetic  waves. 

If  a  circuit  of  period  T  radiates  waves,  the  wave  length  X 
of  the  waves  radiated  is  related  to  the  period  T  by  the  equation 

X  =  cr,  (1) 

where 

X  =  wave  length, 
and 

c  =  velocity  of  propagation  of  the  waves. 

This  relation  follows  from  the  elementary  consideration  that 
of  two  successive  positive  wave  crests  one  is  emitted  at  a  time 
T  seconds  later  than  the  other.  The  first,  in  the  time  T,  travels 
a  distance  cT,  so  that  the  first  crest  is  a  distance  cT  ahead  of  the 
second;  hence  the  distance  between  these  two  successive  positive 
wave  crests,  which  is  the  wave  length,  is  X  =  cT. 

In  free  space,  we  shall  show  from  Maxwell's  Theory,  that  c, 
the  velocity  of  the  waves  in  free  space  is  the  velocity  of  Ught; 
that  is,  c  =  3  X  10^®  centimeters  per  second.  If  it  is  required  to 
obtain  the  wave  length  in  meters,  as  is  usual  in  radiotelegraphic 
practice,  and  if  T  is  in  seconds,  the  velocity  of  propagation  miist 
be  expressed  in  meters  per  second;  that  is 

c  =  3  X  10*  meters  per  second.  (2) 

In  the  case  of  an  actual  radiation  of  electric  waves  into  space, 
the  wave  length  X  is  the  actual  distance  between  adjacent  posi- 
tions of  similar  phase  in  the  emitted  wave  system. 

It  has  become  customary  in  radiotelegraphic  practice  to  specify 
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the  period  of  all  periodic  electric  circuits  in  terms  of  the  wave 
lengths  corresponding  to  the  periods  of  the  circuits,  even  when 
the  circuits  happen  to  be  of  such  form  as  actually  to  radiate  only 
an  insignificant  amount  of  energy  as  characteristic  waves.  We 
thus  attribute  conventionally  to  every  oscillatory  circuit  a  wave 
length  X  satisfying  the  relation  (1). 

Although  we  have  not  yet  taken  up  the  matter  of  electro- 
magnetic radiation,  it  is  often  an  advantage  to  express  results  in 
terms  of  wave  lengths  as  well  as  in  terms  of  periods,  and  to  use, 
in  experimental  investigations  with  these  circuits,  apparatus  cali- 
brated in  wave  lengths. 

62.  Mean  Square  Current  and  Amplitude  of  Current  in  a 
Circuit  Containing  Resistance^  Self -inductance,  and  Capacity, 
and  a  Sinusoidal  B.M.F. — The  circuit  upon  which  the  e.m.f.  is 


nmw^ 


J^tinwit 


II 


o 


IMK^ 


Flo.  1. — Cirouit  oontaining  impreflsed  sinusoidal  e.m.f. 

impressed  we  shall  designate  as  Circuit  II,  or  as  the  Receiving 
Circuit.  The  e.m.f.  may  be  impressed  by  a  generator  in  the  circuit 
(see  Fig.  1),  or  it  may  be  impressed  by  induction  from  a  Circuit 
I  (Fig.  2),  containing  persistent  sinusoidal  oscillations,  provided 
the  Circuit  I  be  so  far  from  the  Circuit  II  that  the  reaction  of 
Circuit  II  in  changing  the  current  in  Circuit  I  is  negligible.  The 
subject  of  these  reactions  will  be  taken  up  in  Chapters  VII  and 
VIII,  but  the  reactions  will  here  be  considered  zero. 
Let  the  e.m.f.  impressed  on  II  be 

e  =  E  sin  <ait.  (3) 

Let  the  resistance,  inductance  and  capacity  of  the  receiving 
circuit  (Circuit  II)  be  R,  L,  and  C,  and,  as  in  the  previous  chapters, 
let  the  capacity  be  disposed  in  one  or  more  discrete  condensers  so 
that  there  is  no  distributed  capacity. 
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(4) 


Then,  after  a  steady  state  is  reached,  the  current  in  II,  desig- 
nated by  i,  is,  by  (36),  Chapter  V, 

t  =  — -7=r sm  ( u)it  —  tan~^  -^  I, 

where 

X  =  Lwi  -  l/Ccui.  (5) 

Since  many  types  of  measuring  instruments,  when  placed  at  A 
in  series  in  Circuit  II,  indicate  the  average  square  of  the  current  or 
else  the  square  root  of  the  mean  square  current  (R.M.S.  current), 
let  us  obtain  the  value  of  these  quantities.     First  let 

y  =  sin  ((at  +  <p) 


Angular  Velocity  ssctfj 


Sending  Circuit 


Fio.  2. — Arrangement  for  inducing  sinusoidal  e.m.f .  in  //,  if  /  is  far  enough  away 

and  is  traversed  by  a  sinusoidal  current. 

and  note  that  the  time  average  of  a  quantity  during  the  interval 
from  0  to  t'  is  obtained  by  integrating  the  quantity  with  respect 
to  t  from  0  to  t'  and  dividing  the  integral  by  t\ 

According  to  this  principle  the  time  average  of  y%  which  we 
shall  indicate  by 


1/2  =  mean  square  value  of  y, 


IS 


y 


2  =  1  I  sin2(w<  +  ^)dt 


=   -  I  SI 

t'Jo 


—  cos  2{(t)t  +  fp) 


dt 


^  l^rty  _  rsm2((at +  <p)Y 
t'L2\o       I        4(ae        Jo" 

If  t'  is  very  large  compared  with  the  half  period  of  oscillation,  or 
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if  ^'  is  exactly  a  whole  number  of  half  cycles  of  y,  the  second  term 
on  the  right  disappears,  and 

yi  =  1/2  (7) 

Equation  (7)  gweB  the  mean  square  valve  of  y,  taken  over  n  half 
cycles  or  over  any  time  long  in  comparison  with  the  period  of  y, 
where 

y  =  sin  {<d  +  fp).  (8) 

Returning  now  to  an  investigation  of  (4)  let  us  note  that  the 
time  average  of  the  sine  term  is  1/2,  so  that 

where  P  is  the  mean  square  (time  average  of  the  square)  of 
the  current  in  II. 

If  now  we  look  back  at  the  value  of  the  impressed  e.m.f. 
(3),  we  see  that  the  time  average  of  the  square  of  the  e.m.f.  to 

be  designated  by  E^is       

£2  =  £V2,  (10) 

which  may  replace  the  numerator  in  (9)  giving 

P  =       ^'  —  (10) 

Instead  of  using  the  mean  square  value  of  E  and  /,  as  in  equa- 
tion (10),  we  may  as  an  alternative  operation  express  the  ampli- 
tude  of  /  in  terms  of  the  amplitvde  of  Ej  in  the  same  form  of 
equation;  namely,  by  (4),  making  the  sine  term  unity. 

Equation  (10)  gives  the  mean  square  value  of  current,  P,  in 
terms  of  the  mean  square  value  of  impressed  e.m,f.,  E\  in  the  steady 
stale.  Equation  (11)  gives  the  corresponding  equation  for  the  am- 
plitude  I  of  current  in  terms  of  the  amplitude  E  of  e.m.f, 

63.  Condition  for  Steady-state  Current-resonance  in  a  Simple 
Circuit  Containing  a  Sinusoidal  Impressed  E.M.F. — ^The  steady- 
state  current  resonance  condition  is  defined  as  the  relation  be- 
tween the  constants  of  the  circuit  and  the  frequency  of  the 
impressed  e.m.f.  for  which  the  mean  square  current  or  current 
amplitude  is  a  mft^JTniim,  when  the  amplitude  of  the  e.m.f.  is 
constant. 
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By  (10)  and  (11)  it  is  seen  that  this  condition  is 

X  =  0;  (12) 

that  is,  by  (6) 

.  LC  =  l/wi*.  (13) 

By  taking  2t  times  the  square  root  of  both  sides  of  (13)  we 
obtain  for  the  current-resonance  condition 

2jrVLC  =  Ti,     .  (14) 

where 

Ti  =  2ir/«i  as  period  of  impressed  e.m.f . 

Note  that  in  (14)  while  the  right-hand  side  is  the  period  of  the 
impressed  e.m.f.,  the  left-hand  side,  by  (58),  Chapter  II,  is  the 
undamped  period  of  the  receiving  circuit  (Oircuit  II)  so  we  may 
conclude  that 

The  condition  for  a  maximum  mean  square  current  or  the  con- 
dition for  a  maxinwn  amplitude  of  current  in  the  steady  state, 
which  condition  we  have  called  the  CurreniHresonanoe  Condition,  is 
that  the  Undamped  Period  of  the  Receiving  Circuit  (not  the  actucU 
free  period)  be  equal  to  the  actual  period  Ti  of  the  impressed  e.mj. 

64.  Steady-state  Value  of  Current  at  Current-resonance. — 
At  current-resonance  in  the  steady  state  the  current  is  obtained 
by  setting  X  =  0  in  (10)  or  (11),  and  extracting  the  square  root. 
This  gives 

/max.  =  I  (15) 

where  /  and  E  are  either  amplitude  values  or  square  root  of 
mean-square  values  (R.M.S.  values). 

By  reference -to  (4)  it  will  be  seen  that  the  angle  by  which 
the  current  lags  behind  the  impressed  e.m.f.  at  current-resonance 
is  zero,  since  J^  =  0. 

Hence,  also,  at  current-resonance,  by  (3),  (4),  and  (12),  we 
have 

i  =  e/R  (16) 

where  i  and  e  are  instantaneous  values. 

In  the  steady  state  at  current-resonance  the  rdatton  of  current 
to  impressed  e.mj.  is  Ohm*s  Law. 

In  this  condition  the  inductive  reactance  L<ai  and  the  capacity 
reactance  —  1/C«i  are  numerically  equal  to  each  other  andopposite 
in  sign  and  are  sometimes  said  to  neutralize  each  other. 
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66.  Ratio  of  Current  in  the  General  Case  to  Current  at  Current- 
resonance. — ^Let  us  now  divide  (11)  by  the  square  of  (15) 
obtaining 

/*  1 


This  equation  is  equally  true  whether  /*  and  /*max'  fl-re  the 
squares  of  the  amplitudes  of  current  or  the  mean-square  values, 
since  the  ratio  of  amplitudes  squared  and  the  ratio  of  the  time 
average  of  the  squares  of  instantaneous  values  are  the  same. 

If,  in  (17),  we  replace  X  by  its  value  from  (5),  we  obtain 

^ 1 

"  T  2.^   2  r  1  \   »  (lA) 


1  +  ^'"'' 


fi_...i_r 


where 

y  =  /V/*««.  =  rv/»„„.  (19) 

Eqaaiion  (18)  is  the  eqiiatian  to  a  resonance  curve  of  current 
square  against  the  circuit  adjustments. 

We  can  apply  (18)  to  specific  cases  in  which  different  elements 
of  the  system  are  variable.     We  shaU  discuss  two  such  cases. 

66.  Resonance  Curve  of  Relative  Current  Square  with  a 
Fixed  Impressed  B.M.F.  and  Variation  of  Capacity  in  the  Receiv- 
ing Circuit — Referring  to  Fig.  1  or  Fig.  2,  we  have  called  the 
circuit  II,  with  constants  L,  72,  and  C,  the  receiving  circuit. 
Impressed  upon  Circuit  II  is  a  sinusoidal  e.m.f.  of  value 

e  =  E  sin  «i<, 

in  which  cui  is  the  angular  velocity  of  impressed  e.m.f.  We  shall 
now  suppose  that  cui  and  E  are  kept  constant,  and  we  shall 
compute  the  relative  current  square  in  the  receiving  circuit  when 
the  condenser  C  of  the  receiving  circuit  is  given  various  values. 

The  fundamental  equation  of  the  result  is  given  in  (18),  and 
we  shall  merely  transform  this  equation  into  a  form  involving 
wavelengths  and  decrements  instead  of  inductances,  capacities, 
resistances,  and  angular  velocities. 

Regarding  the  decrement,  we  have  defined  in  (62)  of  Chapter 
II  a  quantity 

d  =  IJ  (20) 

in  which  d  is  the  logarithmic  decrement  per  cycle  of  a  circuit 
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whose  period  of  free  oscillation  is  T,  and  whose  resistance  and 
inductance  are  R  and  L. 

Now  the  period  of  free  oscillation  of  a  circuit  is  exactly  given 
in  (56),  of  Chapter  II.  This  period  is  given  approximately 
in  (58),  Chapter  II;  namely 

T  =  2tVXC  (21) 

Although  (21)  is  only  an  approximate  value  of  the  free  period 
of  oscillation  of  the  circuit,  it  is  the  exact  value  of  the  Undamped 
Period  of  the  Circuit. 

We  shall,  accordingly  define  a  new  logarithmic  decrement, 
indicated  by  S|  with  the  exact  equation 

,       R2kVlC 

d ^ (22) 

and  shall  designate  this  decrement  d  as  the  logarithmic  decrement 
per  undamped  period  of  the  circuit. 

Since  we  are  going  to  vary  C  in  the  present  article,  d  as  defined 
in  (22)  is  a  variable.  Let  us  fix  our  attention  on  one  particular 
value  of  8,  namely  the  value  of  6  when  C  has  the  value  to  give  a 
maximum  value  of  y,  and  designate  this  value  of  5  as  5o.  Now 
by  (18)  for  a  maximum  of  y,  it  is  seen  that 

LCo  =  1/6)1^  (23) 

where 

Co  =  value  of  C  that  makes  y  a  maximum. 

From  (22)  and  (23),  we  have 


R2ir       tR 
where 


''>  =  ^rL^^  (24) 


5o  =  logarithmic   decrement    per    undamped    period    at 
current-resonance. 

Let  us  next  examine  the  question  of  wavelengths.  The 
period  of  the  impressed  e.m.f.  Ti  (say)  is  related  to  «i  by  the 
equation 

Ti  =  2ir/«i  (25) 

According  to  equation  (1)  the  wavelength  Xi  of  the  impressed 
e.m.f.  is 

Xi  =  cTi  =  2rc/o)i  (26) 
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If  we  call  the  period  of  the  circuit  T,  the  wavelength  of  the 
circuit  X  is 

X  =  cT  (27) 

where 

c  —  velocity  of  propagation  of  the  waves. 
T  «  free  period  of  oscillation  of  the  circuit. 

Since  T  is  not  exactly  given  by  (21),  while  the  undamped 
period  of  the  circuit  is  exactly  given  oy  (21) ,  let  us  define  the 
undamped  wavelength  of  the  circuit  as  the  wavelength  of  the 
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Fio.  3. — CurvM  of  reUtive  current  vs.  relative  wavelengtha  for  variouB 

values  of  decrement. 

undamped  period,  and  indicate  this  undamped  wavelength  by 
a  Greek  capital  Lambda  A,  then 

A  =  c2t\/LC  (28) 

In  general  when  the  circuits  have  small  decrements  A  does  not 
differ  appreciably  from  X,  but  when  the  decrements  are  large, 
we  should  find  it  inaccurate  to  replace  A  by  X. 

If  now  we  substitute  (24),  (26),  and  (28)  into  (18),  we  obtain 

y ^,.  ^    ......  (29) 


1  + 


(■  -  (5)') 


Equaiion  (29)  gives  the  value  of  relative  sqiuxre-current  y,  as 
defined  in  (19),  in  terms  of  the  undamped  wavelength  A  of  the  re- 
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ceiving  circuit,  for  a  fixed  value  of  the  wavelength  Xi  of  the  impressed 
e.m,f. 

67.  Sample  Curves  of  Relative  Current  for  Fixed  Impressed 
E.MJ.  and  Variation  of  the  Capacity  of  the  Receiving  Circtiit— 

If  we  extract  the  square  root  of  (29)  we  have 


J-  max.        / 


1  + 


«0* 


(-.^r 


(30) 


Equation  (30)  is  true  whether  I  and  Imaa,  are  amplitude  values  or 
R,M.S.  Values. 
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Figures  3,  4,  5,  and  6  contain  plots  of  equation  (30)  for  differ- 
ent values  of  do.     These  curves  were  traced  from  blue  prints 


Fig.  5. — Same  as  Fig.  3,  but  with  different  values  of  So  And  different  horisontal 

scale. 


Fig.  6. — Same  as  Fig.  5,  but  with  different  values  of  2o> 

kindly  supplied  to  me  by  Mr.  J.  Martin,  Expert  Radio  Aid  of  the 
U.  S.  Navy. 
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68.  Detennination  of  Decrement  from  Relative  Current  Square 
with  Fixed  E.M.F.  and  Variation  of  C— From  (29)  we  may 
obtain 


in  which 


Vy- 


1  (31) 


Xi  =  wavelength  of  impressed  e.tn.f.,  and 
A  =  undamped  wavelength  of  the  circuit. 

By  plotting  a  curve  of  y  vs.  Xi*/A*,  we  may  compute  a  value  of 
do  for  every  value  of  A.  All  of  the  values  of  do  so  obtained  should 
agree  within  the  limits  of  accuracy  of  the  measurements.  It 
is  apparent  that  this  accuracy  is  not  very  great,  but  fortunately 
it  is  not  generally  of  importance  to  know  do  with  great  accuracy. 

69.  Approximate  Method  of  Rapidly  Determining  do. — ^As 
an  approximate  method  of  determining  do,  let  A'  and  A''  =  the 
two  values  of  A  at  which  y  has  the  value  J^,  and  let  A''  >  A', 
then  by  (31) 

do  =      t(1-XiVA"*)  and 
do  =  -ir(l-XiVA'2). 

Adding  these  equations  and  dividing  by  2,  we  may  take  the 
following  steps* 

.  _  z^iflJ LI 

^'  "     2    U'«      A''«J 

2A'»A"*  ^  ' 

7rXiMA''+A0fA''  -A' 


2FrA"2 


IS^I 


We  may  now  introduce  approximations  as  follows: 
Let 

A'A''  =  Xl^  (32) 

and 

A'  +  A"  =  2Xi  approximately,  (33) 

then 

.  approximately.  (34) 


=  4 


Xi 

To  the  same  degree  of  approximation  do  ="  d. 
We  may  state  this  result  in  the  following  rule. 


Chap.  VI]   RESONANCE  IN  SIMPLE  CIRCUIT 


71 


70.  Rule  for  Approximate  Determinatioii  of  Logarithmic 
Decrement  d  of  a  Circuit  with  Variable  Capacity. — To  obtain 
the  logaritkmie  decrement  of  a  circuit,  impress  upon  it  an  un^ 
damped  e.m.f.  of  constant  amplitude  and  frequency,  take  the  dif- 
ference of  the  two  wavelength  adjustments  of  the  circuit  that  give  a 
mean  square  current  equal  to  half  the  maximum  mean  square 
current,  divide  this  difference  by  the  wavelength  adjustment  of  the 
circuit  that  gives  a  maximum  mean  square  current,  and  multiply 
the  quotient  by  ir.     This  gives  do  which  is  approximately  d. 

71.  Problem. — For  practice  it  is  recommended  that  the  reader 
apply  this  rule  to  the  curves  of  Figs.  3, 4,  5,  and  6,  noting  that  the 
ordinates  of  these  curves  are  the  square  roots  of  y,  and  that  for  y 
to  fall  to  a  half  value,  the  square  root  of  y  falls  to  .7Q7  times  the 
maximum  value. 

78.  Determinatioii  of  Decrement  by  Impressing  an  Undamped 
E.M.F.  of  Fixed  Amplitude  and  Variable  Frequency  on  a  Circuit 
of  Fixed  Inductance,  Capacity  and  Resistance. — ^The  starting 
point  for  this  paragraph  is  the  general  equation  (18). 

The  decrement  per  undamped  period  of  the  fixed  circuit  is 
given  in  (22),  from  which  we  obtain 

^*  =  ^-^-  (35) 


This  substituted  into  (18)  gives 


y  = 


1 


l  +  pLC«i» 


1  - 


LCwi* 


(36) 


Now  introducing  the  wavelength  values  given  in  (26)  and  (28) 
we  obtain 


y  = 


1  + 


A^ 


««  Xi 


1  - 


X, 


2  ^ 


(37) 


1 


^  s*  Anxi» 

This  last  equation,  solved  for  S  gives 

A    Vi/y  -  1 

in  which  the  sign  is  to  be  chosen  so  as  to  make  B  positive. 


(38) 
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Equatiofi  (38)  gives  the  decrement  d  per  undamped  period  of 
the  Axed  circuit  upon  which  is  impressed  an  e.m,f.  of  constant 
amplitude  and  of  wavelength  Xi.  The  undamped  wavelength  of 
the  fixed  circuit  is  A  defined  by  (28). 

79.  Approximate  Method  for  Rapidly  Determining  d  with 
Fixed  Circuit  and  Variable  Impressed  Angular  Velocity. — 
Analogously  to  the  case  of  fixed  e.m.f .  and  variable  circuit;  as 
approximately  treated  in  Art.  69,  we  may  treat  approximately  the 
case  of  fixed  circuit  with  a  variable  frequency  of  impressed  e.m.f. 

Let  X^  and   X''i  =  impressed   wavelengths  at  which  y  has 

half  the  maximum  value, 

then  by  (38),  if  X"i  >  X'l,  we  have 
and 


5'=  - 


(xV-0-  (*«^ 


Adding  these  two  equaAons,  dividing  by  2,  and  factoring,  we 
obtain 

Equation  (41)  is  exact. 

Now  X^'i  is  greater  than  A  and  X'l  is  less  than  A,  so  that  if 
X"i  and  X'l  are  not  too  far  apart,  their  product  is  approximately 
equal  to  A*,  so  that  (41)  reduces  to 


-'! 


X"    —  X' 

^  * ' ,  approximately,  =  d,  approximately.  (42) 


This  result  may  be  stated  in  the  following  rule. 

80.  Rule  for  Approximate  Determination  of  Logariflmiic  Dec- 
rement d,  with  Circuit  Fixed  and.Frequency  of  Impressed  E.M.F. 
Varied. — To  obtain  the  logarithmic  decrement  of  a  circuit  of  fixed 
constants,  impress  upon  it  an  e.m.f.  of  fixed  amplitude  variable  as 
to  frequency.  Take  the  difference  of  the  two  impressed  wavelengths 
that  produce  a  mean-square  current  equal  to  half  the  mcLximum 
mean-square  current,  divide  this  difference  by  the  wavelength  that 
gives  a  maonmum  mean-square  current,  and  multiply  the  quotient 
by  IT. 


CHAPTER  VII 

THE  FREE  OSCXLLATION  OP  TWO   COUPLED   RESIST- 
ANCELESS  CIRCniTS.    PERIODS  AND  WAVELENGTHS' 


81.  Differential  Equations  for  Inductively  Coupled  Sjrstem 
of  Two  Circuits. — If  we  have  two  circuits,  as  in  Fig.  1,  with 
the  inductances  of  the  two  circuits  near  enough  together  to 
permit  currents  flowing  in  one  of  the  circuits  to  induce  electro- 
motive forces  of  appreciable  values  in  the  other  circuit,  the 
circuits  are  said  to  be  coupled. 


Fio.  1. — Two  circuits  I  and  II,  coupled  by  a  transformer. 

In  the  illustration  the  coupling  is  by  mutual  induction  and  is 
said  to  be  inductive  coupling. 

In  setting  up  the  differential  equations  both  circuits  will  be 
assumed  to  have  inductance,  capacity,  and  resistance.  The 
electromotive  forces  impressed  upon  the  system  from  without 
is  supposed  to  be  zero. 

^  The  following  is  a  partial  list  of  references  to  theoretical  works  on  the 
free  oscillation  of  two  coupled  circuits: 

Lord  Rayleigh,  '^Theory  of  Sound;'*  J.  von  Geitler,  Sitz.  d.  k,  Akad» 
d.  W%88.  2.  Wien,  February  and  October,  1905;  B.  Galizine,  Petersb.  Ber., 
May  and  June,  1895;  V.  BjerknesSi  Wied.  Ann.,  55,  p.  120,  1895;  Oberbeck, 
Wied.  Ann.,  55,  p.  625,  1895;  Domalip  and  Kola6ek,  Wied.  Ann.j  57,  p. 
731,  1896;  M.  Wien,  Wied.  Ann.,  61,  p.  151,  1897,  and  Ann.  d.  Phys.y  8, 
p.  686,  1902;  Drude,  Ann.  d.  Phys.,  13,  p.  512,  1904;  B.  Macku,  Jahrh.  d. 
drahOos.  Teleg.,  2,  p.  251,  1909;  Cohen,  Bui.  Bu.  of  Standards,  5,  p.  5U| 
1909.  " 
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Independent  of  the  method  of  setting  up  the  currents  in  the 

syBtem,  the  current  ii  flowing  in  the  Circuit  I  induces  an  electro- 

dzt 
motive  force  Jf  -tt  in  Circuit  II,  and  likewise  the  current  it 

flowing  in  Circuit  II  induces  an  electromotive  force  Jf-ir  in 

Circuit  I,  where 

M  =  mutual    inductance    between    the    two    circuits. 
Consequently  the  differential  equations  for  the  currents  in  the 
two  circuits  are 


• 


(1) 


(2) 


where 

Li,  Rif  Ci  «  respectively  inductance,  resistance  and  ca- 
pacity of  Circuit  I, 
Li;  Rt,  C%  —  corresponding  values  for  Circuit  II. 

82 J  Differential  Equations  for  a  Direct  Coupled  Sjrstem  of 
Two  Circuits. — In  the  inductively  coupled  system  described 


r         L'o?^  /  L 


nm^^^ 


Fio.  2. — Two  circuits  I  and  II  coupled  by  an  auto-transformer. 

above  the  two  coils  Li  and  Ls,  which  acted  mutually  upon  each 
other,  had  no  part  of  their  metallic  circuits  in  common.  The 
mutual  action  between  them  was  by  means  of  the  transformer 
with  separate  and  distinct  primary  and  secondary  coils. 

Circuits  are  also  often  connected  by  an  auto-transformer, 
as  in  Fig.  2,  where  the  two  circuits  have  a  metallic  part  L'o  in 
qpmmon.    This  connection  is  called  a  direct  connection  or  direct 

^  Xlus  article  is  somewhat  confusing  and  may  be  omitted  at  first  reading. 


(3) 
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coupling.  It  will  now  be  shown  that  this  system  leads  to  a  set 
of  differential  equations  that  under  certain  conditions  are  the 
same  as  the  equations  for  the  inductively  coupled  system. 
For  the  sake  of  generality  we  may  suppose  that  certain  coils 
of  the  system,  as  L'  and  L",  have  no  mutual  action  upon  each 
other  or  upon  other  parts  of  the  system,  while  other  coils,  as 
L'o  and  U'o  do  have  mutual  induction. 

Let  M   =  the  mutual  inductance   between   these   two   coils, 
L'o  and  L"o, 
M'  =  the  mutual  inductance  between  Uo  and  U  "©,  where 
L'  "q  is  the  part  of  the  coil  U\  which  is  not  common  to  L\. 

Let 

Li  =  L     +  L  0, 

Ri  =  fl    +  R^j 

Lt  =  L"  +  Z,"o  =  L"  +  L'o  +  L"'o  +  2M', 

Ri  =  jB    t"  Ro    "i"  -B     0- 

Then  as  before  Li  and  Lt  are  the  total  self-inductances  of  the 
Circuits  I  and  II  respectively,  and  Ri  and  Rt  are  the  total 
resistances,  and  M  the  total  mutual  inductance. 

Now  taking  the  counter  e.m.f.'s  around  the  two  circuity,  noting 
that  the  coil  L'o  is  traversed  by  a  current  ii  —  tj,  we  have 

L'  ^  +  R'ii  +  "^  +  Ro(H  -  it)  +  L'o  I  (ii  -  it) 

-.M'^  =  0,        (4) 

L"  ^  +  R'%  +  ^^^  +  R'  ''oil  +  Ro{it  -  ii)  +  L'  "o  § 

+  L'o^^C.,-iO  +  Jlf'f +  Jlf'|(i,-iO  =  0     (5) 

Equations  (1)  and  (2)  are  the  differential  equations  for  the 
currents  ti  and  12  in  the  two  circuits  respectively  when  the  two 
circuits  are  connected  by  having  mutual  inductance,  and  part  of  a 
coil  in  common. 

Introducing  the  values  of  Li,  L^,  Ri  and  Rt  from  (3),  we  obtain 
from  (4)  and  (5) 

L,|?  +  R,i2  +  ^  =  CM'  +  Uo)^^  +  ftcrt'i.  •        (7) 
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Now 

M'  +L'o  =  M  (8) 

as  may  be  seen  by  the  following  considerations.  M  is  the  mag- 
netic flux  linkage  common  to  L'o  and  L"o  for  a  unit  current  in  L'o, 
which  is  the  linkage  with  itself  (=L'q)  plus  the  linkage  withLo^' 

(=JifO. 

Substituting  (8)  in  (6)  and  (7)  we  have 

Equaiions  (9)  and  (10)  are  <A6  differential  equaUcms  for  the 
currents  ii  and  it  in  the  two  circuits  respectively,  when  the  two  cir- 
cuits arf  direct  coupled,  Rq  is  the  resistance  of  the  element  common 
to  the  two  circuits. 

It  is  seen  that  these  two  equaiums  are  identical  with  those  (1) 
and  (2)  for  the  indtuAively  coupled  circuits,  provided  the  resistance 
of  thai  part  of  the  coil  common  to  the  two  circuits  is  neglig^le. 

It  is  evident  that  various  other  methods  of  coupling'  the  cir- 
cuits together  may  be  employed;  for  example,  they  may  be 
connected  togetfier  by  having  a  condenser  in  common,  but 
we  shall  at  present  confine  our  attention  to  the  two  types  of 
coupling  here  illustrated,  and  shall  proceed  to  treat  the  special 
case  in  which  all  the  resistances  of  the  two  circuits  are  negUgible. 

j  We  shall  describe  both  types  of  circuits  here  illustrated  as 

j  magnetically  coupled. 

^.  Differential  Equations  for  Two  Magnetically  Coupled 
Circuits  of  NegUgible  Resistances. — If  all  of  the  resistances  of 
the  two  circuits  are  negligible,  the  equations  (1)  and  (2)  for  the 
inductively  coupled  circuits  and  the  equations  (9)  and  (10)  for 

I  the  direct  coupled  circuits  reduce  to  the  form 

i.|. + ^ .  4..,        ,„, 

These  are  the  differential  equations  in  the  resistancdess  case  of 
two  magnetically  coupled  circuits. 
^  See  subsequent  chapters. 
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84.  Steps  toward  a  Solution  of  (11)  and  (12).— The  two 
equations  (11)  and  (12)  are  to  be  solved  as  simultaneous.  The 
elimination  of  one  of  the  fs  from  those  two  equations  will  give  a 
homogeneous  linear  differential  equation  of  the  fourth  order^ 
in  the  other  i  and  its  derivatives.  The  solutions  are,  therefore, 
additive,  and  the  complete  solution  must  contain  four  and  only 
four  arbitrary  constants. 

Instead  of  performing  the  elimination  it  is  simpler  and  more 
instructive  to  solve  by  inspection  by  assuming 

ii  =  4e**,  (13) 

it  =  Be^.  (14) 

That  these  values  are  solutions  is  seen  by  a  direct  substitution 
of  them  in  equations  (11)  and  (12),  giving 

A  {ilk  +    ^ 


B\Ltk  + 


Cik 
1 


=  MBk, 


(15) 


=  MAk. 


(16) 


The  product  of  these  two  equations  gives 


^*  +  Cilb 


LJe  + 


C2A? 


=  M*k\ 


(17) 


which  is  independent  of  A  and  B. 

Equaium  (17)  is  a  reUUion  that  must  he  satisfied  by  k,  in  order 
that  (13)  and  (14)  may  be  a  simultaneous  system  of  values  satis- 
fying (11)  and  (12). 

86.  Expression  of  (17)  in  Terms  of  Angular  Velocities  of  the 
Separate  Circuits. — ^Let  us  now  write 


«i*  =  1/LiCi, 
«i*  =  1/LjC,. 


(18) 
(19) 


It  is  seen  that,  since  the  resistances  are  negligible,  wi  and  cos 
are  the  angular  velocities  of  free  oscillation  of  the  two  circuits  of 
the  system  respectively,  when  each  is  alone  and  uninfluenced  by 
the  other.    (Cf  Arts.  8  and  15). 

If  now  we  divide  (17)  by  LJcLJc,  we  obtain 


=  r^ 


^  The  steps  of  this  process  are  given  in  Art.  9S  below. 


(20) 


u 


78  ELECTRIC  OSCILLATIONS  [Chap.  VII 

where 

The  quantity  t  is  called  the  coefficient  of  coupling  of  the  circuits. 

Equation  (20)  may  be  solved  as  a  quadratic  in  k\  It  is  some- 
what more  direct  to  our  purpose  to  solve  (20)  for  the  reciprocal 
of  k  rather  than  for  k  itself. 

For  this  purpose,  let  us  perform  the  indicated  multiplication  in 
(20)  and  divide  the  result,  by  wi'wj*,  obtaining 

k*  ^  \«,*  ^  wjV  it      «!»«,« •  ^    ' 

Completing  the  square  and  solving  we  obtain 


Since  r,  by  the  physics  of  the  problem,  is  less  than  unity,  it  is 
seen  that  the  quantity  under  the  main  radical  is  negative  whether 
the  plus  or  the  minus  be  used  before  the  second  radical,  since  the 
original  circuits  are  oscillatory.  Whence,  /b  is  a  pure  imaginary 
quantity,  and  there  are  seen  to  be  four  different  values  of  A; 
consistent  with  (23). 

These  four  values  may  be  written 


ki  =       j(A>'  (say),         ki  =      i«"(say), 


(24) 


where  (a'  and  o)"  are  given  by  following  relation,  somewhat 
simplified  from  (23), 


1,  =  + /iM  +  M  +  i /a_j.y+4iL  ,25) 

w  \  2\wr       W2V         2  \  \o)i^       «2V         wrwj* 

\ .  +  J.1  a  +  ±\ .  1  J"(i:n.y + ^,  ,26) 

Taking  the  products  of  (25)  and  (26)  and  taking  the  recip- 
rocal of  the  result,  we  find  that 

co'w    =  — , (27) 
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which  used  as  a  multiplier  of  (25)  and  (26)  gives 


■J  2  ('^i*  +  "*7  ~  2  \  ("'*  ~  "*7  *  "^  ^'"' 


»«,* 


•^  -  " vT^^s <^) 


'*W  1*0)2* 


VTT 


r 


In  seeking  for  a  solution  of  our  original  differential  equations 
(11)  and  (12)  we  have  now  found  four  solutions,  one  correspond- 
ing to  each  value  of  k.  These  solutions  are  of  the  form  of  (13) 
and  (14),  and  for  each  of  the  four  solutions  for  ii  we  have  a 
different  arbitrary  constant.  Similarly  for  each  of  the  four 
solutions  for  12  we  have  a  separate  arbitrary  constant,  but  there 
are  some  relations  among  these  constants. 

Taking  the  sum  of  the  four  solutions  for  t'l  and  likewise  for  it, 
we  obtain 

i,    =   Ai€*"  +  il2€*"  +  AsC**'  +  i44€**'  (30) 

f,  =  fiic*"  +  B2€*«'  +  B,€*"  +  B,e'''  (31) 

Equai^cna  (30)  and  (31)  are  the  complete  sclvlion^  of  (he  differ^ 
ential  equations  (11)  and  (12).  In  these  solutions  the  several  k's 
are  given  by  (24)  taken  in  connection  with  (28)  and  (29).  The 
fovr  A^s  and  the  four  B's  are  arbitrary,  except  that  each  B  is  related 
to  the  corresponding  A  by  a  relation  of  the  form  of  (14)  and  (15). 
The  two  relations  (14)  and  (15)  are  not,  however,  independent  since 
their  product  was  vsed  in  determining  the  k^s, 

8S.  Determination  of  the  Periods  of  the  Magnetically  Coupled 
Pair  of  Resistanceless  Circuits. — Let  us  leave  for  the  present  the 
question  of  the  values  of  the  arbitrary  constants  A  and  B,  which 
are  to  be  obtained  from  the  initial  conditions,  and  return  to  an 
examination  of  the  k%  which  may  be  used  to  give  us  the  period 
or  periods  of  the  resulting  oscillations  that  occur  in  the  coupled 
system. 

Since  the  fc's  are  all  imaginary  quantities  with  the  values  given 
in  (24),  we  may  transform^  the  equations  for  ii  and  it  (namely, 
(30)  and  (31))  into  the  trigonometric  forms 

ii  -  Ti  sin  (oi't  +  ip'i)  +  7",  sin  (co"<  +  ip'\)  (32) 

it  =  I't  sin  («''<  +  <p't)  +  r\  sin  («"<  +  v?"0  (33) 

^Suoh  a  transformation  is  analyzed  in  Chapter  IX,  Art.  102. 


u 
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where  the  four  Ps  and  the  four  «>'s  are  constants  derivable  from 
the  A*s  and  B^a  or  from  the  initial  conditions. 

Fixing  our  attention  upon  the  (a'  and  <a'',  it  is  to  be  seen  thai  both 
currents  are  doubly  periodic,  and  that  the  two  periods  of  the  current 
ii  in  Circuit  I  are  the  same  as  the  two  periods  of  the  current  it  in 
the  Circuit  II.  These  two  periods  may  be  obtained  from  the  corre- 
sponding angular  velocities  «'  and  «". 

Let  these  two  periods  be  T'  and  7"',  which  are  related  to  the 
corresponding  angular  velocities  by  the  equations 

r  =  2ir/a)'  (34) 

T'  =  Wco"  (35) 

Therefore,  if  we  multiply  equations  (25)  and  (26)  through  by 
2ir,  and  recall  that  the  periods  Ti  and  Tt  of  the  two  circuits 
when  alone  are 

Ti  =  2ir/«i  (36) 

Ti  =  2x/wj  (37) 

we  obtain 

7"  =  +yjl  (Ti^  +  Tt")  +  1^  (Ti^  -  ra«)  *  +  4^^Ti^Tt'     (38) 
=  +\l  (Ti'  +  T2')  -^yj  (Ti^  -  Ti') » +  4r«ri»r2*    (39) 


?// 


These  two  equations  may  be  written  in  a  different  form  as 
follows : 


r  =  lyjTi'  +  T2^  +  2T1T2V1  -  r*  + 


^  J  r,«  +  Tj*  -  2r,r2  Vi  -  r^    (40^ 


r'^lyJT, 


2 +  72*  + 27172  Vl  -r2- 


-2  V  ^^^ 


+  Tj*  -  27172  Vl  -  r*     (41) 


That  (40)  and  (41)  are  respectively  identical  with  (38)  and 
(39)  may  be  shown  by  squaring  and  extracting  the  square  root 
of  (40)  and  (41),  by  which  operation  we  arrive  at  (38)  and  (39). 

The  equations  (38)  and  (39),  or  the  alternative  equations  (40) 
and  (41),  give  the  two  periods  T'  and  T"  of  the  doubly  periodic 
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osdUoHan  that  occurs  in  the  primary  circuit  of  the  coupled  system. 
The  same  two  periods  occur  also  in  the  secondary  circuit  of  the 
coupled  system.  These  equations  are  exact  only  provided  the 
resistances  are  negligible  in  their  effects  on  the  periods. 

87.  DeternuzLation  of  the  Wavelengths  of  the  Magnetically 
Coupled  Pair  of  Resistanceless  Circuits. — To  obtain  the  result- 
ing wavelengths  in  the  coupled  system,  it  is  only  necessary  to 
multiply  the  periods  by  the  velocity  of  light,  and  employ  the 
relations 


(42) 


V  =  cT'  X''  =  cr" 

Xi  =  cTi  Xj  =  cTi 

These  values  substituted  into  (38),  (39),  (40)  and  (41)  give 

X'  =  yj^  (X,«  +  X,^)  +  lV{\?~-  \2'y  +  4r2Xl%2       (43) 


\"  =  yjl  (Xi^  +  X2»)  -  \  V(Xi^-X22)2  +  4r%%2 


(44) 


or  the  alternative  results 


V  =  ^\Xi»  +  X,«  +  2X1X2  Vl-r'  + 

2  VXi^  +  X2*  -  2X1X2  VT-T^     (45) 

X"  =  ^\Xi«  +  X2«  +  2X1X2  Vi^V'  - 

^  VXi»  +^2^  -  2XiX2\/T^V«     (46) 

EqiuUions  (43)  and  (44),  or  the  aUemative  equatiorhs  (45)  and 
(46),  give  the  two  wavelengths  X'  and  X"  of  the  doubly  periodic 
oscillation  that  occurs  in  the  primary  circuit  and  also  in  the  secondary 
circuit  of  the  coupled  system^  provided  the  resistances  are  negligible 
in  their  effects  on  the  resulting  wavelengths.^ 

88.  Graphical  Method  of  Finding  X'  and  X''. — ^The  equations 
given  in  the  preceding  section  permit  the  calculation  of  X'  and  X'' 
when  Xi,  Xj,  and  t  are  given. 

When  great  accuracy  is  not  required,  the  following  graphical 
method  may  be  employed.    In  Fig.  3,  lay  off  AB  equal  to  Xi 

^  For  experimental  tests  of  these  equations  see  Pierce,  Physical  Review^ 
24,  p.  152,  1907;  also  "Principles  of  Wireless  Telegraphy,"  p.  228,  McGraw- 
HiU,  1910. 


^ 
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and  BD  also  equal  to  Xi  and  in  the  same  straight  line  with  AB. 
At  the  point  B  draw  the  line  BC  making  with  BD  an  angle 
whose  sine  is  r.  Make  the  length  of  BC  equal  to  X2,  then  draw 
A C  and  DC.  Call  the  lengths oiAC and  BCj b  and  a  respectively. 
Then  half  the  sum  of  b  and  a  is  the  required  wavelength  X', 
and  half  their  difference  is  the  required  wavelength  X'^. 

This  may  be  readily  proved  as  follows : 
Since 

sin  ^  =  T, 

cos  e  =  Vl  —  r». 

By  the  geometrical  proposition  concerning  the  square  of  the 
side  of  a  triangle  opposite  to  an  obtuse  or  an  acute  angle 


A  B  D 

Fio.  3. — Showing  geometrical  construction  for  obtaining  resultant  wavelengths. 


(47) 


6«  =  Xi«  +  Xa*  +  2X1X2  cos  ^  =  Xi«  +  X2*  +  2X1X2^1 -r» 
a«  =  Xi«  +  Xj*  -  2X1X2  cos  ^  =  Xi*  +  X2«  -  2XiX2VT^« 

whence,  from  (46)  and  (46) 

X'  =  ^.  (48) 

V  =  ^-"-  (49) 

• 

Exactly  similar  construction  may  be  employed  to  give  T' 
and  T",  if  all  the  X's  are  replaced  by  the  corresponding  T's. 

89.  Simple  Relations  Among  Wavelengths  or  Periods  in 
a  Magnetically  Coupled  Pair  of  Resistanceless  Circuits. — ^By 
taking  the  sum  of  the  squares  of  (38)  and  (39)  and  likewise 
the  sum  of  the  squares  of  (43)  and  (44),  we  obtain 

jT/j  +  2T,/2  ^  r^2  +  y^2^  (50) 

yt  +  X"*  =  Xi«  +  X2«.  (61) 
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Also,  by  taking  the  products  of  the  same  two  pairs  of  equations, 
we  obtain 

TT"  =  TiTiy/r^^^  (52) 

XV   =  XiXsVr^^^  (53) 

90.  Special  Cases  of  the  Coupled  System  of  Negligible 
Resistances. — 

Case  /.  Isochronism. — ^If  the  two  circuits  have  the  same 
period  when  each  is  alone, 

Xi  =  X2  =  X  (say)  (64) 

and 

Ti  =  T,  =  r  (say)  (56) 

then  equations  (43),  (44),  (38),  and  (39)  give 

T   =  Ty/Y+'r  T'  =  Ty/T^T  (56) 

X'  =  xVl  +  ~T  \"   =  Wr^T  (67) 

Case  II.  Negligible  Coupling. — ^Whether  the  circuits  are  iso- 
chronous or  not,  if  r  is  sufficiently  small  so  that  terms  involving 
it  in  (38)  to  (43)  are  n^ligible,  these  equations  give 


r  =  7*1 

T"  =  T, 

(58) 

X'  =  Xi 

X"  =  X, 

(59) 

As  to  how  small  r  must  be  in  order  to  be  negligible  depends 
upon  the  relative  values  of  Xi  and  X]. 
If  Xi  =  Xj,  then  by  (57),  to  be  negligible 

t/2  <  <  1  (60) 

where  <  <  means  "is  negligible  in  comparison  with." 

If,  on  the  other  hand,  Xi  and  Xa  are  sufficiently  different  to  make 

4t»X,'X,»<Xi*  -  X,*  (61) 

we  may  expand  the  inner  radical  of  (43)  into 

2^Xi         ^s^li  +  ^x.^-X,')'"^  •    •    • 
so  that  by  (43) 


X'  =  Xi^i  +  ,^ :"';  ,i  +  . 


(Xi*  -  X,)» 
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whence 

X'  =  Xi, 
provided 

g«^-l  C62) 

To  decide  the  whether  or  not  the  coefficient  of  coupling  r  is  negli- 
gible 80  as  to  permit  the  use  of  the  simplified  values  of  wavelength 
and  period  given  in  (58)  and  (59)  we  first  see  if  r  satisfies  (62). 
If  it  does  not,  then  we  require  that  it  must  satisfy  (60)  in  order  to  be 
negligible  for  the  system  of  resistanceless  circuits. 

The  effects  of  the  resistances  on  these  relations  will  be  given  in  a 
subsequent  chapter, 

CASE  III,  Perfect  Coupling, — If  the  coefficient  of  coupling 
r  is  equal  to  unity,  the  coupling  is  said  to  be  perfect.  Putting 
r«  =  1  in  (40),  (41),  (45),  and  (46),  we  obtain 

r  =  VtvT^V,         T"  =  0  (63) 

X'  =  VXi*  +  X2^         X"  =  0  (64) 

CASE  IV.  Coupling  Nearly  Perfect. — Still  assuming  that 
the  resistances  of  the  two  coupled  circuits  are  zero,  it  is  interest- 
ing to  examine  the  values  of  the  resulting  wavelengths  when  r 
is  nearly  equal  to  unity;  that  is,  when  the  coupling  is  nearly 
perfect.    To  do  this  let 

2X1X2  Vl  -  r^ 

Xi*  +  Xi 
then  (45)  becomes 

X'  =  i\/x7+T;«  { vr-r^  +  vr^^}       (66) 

with  a  similar  equation  for  X". 

Expanding  the  square  root  terms  by  the  binomial  theorem, 
we  obtain 

X'   =    V\?+\2'  (67) 

X''  =  a\/x7+^,    provided  (68) 

aV8  <<  1,      where 

a  has  the  value  given  in  (65). 

In  the  present  chapter  there  have  been  laid  down  the  funda- 
mental differential  equations  for  the  free  oscillation  of  two 
coupled  circuits,  and  the  differential  equations  in  the  special 


«  =      X  2.x  2  (65) 
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case  of  negligible  resistances  in  the  circuits.  General  solutions 
of  the  resistanceless  case  have  been  obtained,  and  these  solutions 
have  been  analyzed  with  reference  to  periods  and  wavelengths 
of  the  resultant  osciUations. 

In  the  next  chapter,  the  discussion  of  the  resistanceless  case 
will  be  continued  with  special  reference  to  the  amplitudes  of  the 
oscillations  under  given  initial  conditions. 

In  later  chapters  analysis  will  be  given  in  the  cases  where  the 
resistances  are  not  negligible. 


CHAPTER  VIII 

THE  FREE  OSCILLATIONS  OF  TWO  COUPLED  RESIST- 
ANCELESS  CIRCUITS.    AMPLITUDES' 

91.  General  Considerations. — In  the  determination  of  the 
amplitudes  in  the  ease  of  the  free  oscillations  of  two  coupled 
resistanceless  circuits,  the  result  will  depend  upon  the  initial 
conditions  assumed.  Two  sets  of  conditions  will  be  taken, 
corresponding  to  I.  Discharge  of  a  Condenser  in  the  Primary 
Circuit  (Circuit  I),  II.  Discharge  of  an  Inductance.  These 
will  be  given  different  major  headings. 


L    DISCHARGE  OF  A  CONDENSER  Ci 

92.  Determination  of  Amplitudes  in  Case  of  the  Discharge 
ot  the  Primary  Condenser  with  Resistanceless  Circuits. — Let 

the  initial  conditions  in  this  particular  case  be  that  the  conden- 


q^^ 


Fio.  1. — Two  freely  oscillating  circuits.     Right-hand  diagram,  state  at  t 

left-hand  diagram,  state  at  any  time  t. 


o; 


ser  Ci  in  Fig.  1  is  initially  charged  with  a  quantity  of  electricity 
Q  and  allowed  to  discharge. 

Let  us  measure  time  from  the  instant  at  which  the  discharge 
begins.    Then  the  initial  conditions  are 


When  /  =  0,    ii  =  0,    51  =  0  =  CiE 

it  =  0,     32  =  0 


(1) 


^  See  references  at  beginning  of  Chapter  VII,  and  also  particularly  E. 
Leon  Chaffee,  Amplitude  Relations  in  Coupled  Circuits,  Proc.  Inst. 
Radio  Engineers,  4,  p.  283,  1916.  Professor  Chaffee's  paper  contains  alao 
experimental  verifications. 
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In  Chapter  VII,  equations  (30)  and  (31),  we  have  found  the 
general  solutions  for  current  in  the  form 

i,  =  Ai/^  +  Af^  +  A^  +  A^^  (2) 

i,  =  Si^'+  B^^  +  B^  +  B4€*^  (3) 

To  the  end  that  we  may  be  able  to  introduce  the  initial  con- 
dition in  qi  and  qt  we  must  obtain  the  equations  for  these  quanti- 
ties by  integrating  (2)  and  (3)  with  respect  to  t 

This  integration  gives 

q,  =  fi,dt  =  ^  €*^'  +  ^€^^  +  f'  ^'^  +  i'  e'^  (4) 

K\  K2  Kz  fCi 

Now  the  several  t's  of  these  equations  are  known  from  Chapter 
VII,  equation  (24)  to  be  in  the  resistanceless  case 

ki  =  -j(a%  ki  =  -V  J 

Furthermore,  from  Chapter  VII,  equation  (16)  we  know  that 
any  B  is  related  to  the  corresponding  A  by  an  equation  of  the 
form 

B  ^        Mk         ^  M       k^ 

^*^~Ctk^ 

in  which  the  last  term  is  obtained  by  replacing  I/L1C3  by  wj*. 
In  using  this  equation  we  must  give  B,  A,  and  k  the  same  sub- 
script.    Doing  this  and  replacing  the  subscripted  *  by  its  value 
from  (6)  we  obtain  the  system  of  equations 


(8) 


in  which  X  and  Y  are  abbreviations  for  the  quantities  set  im- 
mediately before  them  in  (8). 

Now  introducing  our  initial  conditions  (1)  into  (2),  (3),  (4) 
and  (5)   and  making  use  of  the  equations  (6)  and  (8),  we  obtain 

0  ^  A,  +  At  +  Az  +  A^  from  (2)  (9) 


Si 

Bt 

Af        «'*            ^         V  1 

Ai 

A, 

-J       ,2          .  -  X  (say) 

B, 

Bi 

M        w"* 

A, 

A, 

-  L^  0,-^  -  0,2^  -  ^  ^"*y^ 
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0  =  X{Ai  +  At)  +  Y{A,  +  A«)  from  (3)  and  (8)        (10) 

Q  =  ^^j^  +  ^^j~^  from  (4)  and  (6)         (11) 

0  =  ^^"^L"  "^'^  +  ^^"^L"  ^*^  from  (6).  (6)  and  (8)   (12) 
Equations  (9)  and  (10)  give  by  elimination 

(Z  -  Y)  (Ai  +  At)=0  (13) 

(Z  -  Y)  (A,  +  Ai)  =0  (14) 

while  equations  (11)  and  (12)  give  by  elimination 

-QY  =  (X  -  7)  '^\~/*  (15^ 

<3X  =  (Z  -  D  ^*j~,^*  (16) 

Unless  X  =  Y,  (13)  and  (14)  give 

Ai  =  -At,    Ai  =  -At  (17) 

and  these  values  substituted  into  (15)  and  (16)  give 

and 

This  derivation  of  the  constants  Ai,  A 2,  As  and  A 4  is  valid 
unless  X  =  Y.  By  a  comparison  of  (11)  with  (12)  it  is  seen 
that  X  cannot  equal  Y  unless  both  are  zero.  If  both  are  zero, 
(8)  shows  that  M  is  zero.  If  if  is  zero  the  Circuit  II  will  have  no 
current  in  it,  and  the  Circuit  I  will  be  a  single  circuit  with  a 
condenser  discharge  in  it  satisfying  the  conditions  given  in 
Chapter  II. 

93.  Periodic  Equations  for  the  Currents. — With  these  values 
of  the  A's  and  with  proper  values  of  the  k's  from  (6)  introduced 
into  (2)  we  obtain 

ti  -  -^:^Y         2        +  ^^^3T     ~-  2  ^^^ 

If  we  introduce  j  as  a  factor  in  the  denominators  of  the  ex- 
ponential factors  they  become  sines,  and  we  have 
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In  like  manner  using  the  values  of  the  B'b  as  given  in  (8),  we 

obtain 

QXY 


ti  = 


{w'sinw't-  «"sinw"/} 


(22) 


X  -  Y 

As  a  step  toward  replacing  X  and  Y  by  their  values,  let  us 
note  from  (8)  that 

1  M  1 


x  =  ¥- 


whence 


L.  1  -  «,Va)'»    L,  1  -  rvrt* 


L.   Tt'  -  T'* 


In  like  manner  from  (8) 


y  =  :^ 


r.* 


From  these  values  of  X  and  Y,  we  obtain 

y        r,*  -  r* 

X  —  Y     r''  —  7"'* 


(23) 


(24) 


(25) 


(26) 


X  —  Y      T'^  —  7"'* 

Further,  if  we  replace  T'  and  T*'  by  their  values  from  Chapter 
VII  equations  (38)  and  (39)  we  obtain 


X  -  Y 


X-  y 


1 

21 

1 

21 


-  1  - 


+  1  - 


1 


1 


1  + 


4T»ri'rs» 


1 
4T'7'r'r2'" 


(27) 


(28) 


■  (Ti*  -  r,»)*  ] 

Introducing  these  vahies  into  (21)  we  obtain 


ti  = 


-Q 


4' 


1 


+ 
+ 


-1 


+  1 


o)^  sin  0)'^ 


V 


+  1 


(I)"  sin  u"l 


(29) 


(Ti*  -  r,«)' 

Let  us  next  determine  it,  which  can  be  done  by  multiplying 
the  equation  (23)  by  (25)  obtaining 

XY         M         Tt* 


X  -Y     Lt  T'^-  T"* 


(30) 
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which  by  (38)  and  (39)  Chapter  VII 


^»  V{Ti*  -  Tt*)*  +  *T*Ti*Tt* 
This  introduced  into  (22)  gives 

it  =  ^     .  ^*'  ={a>'8in«^f  -  «"sin«"M(31) 

L,  VTi*-  T,*)*  +  4T«Ti»r,« 

Equations  (29)  and  (31)  give  the  compleie  expressions  for  the 
currents  in  the  two  circuits  of  the  coupled  system  having  negligible 
resistances  and  excited  by  discharging  at  ihe  time  t  ^^  0  the  con- 
denser Ci  with  an  initial  charge  Q, 

M.  Relative  Amplitudes  of  Current  in  the  Coupled  System 
of  Negligible  Resistances  Excited  by  a  Condenser  Discharge.— 
If  we  write  the  equations  for  t'l  and  it  reBpectively  in  the  form 

ii  ==  I'l  sin  u)'t  +  r\  sin  oj"t  (32) 

ii  =  ^2  sin  o)'t  +  r^  sin  «"«  (33) 

it  is  seen  that  the  ratios  of  amplitudes  for  the  same  frequency 
in  the  different  circuits  may  be  written.     [See  (21)  and  (22).] 

Ill  ^r  -^K       ^«'        =    V^     ^172  ,. .. 

Also  it  is  seen  that  the  ratio  of  amplitudes  of  the  two  different 
frequencies  in  the  same  circuit  are  for  primary  and  secondary 
respectively 


/",     -<o"x    -rx 

I'l         u'Y          T"Y 

—  T'i.Tt*  —  7"'») 

T"{Tt^  -  r") 

(36) 

I",       «"       r 

I'i           «'            T" 

(37) 

Equation  (34)  gives  the  ratio  of  amplitvde  of  current  in  the  sec- 
ondary circuit  to  that  in  the  primary  circuit  for  ihe  frequency  T'. 
Equation  (35)  gives  a  similar  ratio  of  amplitudes  for  the  frequency 
T",  Equation  (36)  gives  the  ratio  of  amplitude  of  current  of  fre- 
quency T"  to  the  amplitvde  of  current  of  frequency  T'  in  the  same 
(primary)  circuit.     Equation  (37)  is  a  similar  ratio  for  the  sec- 
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ondary  circuit.     These  equations  hold  for  excitation  by  the  discharge 
of  the  primary  condenser  with  resistancdess  circuits, 

n.    DISCHARGE  OF  AN  INDUCTAirCE 

96.  Detennination  of  Amplitudes  when  the  Coupled  System 
of  Negligible  Resistances  is  Excited  by  the  Discharge  of  the 
Primary  Inductance. — Let  us  now  determine  the  solution  of  the 
resistanceless  coupled  circuit  problem  when  the  excitation 
is  produced  by  sending  a  steady  ciurent  through  the  inductance 
of  Circuit  I,  and  then  isolating  it  as  was  done  in  the  busser  ex- 
citation process  of  Chapter  II. 

The  differential  equations  are  the  same  as  in  the  problem 
already  treated  and  give  therefore  the  same  frequencies  as  before. 
The  amplitudes,  however,  which  are  determined  by  the  initial 
conditions  will  now  be  different  from  those  of  the  previous 
sections. 

If  we  measure  time  from  the  instant  of  isolating  the  current  in 
the  primary  inductance,  the  initial  conditions  are  as  follows: 

When  t  =  0,  ii  =  /,  *«  =  0, 

fli  =  0,  tf,  =  0  (38) 

By  comparison  with  the  equations  (9)  to  (12)  it  will  be  seen 
that  these  initial  conditions  require 

I  ^  Ai  +  A^  +  A,+A,  (39) 

0  =  X(Ai  +  At)  +  Y{A,  +  il4).  (40) 

Q^Aj^_Z_Al  +  A^l^  (41) 


^  1  .J  •  Z     99 


3 «'  Jw" 


(42) 


Elimination  among  these  equations  gives 


^'  "  ^*  =  2(r  -  X)  ^*^^ 

XI 

^^  ^  ^^'  2(X  -  Y)  ^^^ 

The  several  f  s  have  the  same  ratio  to  the  corresponding 
A 's  as  in  the  condenser  discharge  problem. 
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These  constants  substituted  into  equations  (2)  and  (3)  give, 
after  trigonometric  transformation  as  before,  the  results 

f  1  =  Y  —  Y  ^  ^  ^^^  "''  ""  ^  ^^^  ^"^^  ^*^^ 

—IXY 

By  comparison  of  these  equations  for  current  in  this  case  of 
inductance  excitation  with  the  corresponding  equations  for  cur- 
rent in  the  previous  problem  of  capacity  excitation,  it  will  be 
seen  that  equations  (45)  and  (46)  take  the  form 

1 


ti  = 


1  + 


>/l  + 


(Ti^  -  T2'y ) 

1  - 


COS  <a't  + 


i2  =  - 


MI 


1  + 


4T»r,*Tj» 


//j 


cos  at 


(47) 


[cos  u't  -  cos  u"t]   (48) 


EqtuUions  (47)  and  (48)  give  respectively  the  primary  and 
secondary  current  in  a  coupled  system  of  tvM  circuits  of  negligMe 
resistances,  excited  by  sending  a  steady  current  I  through  the  in- 
ductance of  the  primary  circuit  and  isolating  it  at  a  time  t  =  0. 

96.  Relative  Amplitudes  of  Current  in  the  Resistanceless 
Coupled  System  Excited  by  Isolating  a  Current  in  the  Primary 
Circuit. — If  now  in  this  case  we  write  the  expressions  for  the 
currents  in  the  abbreviated  forms 

«i  =  J'l  cos  oi'f  +  J" I  cos  u"t 

it  =  J'i  cos  u't  +  J"t  cos  a>"t 

and  compare  the  amplitudes  we  have 


(49) 
(50) 


J"2 


=  X  = 


VC,      Tif 


t 


=  Y  = 


Y 


J'l 
J't 


Tt*  -  r* 


=  -1 


(51) 
(52) 


(53) 


(64) 


Li 
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Equatwns  (51)  to  (54)  give  the  relative  amplUudea  of  current  in 
Ae  resistanceless  coupled  system  of  two  circuits  exciled  by  the 
discharge  of  an  inductance  in  the  primary  circuit.  The  discharge 
is  produced  by  isolating  a  constant  current  I  in  the  primary  in- 
dudante  aii  —  d. 

It  is  to  he  noted  {hat  two  of  the  ratios  (51)  and  (52)  are  the  same 
as  in  the  case  of  the  condenser  excitation^  and  two  of  the  ratios  (53) 
and  (54)  are  different  from  the  case  of  condenser  excitcUion. 

It  is  also  to  be  noted  that  cosines  appear  in  the  present  case, 
where  sines  appeared  in  the  case  of  the  other  form  of  excitation. 


CHAPTER  IX 

THE  FREE  OSCILLATION  OF  TWO  INDUCTIVELY 
COUPLED  CIRCUITS.    PERIODS  AND  DECRE- 
MENTS.   TREATMENT  WITHOUT  NEG- 
LECTING RESISTANCES' 

97.  Differential  Equations. — It  is  proposed  to  treat  in  the 
present  chapter  the  theory  of  the  free  oscillation  of  two  coupled 
circuits  such  as  are  shown  diagrammatically  in  Fig.  1.  The 
method  is  similar  to  that  employed  in  Chapters  VII  and  VIII, 
except  that  now  the  resistances  are  to  be  retained  wherever  their 
values  are  significant. 


Fia.  1. — Diagram  of  circuits.  » 

The  differential  equations  are  those  given  in  equations  (1) 
and  (2)  of  Chapter  VII,  which  are  here  rewritten  with  all  the 
terms  transposed  to  the  left-hand  side;  namely, 


-^i'-« 


at  Ci  at 


(1) 


(2) 


98.  Elimination  to  Show  that  the  Resulting  Equations  are 
of  the  Fourth  Order. — Let  us  eliminate  it  from  the  two  equations 
and  show  that  the  resulting  equation  in  ii  is  a  differential  equa- 
tion of  the  fourth  order. 

^  See  references  at  beginning  of  Chapters  VII  and  VIII.  The  present 
treatment  is  more  complete  than  the  treatment  in  the  references. 
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First  add  M  times  equation  (2)  to  Lt  times  equation  (l), 
and  differentiate,  obtaining 

Add  Rt  times  (1)  to  (3)  and  differentiate,  obtaining 
Add  1/Ci  times  (1)  to  (4),  and  differentiate,  obtaining 

In  the  same  way  the  elimination  of  ii  instead  of  u  gives  for  it 
the  same  equation  except  that  ii  is  substituted  for  t'l. 

Equation  (5)  is  a  hxymogeneoua  linear  differential  equation  of 
ihe  fourth  order.  The  complete  solution  has  four  arbitrary  con- 
stants, and  any  solution  that  has  four  arbitrary  constants  is  complete. 

Instead  of  proceeding  directly  to  a  solution  of  (5)  by  introduc- 
ing an  exponential  with  t  in  the  exponent,  it  is  somewhat  more 
convenient  to  make  our  substitutions  in  (1)  and  (2)  as  was  done 
in  Chapter  VTT.  We  shall  make  no  use  of  (5)  further  than  to 
note  that  the  complete  integral  has  four  arbitrary  constants. 

99.  First  Step  in  the  Solution  of  (1)  and  (2).— Let  us  begin 
the  treatment  of  the  pair  of  simultaneous  equations  (1)  and 
(2)  by  letting 

ii  =  ilc^S      is  =  B€^'  (6) 

These  values,  substituted  into  (1)  and  (2),  give,  after  division 
bye**, 

A(Lik  +  /2i  +  A_)  =  MBk  {7) 


and 


B(Lik  +  R2  +  ~)  =  MAk  18) 


Taking  the  product  of  (7)  and  (8),  we  obtain 

{L^k  +  fii  +  ^{LJz  +  fi^  +  7^  =  M^k^  (9) 
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Dividing  (9)  by  L\Ltk\  we  obtain,  in  terms  of  abbreviations 
next  given,  the  equation 

(l  +  x'  +  ir)(l  +  ^+^')=r«  (10) 

where,  as  in  previous  chapters, 

M 

'  ■  VET.  "" 

R\  Rt  /io\ 

Among  these  abbreviations  note  that  the  quantities  Qi  and 
122  are  related  to  the  corresponding,  co  and  a  by  the  equations 

Oi*  =  «i«  +  ai^     Qi^  =  «2»  +  aj*  (14) 

as  may  be  seen  by  reference  to  (viii)  at  the  beginning  of  Chapter 
II. 

Equation  (10)  is  an  eqtuUion  of  the  fourth  degree  that  k  mtist 
satiny,  in  order  for  (6)  to  be  solutions  of  the  original  differential 
equations.  In  (10)  the  quantity  r,  defined  by  {l\)  is  called  the 
coefficient  of  coupling  of  the  circuits.  The  quantities  ai  and  at 
are  the  logarithmic  decrements  per  second,  or  damping  constants, 
of  the  separate  circuits  when  each  is  alone  and  uninfluenced  by  the 
other.  Qi  and  Q^  are  the  undamped  angular  velocities  of  the  two 
circuits  respectively  when  they  are  uninfluenced  by  each  other. 

In  equation  (14)  coi  and  cu2  are  the  free  angular  velocities  of  the 
separate  circuits.  It  is  seen  that  the  undamped  angular  veloci- 
ties 12i  and  ^  are  equal  to  the  free  angular  velocities  in  those 
cases  in  which  ai'/2a7i*  and  at^/2(a%^  are  negligible  in  compari- 
son with  unity. 

100.  Note  on  the  Constants  A  and  B. — Returning  now  to 
equation  (10),  let  us  designate  the  four  A;'s  that  are  roots  of  (10) 
by  fci,  kty  fcj,  and  k^.  Then  by  (6)  for  each  of  the  fc's  there  wiH 
be  a  corresponding  A  and  B,  to  which  we  shall  give  subscripts 
1,  2,  3,  and  4  identical  with  the  respective  subscripts  of  k,  ob- 
taining 

where 

n  =  1,  2,  3,  4. 


Li 
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Applying  to  these  solutions  the  principle  of  additivity,  we 
shall  have  as  the  complete  integral  of  the  differential  equations 
(1)  and  (2)  the  following 

.       ii  =  Ai€*^'  +  A^€'^  +  Aze'^  +  A4€*^  (15) 

and  likewise 

it  =  SB,^-',  (16) 

where  n  =  1,  2,  3,  4 

The  constants  An  and  Bn  are  arbitrary  constants  of  integration. 
Although  there  are  eight  of  these  constants  only  the  four  A's 
are  independent  of  each  other,  for  each  B  is  related  to  the  cor- 
responding A  by  an  equation  of  the  form  of  (7)  or  (8),  in  which 
we  must  give  A  and  B  either  of  the  common  subscripts  1,  2,  3,  4. 
Calling  any  one  of  these  common  subscripts  by  the  generic 
designation  n,  we  have  from  (7)  and  (8) 

An  (Likn  +Rl+  ~j^)     =  MBnkn  (17) 

Bn  {LJZn  +  i?2  +  ^\-)    =   MAnkn  (18) 

Either  of  the  relations  (17)  or  (18)  may  be  used  to  determine 
Bn  from  Anj  but  if  both  (17)  and  (18)  are  used  they  give  no  more 
restriction  than  one  alone,  for  the  two  equations  are  not  inde- 
pendent, as  their  product  has  been  used  in  determining  kn^ 

The  eight  arbitrary  constants  are  thus  reduced  to  four  by 
having  four  relations  among  them.  These  four  relations  are 
obtained  by  giving  n  successively  the  values  1,  2,  3,  and  4. 

The  four  arbitrary  constants  to  which  the  eight  are  reduced 
are  to  be  determined  by  the  initial  conditions  in  any  specific 
problem.  We  shall  postpone  the  determination  of  these  con- 
stants An  and  Bn  to  the  next  Chapter,  and  shall  proceed  in  this 
chapter  to  a  discussion  of  the  values  of  Aii,  k2,  kt,  and  A;4,  which  are 
the  roots  of  the  fourth  degree  equation  (10). 

101,  Expression  of  the  Roots  k  as  Complex  Quantities  and 
Hie  Currents  as  Periodic  Functions  of  the  Time. — ^Expanding 
(10)  by  multiplying  the  factors  together,  we  obtain 

r.,  .   2(ai  +  a2)fe»  ,   (QiM-JV  +  4a,a2)A;2 

+ fTT-^i —  +  rir;^  "=  ®    (1^) 
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(20) 


Let  us  now  write  the  four  values  of  k  that  are  the  roots  of  (19) 
in  the  complex  forms 

jfci  =  -a'  +  jV,        fca  =  -a"  +  ja," 
kt  —  —a'  —  jV,        A:4  =  —a"  —  jV 

They  can  be  written  in  this  form  for  if  any  root  is  a  complex 
quantity;  the  conjugate  complex  is  also  a  root.  Real  roots,  if 
they  exist,  must  therefore  be  two  or  four  in  number.  To  cover 
this  contingency  of  real  roots  it  is  only  necessary  to  make  w' 
or  w",  or  both,  imaginary.    The  a's  alwa3n3  remain  real. 

With  the  use  of  these  complex  roots,  equations  (15)  and  (16) 
can  be  transformed  into 

ii  «  /'i€-"''  sin  («7  +  ip'i)  +  /"ic"**'*  sin  (w"<+^"i)    (21) 

t2  =  /'a€""'*  sin  (oi't  +  ip\)  +  rte""'*  sin  («"«+  ^"0     (22) 

as  is  proved  in  the  next  section. 

102.  Digression  to  Prove  Validity  of  the  Trantf  ormation  of 
(16)  into  (21). — With  the  values  of  ki,  kt,  k^,  and  k^  given  in  (20) 
we  have 

^*i<  ^  ^-a'£  ^'t     ^  c-«'*(cos  «'/  +  j  sin  w'O, 


^trf  _  ^-a'«  ^-jV£ 


-a't 


€  *'(cos  «'<  —  j  sin  ctf'O, 


etc.,  so  that  (15)  can  be  written 


ti  =  € 


-a'< 


{ (ill  +  A2)  COS  (jj't  +  j(-4.i  —  -4 j)  sin  co'< } 


+  €— 'M(ils  +  ili)  cos«"i  +i(il,  -  il4)  sin«"<) 

Therefore, 

fi  -  /'i€— '*sin  («7  +  ^'1)  +  /"i«-"''  sin  («''<  +  ^'S) 

provided 

Ai  +  A2  ^  I'l  sin  ^'1,     j{Ai  -  Aa)  =  /'i  cos  ip'i 
4,  +  A4  =  /"i  sin  ^"1,    j(As  -  A4)  =  /"i  cos  ^''1 


(23) 


(24) 


(26) 


In  order  for  (25)  to  be  satisfied  by  real  values  of  Vi  and  ^^,  it  is 
seen  that  Ai  +  At  must  be  real  and  Ai  —  A%  must  be  imaginary; 
that  is  to  say,  Ai  and  At  must  be  in  general  conjugate  complexes. 
This  looks  Uke  an  additional  restriction  on  the  arbitrariness  of  Ai 
and  A  2  that  we  have  imposed  by  the  transformation.  But,  as  a 
matter  of  fact,  this  limitation  is  imposed  by  the  equations  (15) 
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if  we  require  that  the  current  ii  be  real  and  if  we  assume  that 
co'  is  real,  for  this  assumption  gives  at  once  (23)  that  requires 
the  conjugate  relation  of  Ai  and  At. 
If  on  the  other  hand  oj'  is  imaginary,  let 

w'  =  — jwA,  where  w*  is  real,  then 

cos  <a'  =  cosh  «A,  and  j  sin  «'  =  —  sinh  «*, 

so  that,  in  this  case,  (23)  shows  that  both  Ai  and  A  2  are  reals. 
With  these  two  A'b  real,  (26)  shows  that  both  I'l  and  ^'i  are 
imaginary.  This  is  still  consistent  with  (24),  for  if  (a\  fp\  and 
V\  are  all  imaginary,  the  first  term  of  the  right-hand  side  of  (24) 
remains  real. 

It  is  thus  seen  that  the  transformation  of  (15)  into  (21)  is 
correct  algebraically  and  that  it  does  not  put  any  additional 
restriction  on  ii. 

103.  Angular  Velocities  and  Damping  Constants.  Double 
Periodicity. — Returning  to  equations  (21)  and  (22),  it  is  seen 
that,  if  iJ  and  ui"  are  real  quantities,  the  primary  current  i\ 
and  the  secondary  current  i\  is  each  doubly  periodic,  with  the  two 
angular  velocities  ia*  and  a)'^  and  that  each  of  the  oscillations  has 
its  own  damping  constant,  a'  for  oi'  and  a"  for  (J\ 

Both  circuits  have  the  same  two  angular  velocities  iJ  and  «'', 
and  both  have  the  same  damping  constants  a'  and  a", 

lOl.  Relations  Among  the  Damping  Constants,  the  Angular 
Velocities  and  the  Constants  of  the  Circuits. — We  shall  now 
make  use  of  the  following  propositions  proved  in  treatises  on  the 
Theory  of  Algebraic  Equations: 

If  A;i,  A^s,  k%y  and  h^  are  the  foiu*  roots  of  the  fourth  degree  alge- 
braic equation  (19),  then 

I.  The  sum  of  the  foiu*  values  of  the  roots  is  equal  to  the 
negative  of  the  coefficient  of  A;'  in  (19), 

II.  The  sum  of  the  products  of  the  roots  taken  two  and  two 
equals  the  coefficient  of  A;^ 

III.  The  sum  of  the  products  of  the  roots  taken  three  at  a  time 
is  equal  to  the  negative  of  the  coefficient  of  A;, 

IV.  The  product  of  the  foiu*  roots  is  equal  to  the  term  of  (19) 
not  involving  A?. 

By  direct  computation,  using  the  form  (20)  of  the  roots,  we 
obtain  the  following  relations: 
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«'  +  «"  =  T^'  (26) 

Q'«  +  a"»  +  4a'o"  =  «il±«?* +±ll£?  (27) 

1  —  r* 

o'a"«  +  a"Q"  =  ^"_«!+_?««l!  (28) 

1    —   T^ 

1  —  r*  ' 

in  which 

Q^^  =  a'2  +  a)'«  (30) 

Q^'z  =  a"2  +  co''«  (31) 

The  definitions  of  the  other  quantities  are  given  in  (11), 
(12)  and  (13). 

The  equations  (26)  to  (29)  are  the  exact  relations  that  the  primed 
qiuintitieSf  regarded  as  unknown ,  bear  to  the  subscripted  quantities, 
regarded  (w  knovm. 

The  primed  quantities  are  the  resultant  damping  constants  and 
angular  velocities  in  the  coupled  system,  while  the  subscripted 
quantities  ate  quantities  belonging  to  the-  circuits  I  and  II  respec- 
tively when  eaeh  is  standing  alone  and  uninfluenced  by  {he  other. 

The  problem  of  finding  the  damping  constants  and  angular 
velocities  in  the  coupled  S3rstem  consists  in  elimination  among 
these  equations  in  such  a  mannet  as  to  obtain  each  of  the  primed 
quantities  in  an  equation  not  involving  the  other  primed  quan- 
tities. The  equations  are  sufficient  in  number  for  this  purpose, 
and  the  eliminations,  though  difficult,  are  effected  in  the  sections 
that  follow. 

106.  Introduction  of  Undamped  Periods  in  Place  of  Undamped 
Angular  Velocities. — It  is  proposed  now  to  modify  the  relations 
(26)  to  (29)  by  introducing  periods  in  the  place  of  angular 
velocities. 


Let 


and 


Ti  =  27r/a>i,  T  =  2t/w' 

Tj  =  2ir/w2y  T"  =  2ar/w" 

Si  =  2T/fli,  S'  =  2ir/0' 

Ss  =  2^/%,  S"  =  2ir/12" 


(32) 


(33) 


Here  T\  and  T2  are  the  periods  of  the  two  circuits,  respectively, 
when  not  coupled;  T'  and  T"  are  the  periods  that  coexist  in  each 
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circuit  when  coupled;  while  the  corresponding  S^a  are  the  several 
undamped  periods. 

It  is  often  true  that  the  S's  are  close  approximations  to  the 
T's  in  single  oscillatory  circuits,  but  when  the  circuits  are  coupled 
the  arithmetical  differences  between  the  various  S's  or  T*s 
appear  in  the  equations,  and  in  those  cases  it  is  not  safe  to  re- 
place the  iS's  by  T'»  without  special  investigation. 

Returning  now  to  our  coeflScient  equations  (26)  to  (29), 
let  us  divide  (26),  (27),  and  (28)  each  by  (29)  and  multiply  by 
(2ir)*  or  (2fr)\  as  required,  obtaining,  respectively, 

(a'  +  a")S'«S"«  =  (ai  +  a2)Si»S,«  (34) 

5/2  +  5^/2  =  Si^  +  82^  +  zSiSi  (say)  (35) 

a'S'^  +  a''S"^  =  aiSi«  +  aiS,*  (36) 

S'2Sn2  ^  Si^StKl  -  T«)  (37) 

The  z  that  occurs  in  (35)  has  the  value 

z  =  (aiaa  -  a'a"(l  -  r^)}^  (38) 

These  equaJtione  wriUen  in  terms  of  undamped  periods  are  the 
equivalents  of  (26)  to  (29),  which  were  obtained  directly  from  the 
coefficients  of  the  fourth  degree  equation  (19) .     They  are  exact. 

The  quantity  2,  as  defined  in  (38),  mU  be  left  undetermined 
in  the  first  stages  'of  the  eliminations,  biU  wiU  finally  be  expressed 
in  terms  of  known  quantities. 

106.  Combination  for  Undamped  Periods. — We  shall  now 
form  certain  combinations  of  the  equations  (34)  to  (38) .  The  first 
combination  is  here  designated  combination  for  tmdamped 
periods. 

Let  us  add  twice  the  square  root  of  (37)  to  (35)  and  extract  the 
square  root;  and  then  let  us  subtract  twice  the  square  root  of 
(37)  from  (35)  and  extract  the  square  root.  By  these  operations 
we  obtain,  respectively. 


S'  +  S"  =  SSi^  +  ^2^  +  zSiS2  +  2S1S2V1  -  r^      (39) 

S'  -  S"  =  \Si^  +  S2*  +  zSiSt  -  2SiStVl^^'     (40) 

In  choosing  the  positive  sign  before  the  main  radical  in  (40)  tve 
are  specifying  that  of  the  two  qiuirUities  S'  and  S''  we  shaU  call 
the  greater  S'. 


•:• 


•  • "  * 
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-Now  taking  respectively  the  sum  and  difference  of  these  two 
equations  and  dividing  by  2,  we  obtain 


(41) 


.      S'  =  ^SSi^  +  St^  +  zSiSi  +  2S1S2V1  -  r« 
+  ISSi^  +  S2^  +  zSiSt  -  2SiS2\/n^« 

S''  =  ^\Si*  +  Sj^  +  2S1S2  +  2SiS2A/n^« 

Equations  (41)  and  (42)  are  ^Ae  voZi^ea  0/  ^Ae  undamped  periods 
in  the  coupled  system.  They  are  exact.  It  mil  be  noticed,  however, 
that  the  eocpressions  involve  z  and  hence  a'  and  a".  We  shall  later 
show  how  to  obtain  z  in  terms  of  known  quantities, 

107.  Combination  for  Damping  Relations. — Returning  now  to 
the  equations  (34)  to  (37)  let  us,  first,  subtract  \/S'^  times  (34) 
from  (36) ;  second,  subtract  l/iS''Himes  (34)  from  (36).  Dividing 
the  differences  obtained  by  S'^  —  S"^,  we  have 

fliSi*  +  a2S2*  —  (ai  +  02)    g^g 


a    = 


S'2   -   S"2 


Si^St^ 
aiSi*  +  02^2*  -  (ai  +  a^)  ,^,f^ 

a"  - i^ (44) 

Expanding  these  equations  by  replacing  S'^  and  S"^  by  their 
values  from  (41)  and  (42),  we  obtain 

""'  ^  "*'  (Si^  +  S2*  +  2S1SO  -  laiSi^  +  a2S2*) 


^,  ^    ai  +  a^       2(1  -  O  

2(1  -  r2)  \/(Si^  +  S2«  +  zSiS^y  -  4S?S2"^  TT^r*) 

(45) 

ft  _  Oi  +  02     .  2(1  —  r^) 

2(1  -  T*)  \/(Si«  +  Sj*  +  ^SiSa)'  -  4Si«S2*  (1  -  T«) 

(46) 

Equaiions  (43)  and  (44) ,  or  the  dUemative  equations  (45)  and 
(46),  are  exact  relations  for  the  damping  constants  a'  and  a"  of  the 
two  osciUations  in  the  coupled  system.    It  will  be  noted,  however, 
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that  z  imxdves  o!  and  a'\  so  that  these  quantitieB  have  not  yet  been 
completely  isolated. 

Before  entering  upon  a  determination  of  Zy  let  us  write  out 
still  another  form  of  expression  for  the  damping  constants,  ob- 
tained directly  from  the  definition  (38)  of  z,  which  by  transposi- 
tion gives 

/    //         aia2  irH 

a  a    = 


1  -  T»        SiSi  (1  -  r«) 

We  have  also  from  (34)  and  (37)  by  division 

ai  +  02 


a'  +  a"  = 


1  -  r« 


Now  taking  four  times  the  first  of  these  equations  from  the 
square  of  the  second,  and  extracting  the  square  root,  we  obtain 


\  (1  -r^y        1  -r«^ 


4ir«2 


(1  -  T^y        1  -  r«  '   S1S2  (1  -  r«) 

In  order  to  determine  which  sign  to  use  before  this  radical  it 
is  necessary  to  determine  from  an  independent  examination  of 
(45)  and  (46)  whether  a'  is  greater  than  or  less  than  a''.  It 
will  be  noted  that  if 

2^  _  ^gx >  aiSi^  +  aiSi'  (47) 

then  a'  <a'\  and  we  must  use  the  minus  sign  before  the  radical 
above.  Under  this  condition,  elimination  between  the  equation 
for  a'  +  a"  and  that  for  a'  —  a"  gives 


,  ^  1  ai  +  a%  _  1    /(at  +  a%Y  _  4aia8    ,    __4t*? (aq\ 

2  1  -  r*       2\  (1  -  T^y       1  -  T«  '^SiSt  (1  -  T«)    ^     ^ 

„  ^  1  Qi  +  g^  ,   1    ka\  +  a^y  _  4aia2   _, 

^         2    1  -  r*  "*"  2\  (1  -  T^y        1  -  r«  "^  Si 


S2  (1  -  r2) 


/n  t«^'7ig  these  eqxwiions  (48)  anct  (49)  it  is  to  he  especially  noted 
that  if  the  inequality  (47)  is  notfiUfiUed  the  signs  before  the  radicals 
in  (48)  and  (49)  are  to  be  interchanged.  This  rule  of  signs  is 
based  also  on  the  stipulation  that  of  the  two  quantities  S'  and  S" 
the  greater  is  designated  S'. 

Having  now  obtained  a  variety  of  expressions  for  the  deter- 
mination of  S',  S",  a\  and  a",  we  shall  next  obtain  an  explicit 
equation  for  z  in  terms  of  known  quantities. 
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108.  Equation  for  z  in  Terms  of  Known  Quantities. — We  shall 
now  obtain  an  equation  for  z  in  terms  of  known  quantities. 

Since  z  involves  the  product  of  a'  and  a",  let  us  form  this  product 
by  multiplying  (45)  by  (46).  In  performing  this  multiplication 
we  shaU  use  the  temporary  abbreviation 

D  =  (Si«  +  St^  +  zSiS^y  -  4Si»S,«(l  -  r*), 

which  expanded  gives 

D  =  (Si«  -  52^)2  +  2SiS,^{Si*  +  S2^)  +  z^Si^Si^  +  4T*Si*Si*  (50) 

Proceeding  now  to  take  the  product  of  (45)  and  (46),  and 
clearing  the  result  of  f  ractionS;  we  obtain 

aWD{l  -  r«)  =  -(aiSi^  +  azS^^y  +  r\aiSi^  +  OaSj^)* 

+  (ai  +  oa)  (aiSi«  +  (hS^^)  (Si^  +  S,") 

-  (ai  +  a^^Si^St^  +  zSiSiiai  +  a,) 

(aiSi«  +  a,S,»), 
whence 

a'a"D{l  -  t2)  =  r«(aiSi*  +  a^S^^y 

+  zSiSiiai^Si^  +  aiajSj*  +  aia^i^  +  Ci^S^^) 
+  aMSi'  +  S2'  -  251^52*). 

Now  let  us  subtract  aiOsD  from  the  left-hand  side  of  this 
equation;  and  from  the  right-hand  side  this  same  quantity  with 
D  replaced  by  its  value  from  (50),  and  note  that  the  difference 
obtained  for  the  left-hand  side  is  —  zrW/SiSz  by  (38) .  We  thus 
obtain 

's's^^  '^'(^I'Si'  -  a2S2'y  +  ZS1S2  (ai  -  a^)  (aiSi»  -  ajS,') 

—  z^aiatSi^Si*. 

Replacing  D  by  its  value  from  (50)  and  collecting  terms  we 
obtain 

^   ■*"  ^  I        S1S2  ir2 

,   ,  \iSi'  -S,'y  I   4  .  I   Cfli  -  «2)  {aiSi*  "  a,S2')]    ■ 


T^SiS,  ^'  ^^^^ 


k 
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If  we  introduce  the  abbreviations 

X  =  St/Su        5i  =  aiSu        Bt  =  ajS,  (52) 

equation  (51)  becomes 

z^  +  Az^  +  Bz  +  C-=0  (53) 


where 


Ml 


C  =  ^(^'  +  52^x- 2M2) 


(54) 


Equaiwn  (53),  in  toAzcA  il,  fi,  and  C  have  the  values  given  in 
(54),  gives  the  value  of  z  in  terms  of  known  constants  of  the  circuits. 
In  these  equations,  z,  Si  and  62  have  the  values  given  in  (52). 

It  is  to  be  borne  in  mind  in  using  these  equations  that  if  ai  and  02 
are  independent  of  Si  and  St  then  61  and  6%  are  dependent  on  Si 
and  St  and  may  be  dependent  on  x^ 

109.  If  the  Original  Circuits  Are  Oscillatory  when  Each  is 
Alone,  All  the  Real  Roots  of  (63)  Are  Negative. — As  a  step  toward 
fixing  the  limits  of  z,  we  shall  show  that  all  the  real  roots  of  (53) 
are  negative  provided  each  of  the  two  original  circuits  is  oscilla- 
tory when  it  is  alone  and  uninfluenced  by  the  other  circuit. 

If  the  original  circuits  are  both  oscillatory, 

5i/2ir  <  1,     and     52/2t  <  1  (55) 

To  prove  that  the  real  roots  of  (63)  are  negative  it  is  only 
necessary  to  show  that  the  coefficients  A,  B,  and  C  are  all  positive. 

Since  x  +  1/x,  where  x  is  positive  cannot  be  less  than  2,  it  is 
seen  that  condition  (55)  makes  A  positive. 

It  is  seen  also  that  always  C  is  positive,  since  it  is  a  perfect 
square. 

The  remaining  coefficient  B  is  more  difficult  to  treat,  but  may 
also  be  shown  to  be  positive  under  the  limitations  (55)  as  follows : 

Taking  B  from   (54)   add  and  subtract  26i6t/7r\  obtaining 

The  last  parenthetical  expression  may  be  written  in  the  form 
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{x—iy/x.    Grouping  this  last  term  with  the  first  and  grouping 
the  fourth  term  with  the  third,  we  obtain 

The  only  term  or  factor  in  this  equation  that  is  doubtful  as  to 
sign  is  the  expression  within  the  brace;  but  by  (55) 


Sid 


2 


X* 


<  4  (57) 


and,  since  x  is  positive,  it  is  also  apparent  that 


^-j-),<l/4  (58) 

By  .taking  the  product  of  (57)  and  (58),  it  is  seen  that  the 
expression  within  the  brace  in  the  equation  (56)  for  B  is  positive, 
and  hence  B  is  positive. 

We  have  thu>8  proved  that,  if  each  of  the  original  circuits  is  osdl- 
latary  when  standing  alone,  all  of  the  coefficients  of  the  cubic  egtut" 
Hon  (53)  are  positive,  and  that  in  consequence  all  of  the  real  values 
of  z  are  negative. 

We  shall  next  J;>e  able  to  assign  certain  limits  to  the  value  of 
2,  that  will  simplify  the  calculation  of  this  quantity. 

110.  Determination  of  the  Limits  of  the  Value  of  z  for  Coupled 
Circuits  Oscillatory  when  Alone. — In  the  preceding  section  we 
have  shown  that  z  is  negative  provided  the  original  circuits 
are  oscillatory  when  alone.  We  can  now  establish  outside  limits 
of  the  value  of  z  by  very  simple  operations. 

To  begin,  let  us  take  the  original  definition  of  z,  equation  (38), 
multiply  both  sides  of  that  equation  by  S\S%,  and  partly  replace 
S^S^  by  its  value  from  (37),  obtaining 

Let  us  now  make  use  of  the  algebraic  generalization  that  for 
any  two  real  quantities  x  and  y 

(x  +  yY 

^y  <  — 4 — ' 

then  by  this  relation  alone 

a'a"S'^S''^  fi  (q'^''  +  a"S"^y  (gO) 
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Replacing  the  right-hand  side  of  (60)  by  its  value  from  (36) 
we  have 

a'a"S'*S"*  ^  (?lSil  +  f!^*  (6i) 

This  quantity  substituted  into  (59)  gives 

S,S^  y  -  i-^S^'^aM^  (,2) 

Let  us  recall  that  z  is  negative,  and  let  us  divide  both  sides  of 
(62)  by  SiS2y  and  make  use  of  the  abbreviations 

z  =  St/Sly    5i  =  aiSi,    dt  =  (h/St,  (63) 

then  we  obtain 


oyzy  -(^-^*^y 


(64) 


4t* 

Tlie  inequality  (64)  gives  the  limits  of  the  value  of  Zj  provided 
the  original  circuite  are  oecUlatory  when  not  coupled. 

111.  Reduction  of  the  Cubic  Equation  f or  z  to  a  Quadratic 
Equatioii  over  an  Important  Range  of  Constants. — In  equation 
(53)  we  have  given  a  cubic  equation  for  the  determination  of 
Zy  and  we  have  shown  that  z  is  negative,  and  that  it  has  the 
limiting  values  specified  by  the  inequality  (64),  provided  the 
original  circuits  are  oscillatory,  that  is,  provided 

'^<l  (65) 

In  the  cubic  equation 

z^  +  Az^  +  Bz+C  ^Q 

the  terms  z^  and  Bz  are  the  only  negfCtive  terms.  It  thus  appears 
that  we  can  neglect  z^  provided  it  is  negligible  in  comparison  with 
the  other  negative  term  Bz;  that  is,  provided 

z^<  <B  (66) 

and  this  proposition  can  be  tested  by  making  use  of  the  limiting 
value  of  z  from  (64)  and  comparing  this  limiting  value  when 
squared  with  B  from  (54). 

It  is  to  be  noted  that  when  x  is  unity  the  maximiun  possible 
value  of  i^  is  of  the  order  of  {h  —  5i)*/16jr*,  while  the  order  of 
5  is  4t*  +  (5i  —  Sa)*/^*,  so  that  z^  is  negligible  in  comparison 
with  B,  provided 

^g-^-i—  <  <  1  (67) 
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We  thus  see  in  a  general  way  that  z*  is  likely  to  be  negligible 
in  comparison  with  B.  A  careful  examination  of  the  possible 
values  of  z^  and  B  over  the  whole  possible  range  of  constants  of  the 
circuits,  shows  that  occasions  may  arise  in  which  (66)  is  not  ful- 
filled, so  that  we  then  require  the  whole  cubic  to  determine  2. 

In  cases,  on  the  other  hand,  in  which  z^  is  negligible  in  com- 
parison with  B,  the  cubic  reduces  to  the  quadratic 

Az*  +  Bz  +  C  =  0  (68) 

of  which  the  solution  is 


B 


In  this  solution  we  have  chosen  the  minus  sign  before  the 
radical,  because  this  gives  the  smaller  absolute  value  of  2;  as  is 
required  by  the  condition  that  z^  be  negligible.  The  question  of 
this  sign  is  investigated  in  certain  of  the  special  cases  treated 
below,  but  has  not  been  given  any  extended  general  investigation. 

We  may  sum  up  regarding  z  as  follows:  z  is  exacUy  given  by 
the  cubic  equation  (53)..  When>ever  z  is  so  smaU  that  its  square  is 
negligible  in  comparison  with  the  coefficient  B,  as  is  often  the  case, 
the  value  of  z  is  given  with  sufficient  accuracy  by  (69).  Even  if 
the  whole  cubic  must  be  used  in  determining  z,  the  calculations 
may  be  facilitated  by  making  a  preliminary  approximate  calculation 
ofzby  (69). 

We  have  now  solved  completely  the  problem  of  determinmg 
the  damping  constants  and  periods  of  the  coupled  system. 

We  shall  now  proceed  to  a  numerical  treatment  of  certain 
important  special  cases,  and  as  a  result  of  the  calculations  we  shall 
have  our  attention  called  to  important  simplifications  that  some- 
times arise. 

The  special  cases  to  be  investigated  are  as  follows: 

Case  I.  The  Quasi  Isochronous  System, 

Case  II.  The  General  Case  with  Numerical  Constants,  and 

Case  III.  The  Loose-coupled  System. 

CASE  1.    THE  QUASI  ISOCHRONOUS   SYSTEM 

112.  The  Equations  for  z  in  the  Quasi  Isochronous  System. 
We  shall  now  limit  the  discussion  to  the  case  in  which  the  original 
two  circuits  have  nearly  the  same  free  periods  Ti  and  Tj.    In- 
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stead  of  assuming  Ti  exactly  equal  to  Tt,  it  is  simpler  to  assume 
the  undamped  periods  equal;  that  is 

Si  =  Sj  =  S  (say)  (70) 

We  shall  call  this  the  case  of  quasi  isochronism. 

To  avoid  continually  writing  certain  combinations  of  5i  and 
62,  we  shall  use  the  following  abbreviations, 

Under  the  condition  of  quasi  isochronism  the  quantities  defined 
in  (64)  become  ^ 

X  =  1,  il  =  4(1  -  t?),  B  =  4(r2  +  u),  C  =  4r«M       (72) 

The  cubic  equation  (53)  for  z,  in  the  isochronous  case,  becomes 

2»  +  4z*(l  -v)+  42(r^  +  u)  +  4t«m  =  0  (73) 

This  factors  into 

^  (25  -  4t;)  +  {z  +  u)(r«  +  z)  =  0  (74) 

From  this  factored  form  we  can  make  a  discovery  of  a  new 
fact  in  regard  to  the  Umit  of  z.  We  have  already  shown  in  the 
general  case  the  relation  (64),  which  in  the  isochronous  case 
(since  x  =  1)  becomes 

0^2=  ^  '—  u  (75) 

This  inequality  may  be  otherwise  written  in  the  form 

2^0,     and  z  +  u  ^  0  (76) 

This  fact  appUed  to  (74)  shows  that  the  first  term  of  that 
equation  is  negative  or  zero,  and  therefore  the  last  term  must  be 
positive  or  zero  to  make  the  sum  zero.  We  have  just  shown  in 
(76)  that  one  of  the  factors  {z  +  u)  of  the  last  term  is  positive  or 
zero,   and  hence  the  other  factor  of  that  term  is  positive  or 

zero;  that  is, 

z  +  r^^O  (77) 

This  result  is  important  in  determining  the  signs  and  the  limiting 
values  of  expressions  to  follow. 

We  shall  now  examine  the  condition  under  which  the  cubic 
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equation  for  z  reduces  to  a  quadratic.     This  condition  as  stated 
in  (66)  may  be  written 

z^  <<  B, 

which  in  the  isochronous  case,  by  (72),  becomes 

z^  <<  4(T«  +  tt)  (78) 

Now  by  (75)  and  (77), 

2*  <  w*  and  also  z^  <  t* 

so  that  (78)  is  met  if 

either  w«  <  <  4{r^  +  u)  or  t^  <<  4(t2  +  u)  (79) 

Either  of  the  alternative  conditions  of  (79)  is  sufficient  to 
reduce  the  cubic  to  the  quadratic.  If  m  <  t*  the  first  of  the  alter- 
natives is  met  if 

w«  <  <  8u;  tliat  is  ^^'g^f'^'  <  <  1  (80) 

If  r*<w,  the  second  alternative  of  (79)  is  met  if 

^'<<1  (81) 

We  have  then  the  resvU  that  the  quadratic  relation  is  sufficient 
to  determine  z  in  any  case  of  quasi  isochronism  in  which  r^/8  is 
negligible  in  comparison  with  unity  or  in  which  (5i  —  52)V32ir* 
is  negligible  in  comparison  with  unity.  The  latter  of  these  alter^ 
natives  is  true  for  oscillatory  circuits  even  when  they  are  very  highly 
damped.  The  exact  degree  of  damping  is  easily  determined  in  a 
specific  case. 

Let  us  now  write  out  the  simplified  value  of  z  for  the  isochro- 
nous system.  This  is  done  by  replacing  the  coefficients  Af  B, 
and  C  in  (69)  by  their  values  from  (72),  and  gives 


r^  +  u 

z  ™  — 


2(1  -  v) 


-n/-^ 


4r*u(l  -  ») 


{t*  +  u)*   J 


_  T*  +  U  /(t»  -  w)*   +  4t*UV  /o«x 

-  -  2(r^  +  V — 4(rr-^? —         ^^^^ 

Let  us  now  make  a  digression  to  prove  the  correctness  of  the 
signs  before  the  radicals  in  (82),  since  this  matter  was  passed 
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over  without  much  attention  in  the  statements  following  (69). 
Using  the  second  of  the  forms  of  (82),  transposing  the  first  term 
of  the  right-hand  side  to  the  left-hand  side^  and  collecting  terms 
over  a  common  denominator,  we  have 

2z(l  -v)+r^+  u  _ 

2(1  -  r)        ""  ^  ^' 

where  A  is  a  temporary  abbreviation  for  the  radical.  The 
numerator  of  the  left-hand  side  can  be  regrouped  giving 

(g  +  r')  +  {z  +  u)  -  2zv  _ 

2(1  -v)  ~  ^- 

Now  by  (76)  and  (77)  it  is  seen  that  all  the  terms  of  the  numera- 
tor are  positive,  so  that  the  radical  R  must  be  positive  (in  the 
second  form  of  (82)),  provided  v  is  less  than  unity;  that  is^ 
provided  the  original  circuits  are  oscillatory.  Hence  the  cor- 
rectness of  the  signs  given  to  the  radicals  in  (82). 

In  the  case  in  which  Si  ^  St  =  S  the  quantity  z  is  exadly 
given  by  (73),  or  (74).  In  aU  cases  in  which  the  condition  (80), 
or  the  condition  (81),  is  ftdfiUed  z  is  given  with  sufficient  accuracy 
by  (82).  For  these  isochronous  circuits^  (82)  is  of  almost  universal 
applicability. 

It  may  be  noted  also,  if  the  original  circuits  are  separately  oscH- 
latory,  that  the  oUbsolute  valvs  of  z  is  less  than  u  and  less  than  r^ 
and  that  z  is  negative,  as  is  shown  by  (76)  and  (77). 

113.  The  Equations  for  Undamped  Periods  and  Damping 
Constants  in  the  Quasi  Isochronous  Circuits. — With  the  original 
circuits  separately  timed  to  the  same  ujidanped  periods  so  thait 

oi  =  02  =  S, 

the  equations  (41)  and  (42)  for  the  undamped  periods  of  the 
coupled  system,  on  being  squared,  give 


S'^  =  S* 


S"«  =  s« 


z^ 


l+l+yp-^+l 


z^ 


1+|-^J^hT+^ 


(83) 


For  the  di(£aping  constants  we  shall  use  the  equations  (48) 
and  (49),  but  we  shall  first  examine  the  criterion  (47)  as  to  the 
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sign  to  use  before  the  radicals  in  (48)  and  (49).     In  the  case  of 
isochronism,  the  criterion  (47)  reduces  to 

2(1  -  r*)  >«!  +  ««' 

which  reduces  to 

2  +  2r«  >  0. 

By  (77)  this  condition  is  always  fulfilled  with  oscillatory  cir- 
cuits, and,  therefore,  by  the  note  following  (48)  and  (49)  the 
signs  in  these  two  equations  are  correct  for  this  case. 

These  two  equations  (48)  and  (49),  by  the  isochronous  con- 
dition Si  =  Sj  =  Sy  reduce  to 

a'  =  |j^;r){l-Vr^}  (84) 


where 


a"  =  gS"^  11  +  Vn^}  (85) 

e    ^[l^Zp^JZj}  (86) 

4v  +  u 


In  the  system  of  two  circuits  thai  are  separately  tuned  to  the  same 
undamped  periods,  the  resultant  undamped  periods  when  the  cir- 
cuits are  coupled  together  and  allowed  to  oscillate  freely  are  given 
by  the  equations  (83),  and  the  resultant  damping  constants  are  given 
by  (84)  and  (85)  in  terms  of  6  defined  by  (86).  The  values  of 
u  and  V  are  defined  in  (71).  z  is  given  by  (73^  and  is  usually 
given  with  sufficient  accuracy  by  (82). 

114.  Application  to  Two  Numerical  Cases  of  Quasi  Isochronism* 
As  the  first  special  case  of  quasi  isochronism,  let  us  take  the 
following  numerical  values. 

Let 

5i  =  0.37r,         62  =  O.It  (87) 

In  this  case  the  values  of  u  and  v  become 

u  =  0.01,     v  =  0.0075,     4v  +  u  =  0.04  (88) 

With  these  numerical  values  (82)  becomes 

T*  +  0.01 


«  =  — 


1.985 


.  _     /  0.039#7»»') 

\    (T2+o.oi)«r 
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In  this  nvimerical  case  (84)  and  (85),  on  multiplying  both 
sides  by  S/t,  become 

a'S        0.2 


and 


a"S 


1  -t' 


0.2 


1-T« 


U  -  Vi  -  e\ 


{1  + Vi-fl} 


(89) 


(90) 


./ 
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Fio.  2. — Quantities  proportional  to  reaultant  damping  constants  plotted 
against  coefficient  of  coupling  r  in  special  case  in  which  5i  >*  0.3t,  Si  —  O.lr, 
and  5i  *  3i  "  3. 


where 


^  = 


(1  -  r»)(0.03  ~  g) 
0.04 


(91) 


Computations  were  made  for  various  values  of  r.  The  method 
of  making  the  computations  consists  in  first  determining  z  by 
the  use  of  the  equation  following  (88)  and  then  computing  a'/S/T 
and  a"S/T  by  the  use  of  (89),  (90)  and  (91).  The  values  of 
S! J&  and  B" I&  may  be  computed  directly  from  (83) . 
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Table  I. — Computed  Vidues  of  Damping  Constants  and  Undamped  Periods 
of  the  Quasi  Isochronous  System  of  Two  Circuits  wiUi 
Various  Values  of  r.    Given  5i  »  O.Sir,  6t   »  O.lir 


0.0000 

0.0278 

0.0578 

0.0802 

0.002 

0.101 

0.109 

0.121 

0.187 

0.200 

0.300 

0.400 

O.fiOO 

0.600 

0.700 

0.800 

0.900 

1.000 


r« 

a 

o'lS 

3* 
8 

5" 
8 

8' 

5" 

r 

5Vi+, 

SVi-r 

0.0000 

0.00077 

0.00334 

0.00646 

0.00842 

0.0103 

0.0119 

0.0146 

0 .0348 

0.0400 

0.0900 

0.1600 

0.2600 

0.3600 

0.4900 

0.6400 

0.8100 

1.000 


0.00000 

0.300 

0.100 

1.0000 

1.0000 

0.00077 

0.296 

0.104 

1.0002 

0.9994 

0.00333 

0.283 

0.118 

1.0011 

0.9962 

0.00636 

0.264 

0.139 

1.0037 

0.9931 

0.00810 

0.249 

0.154 

1.0071 

0.9887 

0.00922 

0.237 

0.167 

1 .0143 

0.9809 

0.00961 

0.232 

0.173 

1 .0216 

0 .9731 

0.00980 

0.232 

0.176 

1 .0323 

0.9621 

0.00996 

0.246 

0.168 

1.0735 

0.9151 

0.01000 

0.260 

0.167 

1 .0810 

0.9065 

0.01000 

0.286 

0.154 

1.130 

0 .8439 

0.01000 

0.333 

0.143 

1.176 

0.7796 

0.01000 

0.400 

0.133 

1.219 

0.7107 

0.01000 

0.600 

0.125 

1.260 

0.6363 

0.01000 

0.667 

0.118 

1.299 

0.5497 

0.01000 

1.000 

0.113 

1.337 

0.4487 

0.01000 

2.000 

0.105 

1.374 

0.3172 

0.01000 

infin. 

0.100 

1.414 

0.0000 

1.000 
0.986 
0.973 
0.965 
0.957 
.966 
.970 
.976 
.984 
.986 
.990 
.993 
.995 
.996 
.996 
.997 
.998 
.000 


0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 


1.000 
1.011 
1.025 
1.034 
1.036 
1.033 
1.029 
]  .025 
1.014 


012 
007 
005 
003 
002 
002 
1.002 
1.001 
1.000 


Table  IL — Computed  Values  of  Damping  Constants  and  Undamped  Periods 
of  the  Quasi  Isochronous  System  of  Circuits  with  Various  Values  of  r. 

Given  Bi  «  O.Odir,  52  »  O.Olx 


r« 

g 

o'5 

ir 

S' 
8 

8" 

8 

5' 

5"     - 

r 

SV^I+T 

SvT^r 

0.000 

0.000000 

-0.000000000 

0.01000 

0.03000 

1.0000 

1.0000 

1.0000 

l.OOOO 

0.001 

0.000001 

-0.000001000 

0.01005 

0 .02996 

1.0000 

1.0000 

0.9995 

1.00O5 

0.002 

0.000004 

-0.000003999 

0 .01020 

0 .02980 

1.0000 

1.0000 

0.9990 

1.0010 

0.004 

0.000016 

-0.000016996 

0 .01083 

0.02917 

1.0000 

0.9999 

0.9980 

1.0019 

0.006 

0.000036 

-0.00003593 

0.01200 

0.02800 

1.0001 

0.9999 

0.9970 

1.0029 

0.008 

0.000064 

-0.00006394 

0 .01390 

0.02601 

1.0001 

0.9999 

0.9960 

1.0039 

0.010 

0.000100 

-0.00009974 

0 .01940 

0.02057 

1.0002 

0.9997 

0 .9953 

1.0047 

0.012 

0.000144 

-0.00009997 

0.01996 

0 .02024 

1.0031 

0.9964 

0 .9970 

1 .0026 

0.016 

0 .000225 

-0.0000999d 

0 .01970 

0.02030 

1.0053 

0.9941 

0.9978 

1.0017 

0.020 

0.000400 

-0.00010000 

0.01960 

0.02041 

1.0084 

0.9911 

0.9984 

1.0011 

0.030 

0.000900 

-0.00010000 

0.01941 

0 .02061 

1.014 

0.9855 

0 .9989 

1.0006 

0.040 

0.001600 

-0.00010000 

0.01923 

0 .02083 

1.019 

0.9803 

0.9991 

1.0004 

0.050 

0.002600 

-0.00010000 

1 .01905 

0.02105 

1.024 

0.9760 

0.9998 

1.0002 

0.1 

0.01 

-0.00010000 

0.01818 

0 .02222 

1.048 

0 .9487 

0.9995 

1.0000 

0.2 

0.04 

-0.00010000 

0.01666 

0.02500 

1.095 

0  .8943 

0.9997 

0.9999 

0.3 

0.09 

-0.00010000 

0.01538 

0.02856' 

1.140 

0.8365 

0.9997 

0.9998 

0.4 

0.16 

-0.00010000 

0 .01437 

0 .03333 

1.183 

0.7744 

0.9998 

0.9997 

0.5 

0.25 

-0.00010000 

0.01333 

0.04000 

1.224 

0.7088 

0.9998 

0.9996 

0.6 

0.36 

-0.00010000 

0  .01250 

0.05000 

i:264 

0.6318 

0.9998 

0.9994 

0.7 

0.49 

-0  00010000 

0.01176 

0.06667 

1.303 

0.5474 

0 .9998 

0.9993 

0.8 

0.64 

-0.00010000 

0.01111 

0.10000 

1.341 

0.4468 

0.9998 

0.9989 

0.9 

0.81 

-0.00010000 

0 .01052 

0  20000 

1.378 

0.3155 

0 .9999 

0.9978 

1.0      il.OO 

-0.00010000 

0.01000 

infin. 

1.414 

0.0000 

1.0000 

1.0000 
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Table  I  contains  the  results  of  the  calculation  with  various 
values  of  r.  These  results  are  plotted  in  the  curves  of  Figs.  2 
and  3. 

As  a  second  example  of  the  quasi  isochronous  system,  we  have 
computed  the  case  in  which 


5i  =  O.OSir,         5s  =  O.OItt 


(92) 


1.4 
1.3 
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1.1 

to 
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FiQ.  3. — Quantities  proportional  to  8'  and  S'*  plotted  against  r  in  special  case  in 

which  5i  -  0.3r,  di  »  O.lir,  and  8i  ^  Si  ^  S. 

The  results  in  this  case  are  recorded  in  Table  II  and  some  of  the 
significant  values  are  plotted  in  Figs.  4  and  5.  Although  the 
scale  in  Figs.  4  and  5  is  different  from  the  scale  in  Figs.  2  and  3, 
it  is  seen  that  the  case  with  the  decrements  given  in  (92)  has 
general  characteristics  in  common  with  the  case  with  the  larger 
decrements  given  in  equation  (87). 

116.  Discussion  of  the  Results  in  the  Numerical  Cases  of 
Isochronous  Circuits,  with  Derivation  of  Limiting  Values  of  z. 
Certain  significant  facts  are  apparent  from  Tables  I  and  II, 
compiled  for  the  two  sets  of  specific  values  of  the  decrements. 
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One  of  these  facts  is  that  for  small  values  of  r  ^,  z  is  approximately 
equal  to  —  r*.  This  may  be  derived  theoretically  from  the  cubic 
equation  (74)  for  «,  which  by  transposition  of  the  first  term  to  the 

right  and  division  hy  z  +  u  gives 

z\Av  —  z) 


Z    =     -T^  + 


4:{z  +  u)  ■ 


If  z  is  to  become  approximately  —  t*  the  second  term  of  the 
right-hand  side  must  be  small;  and  the  equation  must  still  be 
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Fio.  4. — Same  as  Fig.  2  except  that  di  «>  0.03r,  Ik  -  O.Olr,  and  that  scale  is 

changed. 


approximately  correct  when  z  in  the  fraction  is  replaced  by—r*, 

giving 

T2(4y  +  r2) 


z  =  -rMl  - 


4(U  -  r2) 


} ,  approximately. 


(93) 


Now  by  (77)  z  +  r^  must  be  positive,  so  that  (93)  can  be 
employed  only  when  t^  is  less  than  u,  and  since  the  fraction  of  (93) 
was  obtained  by  replacing  z  by  —r',  it  is  seen  that  for  (93)  to  be 
apphcable  the  fraction  in  (93)  must  be  small  in  comparison  with 
unity.     If  these  conditions  are  fulfilled  z  becomes  approximately 
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equal  to 
follows: 


then 


— T*.     In  symbols,  these  statements  may  be  written  as 


If  r'  <  u,  and  if  ^'}^''  "^  ^^  <  <  i 


Z   =    — T2 


(94) 


(95) 
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Fig.  5. — Same  as  Fig.  3»  except  that  5i  «  0.03t,  5s  «  O.Olir,  and  scale  is  changed 

With  the  quasi  isochronous  system  of  circuits,  and  under  the 
conditions  expressed  in  (94)  z  may  he  equated  to  —r^  as  given  in 
(95).  In  subsequent  sections  we  shall  designate  the  case  in  which 
(94)  and  (95)  are  fulfilled  as  the  r-case. 

Another  fact  apparent  from  Tables  I  and  II  is  that  with  in- 
creasing values  of  r,  z  approaches  in  each  case  a  definite  limit,  and 
this  definite  limit  in  each  case  is  seen  to  be  —  u. 
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This  result  may  also  be  established  analytically,  as  follows: 
Transposing  the  first  term  of  (74)  to  the  right,  and  dividing  the 
resulting  equation  by  r*  +  z,  we  obtain 

z^4v  -  z) 
^  -  -»  +  4(;i+-^' 

which  reduces  to  u  provided  the  last  term  is  negligible  and 
positive.  In  detail,  let  us  replace  zhy  —u  in  the  last  term, 
obtaining 

«  =  - w  j  1  -  4(^2  _  ^)  )  y  approximately.  (96) 

But|  since  2;  +  u  is  positive  by  (76),  this  can  only  be  true 
provided  u  is  less  than  r',  and  since  we  have  replaced  2;  by  -^u, 
we  must  require  also  that  the  last  term  in  (96)  be  negligible. 
In  symbols,  we  have 

If  «<r«,andif^g;  +  g«l  (97) 

then  z^-u=-  ^1^*  (98) 

The  last  step  of  (98)  is  by  the  definition  of  u  given  in  (71). 

With  the  quasi  isochronous  system  of  circuits^  and  under  the 
conditions  expressed  in  (97),  z  may  be  equated  to  —u.  In  subse- 
quent sections  we  shall  designate  this  case  as  the  u-case. 

116.  Simplified  Equations  for  the  Damping  Constants  and 
Periods  in  the  u-Case  and  the  r-Case  of  Isochronous  Circuits. 
In  the  u-case  and  the  r-case  as  described  in  the  preceding  section, 
z  reduces  to  very  simple  values,  and  the  damping  constants  and 
undamped  periods  may  be  also  expressed  in  simplified  form.  We 
shall  take  the  two  cases  in  order  beginning  with  the  u-case. 

117.  The  u-Case. — Equations  (97)  and  (98)  give  the  relations 
W  the^constants  in  the  tt-case.  Replacing  u  and  v  by  their  values 
from  (71)  and  (72),  we  obtain 

then 

^ .  _  (5i  -  d,y 

z ^ —  (100) 
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Introducing  the  value  z  =  —u  into  (86)  we  obtain 

^  =  1  -  rS 
whence  (84)  and  (85)  become 

Under  the  conditions  set  forth  in  (99),  or  in  abbreviated  form  in 
(97),  equation  (101)  gives  the  damping  constants  in  the  isochrorwus 
system  of  two  magnetically  coupled  circuits.  This  we  have  called 
the  u-case. 

In  this  iM^ase,  the  undamped  period  equations  (83)  become  by 
(98) 

S'*  =  S*  \ 


S"*  =  -S» 


(102) 


(103) 


In  the  Urease  of  isochronous  circuits,  as  specified  by  (99),  or 
(97),  equations  (102)  and  (103)  give  the  squares  of  the  undamped 
periods  in  the  coupled  system.     The  valve  of  u  is  given  in  (71) . 

Note  thai  as  u  approaches  zero  in  this  case,  S'  and  S"  approach 

the  values  

S'  =  SvT+7,  and  S"  =  SyT^  (104) 

and  in  the  special  case  in  which  b\  and  52  are  made  zero,  S, 
S'  and  8"  are  respectively  equal  to  T,  T'  and  T",  so  that  we  have 

r  =  rvT+7,  and  r'  =  rvT^^  (io5) 

as  is  required  by  Chapter  VII. 

Equation  (105)  gives  the  values  of  the  periods  in  the  isochronous 
system  in  which  5i  and  6%  are  zero,  and  is  in  agreement  with  Chapter 
VII.  '  Equation  (104)  gives  the  undamped  periods  in  the  quasi 
isochronous  circuits  when  5i  =  ^2. 

118.  The  r-Case. — This  designation  applies  to  the  case  in 
which  2  =  —  T*.  The  conditions  for  this  are  given  in  (94). 
On  replacing  u  and  v  by  their  values  from  (71),  (94)  and  (95) 
become 

theB 

z  =  -  r*  (107) 
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To  obtain  the  damping  constants  in  this  case,  let  us  substitute 

(107)  into  (86),  obtaining 

-       (1  -T*)(4i;  +  T») 

V    = ■ » 

4v  +  u 
which  substituted  into  (84)  and  (85)  gives 


a' 

= 

a, + 

as 

11 

2(1- 

r'') 

=s 

Oi  + 

Oj 

2(1- 

r') 

a" 

= 

Ol  + 

2(1- 

at 

fli  + 

0,2 

r      1 


+  r*  +  4w« 


4t;  +  u 


2(1- 


r») 


—  -«/"    .  ^     ,  approximately,     '^^) 

\4ti  +  U 


-  r2  +  r*  +  4r' 


-  r2 


4t;  +  w 

,  approximately.     (1^) 


4y  +  u 

In  the  T-case  of  isochronous  circuits j  as  specified  in  (106),  eqiui- 
tior^  (108)  and  (109)  give  the  damping  constants  in  the  coupled 
system.  In  the  values  marked  ^*  approzimaiely*^  we  have  neglected 
a  quantity  twice  as  large  as  that  specified  as  negligible  in  (106). 
The  values  of  u  and  v  are  given  in  (71). 

Taking  up  next  the  undamped  periods  in  this  r-case  and  re- 
placing 2  by  —  T*  in  (83),  we  obtain 

S'2  =  S^,    and  S''^=S\1  -  r«)  (110) 

These  results  may  be  inaccurate,  since  in  (83)  the  radical 
involves  the  sum  of  z  and  t^  and  also  involves  z*.  We  can  obtain 
a  closer  approximation  by  employing  for  z  equation  (93),  giving 

,     ,      i*(4y  +  r«) 

^^  4(u  -  r2) 

Now  adding  to  this  z*/4  =  r*/4,  approximately,  we  have 

4:(U   —  TV 

This  inserted  into  (83)  gives 


(111) 


s»t  _  S2  1  _  '■'  _  l'    Ml±J? 

*  ~  ^  r    2    2  Vi7^=^ 


(112) 


Equations  (111)  and  (112)  give  the  values  of  the  undamped 
periods  {squared)  for  the  two  isochronous  circuits  in  the  r-^oase, 
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aa  specified  in  (94),  or  (106).    The  values  of  u  and  v  are  given  in 

(71). 

119.  r-Case,  Continued.  Limits  Approached  as  r^  Approaches 
Zero. — In  the  preceding  section  we  have  given  equations  for  the 
damping  constants  and  undamped  periods  in  what  has  been 
called  the  r-case,  as  specified 'by  (94),  or  (106).  Let  us  dow 
suppose  that  r'  is  small  enough  to  be  neglected  in  (108),  (109), 
(111),  and  (112);  then  these  equations  reduce  to 

a'  =  a„     a"  =  ai,     S'  =  S"  =  S  (113) 

as  may  be  seen  by  making  r^  =  0,  and  replacing  u  and  v  by  their 
values. 

The  condition  under  which  r^  is  sufficiently  near  zero  to  make 
(113)  substantially  correct,  may  be  derived  by  examining  (108). 
Expansion  of  the  radical  in  (108),  second  form,  gives 


/U  —  T*   _        I        U  r  ^  T^{4V  +  U)  f 

\4»  +  u       \4i;  +  ul  2(u)  '  '  '  I 

-  ■I 


tti   —  02 
tti  +  fl2 

tti  —  a2 
ai  +  aa 


__  T^(4v  +  u) 


2u 

(114) 


provided 


'■«sf-»-t^      <"« 


In  making  these  reductions  we  have  used  the  definitions  of  u 
and  V  given  in  (71);  and  have  used  also  the  definitions  (52)  of 
5i  and  h  with  Si  =  St  =  S  for  this  special  case  of  isochronous 
circuits. 

The  remaining  step  of  reducing  a'  to  at  and  a"  to  Oi,  as  given 
in  (113),  consists  in  substituting  (114)  into  (108),  and  making 
r^  negligible  in  comparison  with  1. 

Equaiions  (113)*  give  the  damping  constant  and  undamped 
periods  in  the  isochronous  system,  provided  t*  is  negligible  as 
specified  in  (115). 

120.  Summary  of  Results  with  the  Quasi  Isochronous  System 
of  Two  Magnetically  Coupled  Circuits. — Considering  first  the 
damping  constants,  and  having  reference  to  Figs.  2  and  4, 
it  is  seen  that  for  small  values  of  r^,  as  specified  in  (115), 

a'  =  02,     a'   =  ai. 
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Under  this  same  condition  of  small  t*,  with  however,  a  some- 
what larger  possible  value  of  r^,  reference  to  the  Tables  I  and  II, 
and  to  the  curves  of  Figs.  3  and  5,  and  to  the  analysis  of  the 
preceding  section,  shows  that  substantially 

S'  =  S"  =  s. 

For  larger  values  of  t^,  such  as  are  specified  in  (99)  and  desig- 
nated the  w-case,  a'  and  a"  are  given  by  (101);  namely 

a'  =  ,SL+^  and  a"  =   «^  +  «^ 


2(1  +  r) 2(1  -  r) 

Referring  to  Tables  I  and  II,  and  to  Figs.  2  and  4,  it  is  seen 
that  this  latter  condition  is  attained  for  values  of  t  greater  than 
about  twice  the  values  of  r  at  which  the  a'  curve  and  the  a" 
curve  come  nearest  together  to  form  a  neck  in  the  figures. 

For  this  same  range  of  values  of  r,  in  which  t  is  greater  than 
twice  the  value  at  which  the  neck  is  formed  by  the  a'  and  a" 
curves,  S'  and  S"  are  given  by  (102)  and  (103),  and  in  the  special 
case  of  small  values  of  u  (that  is,  small  values  of  (5i  — 52)V4ir*) 
these  quantities  are  approximately  given  by  (104),  which  is 

s'  =  s  vr+7,  and  s"  =  svn^. 

For  values  of  t  intermediate  between  those  values  that  give 
the  simplified  expressions  for  damping  constants  and  periods, 
the  exact  expressions  involving  z  must  be  employed. 

CASE  n.    THE  GENERAL  CASE  WITH  NUMERICAL  COEFFICIENTS 

121,  Statement — If  we  take  the  general  case  of  two  mag- 
netically coupled  circuits,  such  as  are  shown  in  Fig.  1,  and  sup- 
pose that  the  two  separate  circuits,  when  each  is  standing  alone 
have  the  undamped  periods  Si  and  S2  and  the  damping  constants 
tti  and  a2,  the  equations  (41)  and  (42)  specify  the  values  of  the 
undamped  periods  that  coexist  in  both  of  the  circuits  when  they 
are  coupled  together  with  a  coefiicient  of  coupling  r.  The 
equations  (45)  and  (46)  give  the  damping  factors  in  the  two 
oscillations  of  the  coupled  system. 

Both  of  these  pairs  of  equations  involve  a  quantity  z.  The 
exact  value  of  «  is  given  by  the  cubic  equation  (53)  which  has 
coefficients  A,  B,  and  C  defined  in  (54).  If  we  know  the  coeflS- 
cient  of  coupling  r,  the  decrements  61  and  62  of  the  original  cir- 
cuits, and  Xf  which  is  the  ratio  of  S2  to  Si,  we  can  compute  2 
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from  (53),  and  can  then  proceed  to  solve  completely  the  problem 
of  finding  the  periods  and  damping  factors  of  the  coupled  system. 

Instead  of  using  the  cubic  equation  (53)  for  z,  it  is  usually 
sufficiently  accurate  to  use  the  values  of  z  given  by  (69).  The 
test  of  this  point  is  specified  in  (66). 

We  shall  now  proceed  to  compute  S',  S",  a\  and  a"  for  four 
different  values  of  r*,  and  shaU  allow  the  ratio  of  &%  to  iSi  to  be 
varied  by  varying  &%^  while  &\  is  kept  constant.    With  this  con- 
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1.1 

Fig.  6. — Circuits  not  isoohronous.     Values  of  correction  factor  {—  t)  for  various 

values  of  Bt/Sx  and  for  various  values  of  r. 

dition,  if  a\  and  as  are  supposed  to  remain  constant,  h\^  which  is 
OiiSi,  will  stay  constant,  but  62,  which  is  a^Sa  will  vary.  We  shall 
therefore  assign  a  fixed  numerical  value  0.3t  to  ^i,  and  shall  as- 
sign a  fixed  value  O.It  to  5s  at  &%  =  Si.  That  is  5i  ==  0.3r, 
and  OsSi  =  O.It. 

122.  Computation  of  z  in  the  General  Case  of  Two  Magnetic- 
ally Coupled  Circuits  with  Given  Values  of  8u  ^Su  cuid  with 
Various  Values  of  r^  and  Various  Values  of  the  Ratio  of  Ss  to  Si. — 
We  shall  take  in  our  niunerical  illustration 

5i  =   0.3ir,    asSi  =   O.It,    then  dt  =   O.lirx         (113) 
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where,  as  in  (63) . 

X  =  St/ Si  (114) 

The  coefficients  A,  By  and  C  of  (54),  in  this  numerical  case, 

become 

2 


A  =  1.97X  + 


X 


J5  =  4r2  +  ^  +  0.98x2  _  1  94 
C  =  r*(o.01x»  +  ^  -  0.06x) 


(115) 
(116) 
(117) 


The  quantity  t*  is  given  four  values;  namely,  0.1,  0.01,  0.025, 
and  0.001. 

The  first  computation  consisted  in  determining  z.  For  this 
purpose  the  reduced  equation  (82),  or  (69),  has  been  sufficient  for 
all  values  of  the  computation,  except  for  two  values  that  are 
indicated  in  the  table,  where  it  was  found  necessary  to  use  the 
cubic  (53)  instead  of  the  reduced  equation. 

The  results  for  z  are  given  in  Table  III,  and  are  plotted  in  the 
curves  of  Fig.  6. 

Table  m. — Computed  Values  of  the  Correction  Factor  z  in  the  Special  Case 

in  Which  Si  »  0.8ir,  asSi  »  0.1t  for  the  General  Case  with 

Ss/Si  »x,  and  with  Four  Different  Values  of  t' 


a    t  o 

Values  of  —  «  for 

X  «  at/ OX 

T«  -  0.001 

T«  -  0.01 

T«  -  0.026 

T«  -  0.1 

0.76923 

0.000231 

0.002113 

0.004587 

0.011006 

0.83333 

0.0003287 

0.002892 

0.006250 

0.012031 

0.90909 

0.000^382 

0.005264 

0.009028 

0.012031 

0.95238 

0.0008865 

0.007436 

0.010424 

0.011313 

0.96154 

0.0009358 

0.008066 

0.010619^ 

0.011104 

0.97087 

0.0009728 

0.008687 

0.010641 

0.010858 

0.98039 

0.0010013 

0.010108 

0.010568 

0.010592 

0.99010 

0.0009760 

0  010165^ 

0.010314 

0.010302 

1.00 

0.0009991 

0.009203 

0.009950 

0.009991 

1.01 

0.0009659 

0.008009 

0.009478 

0.009648 

1.02 

0.0009160 

0.007245 

0.008945 

0.009325 

1.03 

0.0008499 

0.006410 

0.008175 

0.008978 

1.04 

0.0007794 

0.006053 

0.007792 

0.008622 

1.05 

0.0007147 

0.005206 

0.007214 

0.008403 

1.10 

0.0003955 

0.002891 

0.004750 

0.006529 

1.20 

0.0001199 

0.000997 

0.001967 

0.003683 

1.30 

0.0000419 

0.000382 

0.000816 

0.001882 

^  In  computing  these  two  values  all  the  terms  of  the  cubic  equation  (53) 
were  used. 
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123.  Computation  of  S'  and  S''  in  tlie  General  Case  with 
Numerical  Constants. — Having  computed  the  values  of  —z 
recorded  in  Table  III,  we  shall  next  make  numerical  computations 
of  S'  and  S".  For  this  purpose,  we  shall  divide  both  sides  of 
(41)  and  (42)  by  Si,  and  replace  Si/ Si  by  x,  obtaining 

S'      1     , ^_ 

g    =  2 V 1  +  x^  +  xz  +  2xVl-  r* 

+  9  y/l  +  x^  +  xz-  2xy/\^        (118) 


2 


S 


Si 


//        2 

-  =    9  Vl  +  X2  +  X5J  +  2x  \/l~"^^ 


-  2  ^1  +  ^'  +  ^2  -  2x  Vl  -  t2      (119) 

Using  the  values  of  x,  — «,  and  t*  given  in  Table  III,  the  values 
recorded  in  Tables  IV,  V,  VI  and  VII  in  the  columns  marked 
S'/S\  and  S"/Si  were  obtained.  These  values  are  plotted  in 
Figs.  7  to  10. 

For  comparison,  to  show  the  effect  of  the  damping  constants  in 
modifying  the  periods,  there  is  recorded  in  parentheses  after 
each  value  of  S'/Si  and  S'V'Si  the  value  obtained  by  regarding 
z  as  zero.  In  Fig.  8  the  dotted  curve  is  a  graph  of  values 
obtained  by  neglecting  2r,  while  the  continuous  line  curve  is  the 
graph  of  true  values  with  z  considered. 

124.  Computation  of  eJ  and  af'  in  the  General  Case  with 
Numerical  Constants. — Continuing  with  the  same  set  of  special 
values,  we  have  next  computed  the  values  of  ratios  expressing 
a'  and  a''  in  terms  of  known  quantities. 

For  the  formulation  of  this  problem,  let  us  first  examine  the 
equation  (47),  which  is  used  to  determine  the  algebraic  sip  s  of 
certain  damping  constant  equations  to  be  employed.  Dividing 
both  sides  of  the  inequality  (47)  by  5j,  and  replacing  S2/S1 
by  X,  we  obtain 

ia^S,  +  a^^)a +  x^  +  xz)  ^  ^^^^  ^  ^^^^^,  ^^20) 

Replacing  aiSi  by  its  special  value  0.3t,  and  a^Si  by  its 
special  value  O.It,  we  obtain 

0.2(1  +x^  +  xz)  >  (1-T*)(0.3  +  0.1x«)  (121) 

as  the  criterion  for  determining  the  signs  in  (48)  and  (49),  which 
we  are  going  to  employ.    If  (121)  is  fulfilled,  the  signs  in  (48) 
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and  (49)  are  correct.    We  shall  next  examine  (48)  and  (49) 
with  a  view  to  using  them  in  the  present  numerical  case. 

Multiplying  (48)  through  by  Si/tr,  and  replacing  a^Si  by  0.3ir 
and  a2Si  by  O.It,  we  obtain 


a/Si  ^     0.2      __  1    /     0.16       _  4(0.03)  4z 

IT  1  -  r*         2  \  (1  -  T^y        1  -  r«    "^  x(l  -  r^) 

=  r?^2{i-vr^}  (122) 

where 

(1  -  r^) 
(p  = 


0.04      l«-«3 
In  like  manner,  from  (49)  we  obtain 


-II 


^  -  r?^  I'  +  vr^i  (123) 

In  using  these  equations  it  is  to  be  borne  in  mtnd  thaty  if  (121) 
is  not  fulfilled,  the  signs  before  the  radicals  in  (122)  and  (123)  are 
to  be  interchanged. 

126.  Criterion  Values. — ^Applying  the  criterion  inequality 
(121)  to  the  present  numerical  cases  it  is  found  that  the  signs 
given  in  (122)  and  (123)  are  correct  for  all  values  of  z  greater 
than  a  certain  limiting  value  for  each  value  of  r*.  These  limit- 
ing values  are  as  follows: 


T« 

Limiting  value  of  z.    Signs  in  (122)  and  (123) 
are  correct  for  x  greater  than 

0.001 
0.010 
0.025 
0.100 

0.999 
0.987 
0.961 
0.805 

Keeping  these  criterion  values  in  mind,  equations  (122)  and 
(123)  were  used  in  computation  of  the  values  of  a'Si/ir  and 
a"Si/T  recorded  in  Tables  IV  to  VII,  and  plotted  in  the  curves 
of  Figs.  11  to  14. 

126.  Examination  of  Results  in  the  General  Case  with  Nu- 
merical Constants. — The  results  contained  in  Tables  III  to  VII 
will  now  be  examined.  The  given  constants  used  in  the  computa- 
tion of  these  tables  are  5i  =  0.3ir,  a2iSi  =  O.lir,  while  the  coeffi- 
cient of  coupling  had  four  different  values  whose  squares  are 
r«  =  0.001,     r2  =  0.01,     t2  =  0.025,     r*  =  0.1. 
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127.  Examination  of  z. — Table  III  contains  values  of  —z  for 
various  values  of  x  (^iSa/Si),  and  for  the  four  diflferent  values  of 
T*.  These  results  are  plotted  in  Fig.  6.  It  will  be  seen  that  in 
each  case  ^z  has  a  maximum. 

For  the  two  smaller  values  of  r*  (i.6.,  for  r^  =  0.001  and  t*  = 
0.01)  the  maximimi  value  of  —2  is  approximately  equal  to  t\ 
and  this  maximum  value  occurs  at  a  value  of  x  a  little  less 
than  imity. 

For  the  two  lai^er  values  of  t*,  the  maximum  value  of  — «  is 
much  smaller  than  r*  and  occurs  at  a  value  of  x  considerably 
different  from  imity. 

128.  Examination  of  the  Undamped  Periods. — ^The  values  of 
the  undamped  periods,  in  the  form  of  their  ratios  to  £11,  are  given 
in  Tables  IV  to  VII,  for  different  values  of  a;  ( =  S2/S1)  and  for  the 
different  values  of  t*.  Each  of  the  tables  corresponds  to  a 
particular  value  of  r^ 

In  these  tables  the  quantities  in  parentheses  are  the  values 
that  are  obtained  if  we  consider  2  to  be  zero,  while  the  values 
not  in  parentheses  are  the  values  obtained  by  giving  z  its  proper 
value,  and  taking  accoimt  of  its  effect  on  the  resultant  periods. 

A  comparison  of  the  values  not  in  parentheses  with  those  in 
parentheses  shows  the  amount  of  the  error  that  would  be  made 
in  this  numerical  case  of  rather  large  damping  if  z  were  entirely 
neglected.  The  effect  of  the  z  differs  with  the  coefficient  of 
coupling  r  and  with  the  ratio  x  of  the  undamped  periods  of  the 
original  circuits. 

Prom  Table  IV,  in  which  r*  =  0.001,  it  is  seen  that  the  effect 
of  2  is  inappreciable  for  large  and  for  small  value  of  x  (that  is, 
for  values  in  which  the  original  circuits  are  widely  out  of  syn- 
chronism), but  at  X  =  1  (i.e.,  with  the  circuits  synchronous)  the 
effect  of  2:  in  this  case  is  to  modify  the  computed  periods  by  about 
1  per  cent.  » 

From  Table  V,  in  which  t*  =  0.01,  it  is  seen  that  at  a;  =  0.98 
the  effect  of  2:  is  to  modify  the  computed  values  by  about  4 
per  cent.  In  this  case  also,  the  effect  of  z  is  hardly  appreciable 
for  lai^e  and  for  small  values  of  x. 

Table  VI,  with  t*  =  0.025,  shows  that  the  effect  of  2?  is  to  modify 
the  computed  periods  by  about  2  per  cent,  for  x  in  the  neighbor- 
hood of  1,  with  this  effect  decreasing  toward  the  small  values 
of  X  and  almost  inappreciable  at  the  large  values  of  x. 

Similarly,  Table  VII,  for  t*  =  0.1,  shows  that  the  effect  of  z 
9 
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Table  IV. — Computed  Values    Involving    Damping    Constants  and  Un- 
damped Periods  in  the  General  Case  with  Various  Values  otx  —  Si/Si. 
Given  6i  =  0.»ir,  asSi  =  O.lir  and  r^  =  0.001 

Values  in  parentheses  are  values  obtained  by  regarding  z  as  negligible. 


X  -  Si/Si 

a'Si/T 

a"5i/T 

1 

SVSi 

s 

"/Si 

0.76923 

0.3000 

0.1004 

1.0007  i 

;i.0009) 

0.7683  { 

;0.7682) 

0.83331 

0.2999 

0.1005 

1.0006  ( 

;i.ooio) 

0.8324  ( 

;0.8320) 

0.90009 

0.2980 

0.1024 

1.0007  i 

;i.0022) 

0.9080  ( 

;0.9066) 

0.95238 

0.2969 

0.1035 

1.0005  1 

;i .  0046) 

0.9514  ( 

;0 .  9476) 

0.96154 

0.2966 

0.1038 

1.0001  { 

;i.0053) 

0.9609  ( 

;0 .  9569) 

0.97087 

0.2966 

0.1039 

i.ooooi 

;i.0067) 

0.9705  { 

;0.9639) 

0.98039 

0.2966 

0.1039 

0.9992  ( 

;i.0083) 

0.9807  ( 

;0.9718) 

0.99010 

0.2966 

0.1038 

1.0003  1 

;i.oii4) 

0.9893  ( 

;0 .  9784) 

1.00 

0.1039 

0.2965 

0.9987  ( 

;i .  0038) 

0.9972  ( 

;0.9938) 

1.01 

0.1037 

0.2967 

1.0072  ( 

;i.oio4) 

1.0023  1 

;0.9977) 

1.02 

0.1034 

0.2970 

1.0136  ( 

;i.oi60) 

1.0059  { 

; 1.0037) 

1.03 

0.1030 

0.2974 

1.0199  ( 

;i.0218) 

1.0096  < 

;i.0079) 

1.04 

0.1029 

0.2978 

1.0270  ( 

;i.0285) 

1.0135  ( 

;i.0128) 

1.05 

0.1025 

9.2981 

1.0332  ( 

1 . 0343) 

1.0163  1 

:i.0154) 

1.10 

0.1007 

0.2997 

1.1014  ( 

:i .  1025) 

0.9982  { 

;0.9973) 

1.20 

0.0994 

0.3010 

1.2013  ( 

;i.2014) 

0.9986  < 

;0.9983) 

1.30 

0.0990 

0.3014 

1.3009  ( 

;i.3009) 

0.9988  1 

;0.9987) 

Table  V. — Same  as  Table  IV,  Except  That  r^  »  0.01 


X  -  8t/Si 

a'Si/x 

a"5i/x 

S'/Sx 

S"/Sx 

0.76923 

0.2900 

.    0.1141 

1.0052(1.0077) 

0.7614  (0.7610) 

0.83333 

0.2857 

0.1183 

1.0071  (1.0105) 

0.8233  (0.8205) 

0.90909 

0.2705 

0.1336 

1.0089(1.0194) 

0.8966  (0.8874) 

0.95238 

0.2532 

0.1508 

1.0087  (1.0294) 

0.9395  (0.9206) 

0.96154 

0.2472 

0.1569 

1.0073  (1.0322) 

0.9499  (0.9270) 

0.97087 

0.2404 

0.1637 

1.0065(1.0307) 

0.9599(0.9327) 

0.98039 

0.2116 

0.1925 

0 .  9960  (1 .  0395) 

0.9795  (0.9386) 

0.99010 

0.19?3 

0.2118 

0.9925  (1.0439) 

0.9925  (0.9437) 

1.00 

0.1672 

0.2368 

1.0121  (1.0489) 

0.9831  (0.9487) 

1.01 

0.1520 

0.2620 

1.0260  (1.0544) 

0.9794  (0.9532) 

1.02 

0.1443 

0.2598 

1.0363  (1.0604) 

0.9793  (0.9572) 

1.03 

0.1370 

0.2670 

1.0470  (1.0667) 

0.9788(0.9607) 

1.04 

0.1340 

0.2701 

1.0559(1.0716) 

0.9801  (0.9658) 

1.05 

0.1279 

0.2762 

1.0666(1.0808) 

0.9796(0.9666) 

1.10 

0.1134 

0.2907 

1.1152  (1.1212) 

0.9815(0.9762) 

1.20 

0.1037 

0.3003 

1.2094  (1.2109) 

0.9879  (0.9867) 

1.30 

0.1006 

0.3031 

1.3086  (1.3091) 

0.9884(0.9881) 
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Table  VI.— 4Saine  as  Table  IV,  Except  That  r^ 

»  0.026 

z  «  St/3i 

o'Si/x 

a"Si/x 

8'/8i 

S"/Si 

0.76923 

0.2766 

0.1336 

1.0079(1.0168) 

0.7538(0.7470) 

0.83333 

0.2653 

0.1450 

1.0175  (1.0242) 

0.8087(0.7983) 

0.90909 

0.2386 

0.1716 

1.0263  (1.0404) 

0.8747(0.8630) 

0.95238 

0.2142 

0.1960 

1.0358(1.0542) 

0.9080(0.8920) 

0.96154 

0.2051 

0.2051 

1.0399(1.0579) 

0.9154  (0.8975) 

0.97087 

0.1969 

0.2123 

1.0422  (1.0619) 

0.9198(0.9028) 

0.98039 

0.1892 

0.2210 

1.0464(1.0651) 

0.9252  (0.9068) 

0.99010 

0.1802 

0.2300 

1.0512  (1.0711) 

0.9293  (0.9128) 

1.00 

0.1719 

0.2383 

1.0573  (1.0762) 

0.9339  (0.9176) 

1.01 

0.1640 

0.2463 

1.0639(1.0818) 

0.9375  (0.9219) 

1.02 

0.1570 

0.2532 

1.0708  (1.0876) 

0.9405(0.9260) 

1.03 

0.1488 

0.2615 

1.0787  (1.0937) 

0.9429  (0.9298) 

1.04 

0.1449 

0.2653 

1.0861  (1.1014) 

0.9457  (0.9346) 

1.05 

0.1399 

0.2704 

1.0941  (1.1069) 

0.9477(0.9367) 

1.10 

0.1222 

0.2881 

1.1362(1.1437) 

0.9559  (0.9465) 

1.20 

0.1070 

0.3033 

1.2265  (1.2291) 

0.9662  (0.9642) 

1.30 

0.1019 

0.3084 

1.3208(1.3217) 

0.0719(0.9713) 

Table  Vn. — Same  as  Table  IV,  Except  That 

r«    =:  0.1 

« 

X  -  St/Si 

a'SiA 

a"5i/x 

S'/Si 

5'75i 

0.76923 

0.2346 

0.2098 

1.0481  ( 

;i.0552) 

0.6963  < 

;0.6916) 

0.83333 

0.2139 

0.2304 

1.0570  ( 

;i.0732) 

0.7502  \ 

;0.7262) 

0.90909 

0.1855 

0.2589 

1.0917  ( 

;i .  1013) 

0.7901  1 

[0.7833) 

0.95238 

0.1688 

0.2756 

1.1116  ( 

;i.i2i8) 

0.8128  1 

[0.8052) 

0.96154 

0.1655 

0.2790 

1.1162  1 

;i.l263) 

0.8172  { 

[0.8099) 

0.97087 

0.1«20 

0.2824 

1.1213  ( 

;i.i3i2) 

0.8214  < 

:0 .  8142) 

0.98039 

0.1586 

0.2858 

1.1266  ( 

;i .  1363) 

0.8256  1 

[0.8186) 

0.99010 

0.1552 

0.2892 

1 . 1322  ( 

;i.i4i7) 

0.8297  ( 

[0.8227) 

1.00 

0.1519 

0.2926 

1 . 1381  ( 

;i.l473) 

0.8336  I 

[0.8269) 

1.01 

0.1485 

0.2960 

1.1441  ( 

;i.i53i) 

0.8375  ( 

[0.8310) 

1.02 

0.1455 

0.2990 

1.1504  ( 

;i.i59i) 

0.8412  1 

[0.8349) 

1.03 

0.1424 

0.3020 

1.1569  ( 

;  1.1653) 

0.8447  { 

;0.8386) 

1.04 

0.1395 

0.3049 

1 . 1633  ( 

.1.1715) 

0.8481  < 

;0.8423) 

1.05 

0.1376 

0.3068 

1.1701  ( 

;i .  1779) 

0.8514  ( 

[0.8457) 

1.10 

0.1250 

0.3195 

1 . 2045  ( 

;i.2106) 

0.8643  ( 

[0.8599) 

1.20 

0.1127 

0.3317 

1 . 2847  < 

;  1.2875) 

0.8863  ( 

;0.8836) 

1.30 

0.1020 

0.3424 

1 . 3702  ( 

;i.3718) 

0.9001  ( 

[0.8991) 
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on  the  periods  is  small  for  large  values  of  z.  The  effect  of  2  is 
about  1  per  cent,  on  computed  periods  for  values  of  x  between 
about  0.95  and  1 .02.  For  small  values  of  z  the  effect  of  2:  is  smaller 
than  in  the  neighborhood  of  a;  =  1,  but  is  still  considerable  for 
the  smallest  value  of  x  used  in  the  computations. 

It  will  be  interesting  to  compare  the  effect  of  z,  which  is  the 
effect  of  the  damping  constants,  on  the  resultant  undamped 
periods  S'  and  S",  with  the  effect  of  the  damping  constants  oq 
the  original  periods  Ti  and  T2  of  the  circuits  if  not  coupled. 

Let  us  note  that  for  any  oscillatory  single  circuit  the  undamped 
period  and  the  free  period  have  respectively  the  values 

5  =  2jr/Q,         r  =  27r/«  =  2irly/W^  (124) 

whence 

I  =  Vl  -  aVfl'  =  Vl  -  a«SV4ir«  =  Vl  -  5V4i^*  (125) 
=  1  —  5*/8ir*,  approximately 

Using  the  values  of  5i  pertaining  to  this  numerical  example 
(O.Stt),  we  have 

1^- =  1-0.011, 

while  if  h\  were  zero  S\  would  be  equal  to  Ti,  so  that  the  effect 
of  the  damping  in  this  circuit  alone  is  to  modify  its  period  by 
about  1  per  cent.  For  the  other  circuit  with  the  decrement  61, 
which  is  smaller,  the  effect  would  be  less. 

It  appears,  therefore,  that  in  the  coupled  system,  the  effect  of 
the  decrements  in  modif3dng  the  periods  is  as  much  as  four  times 
as  great  as  with  a  single  circuit  standing  alone  (compare  Table 
V). 

Let  us  refer  now  to  the  curves  of  Figs.  7  to  10.  In  these 
curves  S' ISx  and  S'^/Si  are  plotted  as  ordinates  and  x  ( =  St/ Si) 
is  plotted  as  abscissae.  We  have  adhered  to  the  convention  that 
of  the  two  quantities  S'  and  S",  the  greater  shall  ^be  designated 
S'.  In  Pigs.  7  and  8,  for  r^  =  0.001  and  r^  =  0.01  respectively, 
the  curves  consist  of  two  lines  that  cross;  and  the  upper  part  of 
each  of  these  lines  has  been  designated  S'/Si  and  the  lower  part 
S"/Si  to  conform  to  the  convention  that  S'>S'\  In  Figs. 
9  and  10,  which  are  for  r*  =  0.025  and  r^  =  0.01  respectively,  the 
two  curves  do  not  cross  or  touch,  and  the  curves  for  S'/Si  and 
S"/Si  are  widely  separated.    The  curves  in  these  cases  of  the 
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larger  coefficients  of  coupling  are  very  similar  in  character  to  the 
corresponding  period  curves  in  which  the  resistances  were  con- 
sidered to  be  zero,  as  in  the  dotted  curves  of  Fig.  8.  The  values 
in  the  present  cases,  as  given  in  Tables  VI  and  VII,  in  which  the 
decrements  are  rather  large,  differ  by  as  much  as  2  per  cent. 
from  the  values  obtained  by  neglecting  the  resistances. 

A  criterion  can  be  obtained  theoretically  that  will  determine 
in  any  particular  case  whether  the  curves  of  S'  and  S^'  meet,  as  in 
Figs.  7  and  8,  or  do  not  meet,  as  in  Figs.  9  and  10,  but  this  in- 
vestigation is  here  omitted. 

129.  Examination  of  Damping  Constants. — ^Tables  IV  to  VII 
contain  values  of  a'Si/r  and  a^'Si/ir  for  various  values  of  x 
(  =  St/ Si)  and  for  four  values  of  t^,  as  indicated  in  the  headings 
to  the  tables.  Here,  as  always,  a'  is  the  damping  constant  in 
the  coupled  S3rstem  belonging  to  the  undamped  period  S',  which 
is  the  larger  of  the  resultant  undamped  periods,  and  a"  is  the 
damping  constant  in  the  coupled  S3rstem  belonging  to  S",  which 
is  the  smaUer  of  the  resultant  undamped  periods. 

Curves  corresponding  to  these  damping  constants  are  plotted  in 
Figs.  11  to  14,  with  x  as  abscissS;  and  with  a'Si/x  and  a"Si/ir  as 
ordinates. 

In  Fig.  11,  which  is  for  the  case  of  r*  =  0.001,  it  is  seen  that 
for  a  range  of  x  extending  nearly  up  to  x  =  1,  a'Si/iris  approxi- 
mately equal  to  0.3  (which  is  the  value  of  aiSi/v  =  Si/t  =  0.3  in 
this  numerical  case).  The  same  quantity  is  approximately 
equal  to  0.1  (that  is,  approximately  equal  to  a2Si/'jr)  for  a  range 
of  X  extending  from  x  =  1  on  up  to  the  largest  value  of  x  given. 
The  curve  of  a"Si/T  does  the  same  thing  over  a  reversed  pair 
of  ranges. 

We  may  express  this  result  as  follows: 

In  this  special  case  of  t*  =  0.001,  we  see  thai 
I.  Ifx<  0.99, 

a'  =  ai  and  a"  =  o^,  approximaiely, 
II.  Ifx  >  1, 

a'  ==  a^  and  a"  =  ai,  approximately j 
III.  Between  x  ==  0.99  and  x  =  1,  a'  and  a"  undergo  transition, 
IV.  Atx  ^  0.995  the  damping  constants  a'  and  a"  are  equal. 

These  simple  relations  are  incident  to  the  looseness  of  the  coupling 
in  this  case. 
The  curves  of  Fig.  12  show  that  with  the  larger  coefficient  of 
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plotted  against  S2/S1  for  Bi  «  0.3r,  a*Si  =  O.It.  r*  =  0.001. 
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coupling  (with  r^  =  0.01)  the  region  of  transition  is  spread  out  so 
that  it  embraces  practically  the  whole  plotted  range  of  x.  The 
intersection  point  in  this  case  is  at  about  x  =  0.987. 

With  still  larger  coefficients  of  coupling  (with  t*  =  0.025  and 
T*  =  0.1),  the  curves  of  Figs.  13  and  14  show  that  the  inter- 
secting points  are  still  further  shifted  toward  the  smaller  values  of 
X.  These  points  appear  at  x  =  0.961  and  x  =  0.805  respectively, 
as  has  been  previously  determined. 

m.  THE  LOOSE  COUPLED  SYSTEM 

130.  Determination  of  the  Oscillation  Constants  When  r  =  0. 

We  can  best  obtain  the  result  in  this  case  by  letting  t*  =  0  in 
the  original  fourth  degree  equation  (10),  which  then  factors  into 

k^  +  2aik  +  Qi^  =  0,  or 

&«  +  2a2k  +  122^  =  0, 
whence  replacing  either  0^  by  a*  +  a>^,  we  have 

k^  +  2aik  +  ai^  =  —  wi^,  or 
k^  +  2(i2k  +  Oz^  =  —  «2*. 

Extracting  the  square  roots  we  have 

k  ==  — ai  ±  jwi,  or 

k  =   —  flj  ±  J0>2* 

From  the  definitions  of  k  given  in  (20)  we  see  that 

a'  =  ai,  or  aj,    a"  =  at,  or  ai  (126) 

«'  =  wi,  or«2,     <a"  =«2,  or  «i  (127) 

By  a  combination  of  these  equations  we  obtain  also 

S'  =  Su  or  St,    S"  =  52,  or  Si  (128) 

The  ambiguity  of  these  values  can  be  removed  by  use  of  the 
convention  that  S'  is  greater  than  S^',  so  that 


if  Si  >  St,     a'  =  ai,    «'  =  «i,    5'  =  Si 

a"  =  oj,  «"  =  «2,  S"  =  St 

while 

if  iSi  <  St,  a'  =  02,   «'  =  «2,   S'  =  St 
a"  =  ai,  «"  =  «i,  S''  =  Si 


(129) 


(130) 
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For  convenience  we  may  also  here  write  the  values  of  the 
periods  and  wavelengths,  as  follows: 

if  Si  >  St,  r  =  Ti,  T"  =  r,,  X'  =  Xi,  w  =  x,     (isi) 

while 

if  Si  <  St,  r  =  Tj,  r'  =  Ti,  X'  =  Xa,  X"  =  Xi        (132) 

Equations  (129)  to  (132)  give  the  values  of  the  oscillation  con^ 
stants  of  the  coupled  system  in  terms  of  the  values  of  the  constants 
of  the  system  not  coupled,  provided  r^  is  effectuaUy  zero. 

The  next  Chapter  will  treat  of  the  amplitudes  in  the  system 
of  two  magnetically  coupled  circuits. 


CHAPTER  X 

AMPLITUDE  AND   MEAN   SQUARE   CURRENT   IN  THE 
INDUCTIVELY  COUPLED   SYSTEM   OF  TWO   CIRCUITS 

131.  Continuation  of  Preceding  Chapter. — In  the  preceding 
chapter  the  discussion  was  confined  mainly  to  the  periods  and 
damping  constants  of  the  coupled  system  of  two  circuits  related 
as  shown  in  Fig.  1  of  Chapter  IX. 

However,  in  equations  (15)  and  (16)  we  have  given  the  general 
expressions  for  the  currents  t'l  and  tj  in  the  two  circuits  respec- 
tively in  the  form 

i,   =    2^-«*^Lx,„^„    -    1     9     q    A  (1) 

t,  =  SB,**"*/  '     •     '  (2) 

We  have  found  that  the  four  A's,  ki,  fcj,  kz  and  ^4,  are  the  four 
roots  of  a  fourth  degree  algebraic  equation,  (19)  Chapter  IX, 
and  that  these  roots  may  be  written  as  two  pairs  of  conjugate 
imaginary  quantities  as  follows: 

fci  =  —a'  +iw',        kt  =  —a"  +  i«", 
fcj  ==  —a'  —  jo)',        ki  =  —a"  —  j<a'\ 

In  the  preceding  chapter  the  discussion  of  these  roots  was 
entered  into  at  length.  We  propose  now  to  return  to  the  matter 
of  the  amplitudes  of  the  primary  and  secondary  currents,  for 
two  sets  of  initial  conditions  based  on  two  modes  of  exciting  the 
oscillation.  These  two  methods  are  first.  Excitation  by  Discharg- 
ing the  Primary  Condenser  and,  second,  Excitation  by  Discharging 
the  Primary  IndxictaThce,  These  titles  will  constitute  the  major 
headings  of  the  material  of  the  present  Chapter. 

EXCITATION  BY  DISCHARGING  THE  PRIMARY  CONDENSER 

132.  Initial  Conditions  with  Ci  Initially  Charged  and  Allowed 
to  Discharge. — If  the  primary  condenser  Ci  is  supposed  to  be 
initially  charged  with  a  quantity  of  electricity  Qi,  while  the 
secondary  condenser  is  initially  uncharged,  and  if  the  currents 
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in  the  primary  and  secondary  circviits  are  initially  zero,  we  shall 
have  the  initial  conditions, 

t   =  0 

ti  =  0 

it  =  0 

«i  =  J'tidt  =  Qi 
Q»  =  J'tidt  =  0 

These  initial  conditions  when  substituted  into  (1)  and  (2)  give 

XAn  =  0,       SB,  =  0 1 


(3) 


(4) 


^T^^''    ^-=0 

fvH  '*'» 


(5) 


where  2  denotes  a  summation  extended  to  n  =  1,  2,  3,  4. 

133.  Relations  Among  the  A's  and  B's. — There  are  four  rela- 
tions among  the  A's  and  B's  as  given  in  equation  (7)  or  (8)  of 
the  preceding  chapter,  for  each  of  these  equations  for  any 
given  A,  B^  and  k,  all  with  the  same  subscript  1,  2,  3,  or  4.  The 
subscripts  of  the  L,  fi,  and  C,  are  not  to  be  permuted  with  per- 
mutation of  the  subscripts  of  Ay  B,  and  k. 

The  equations  (7)  and  (8),  when  each  is  divided  by  kj  miay  be 
written 

UB.  +  *»f;  +  ^fl  =  ^^^  <^) 

We  may  now  perform  useful  eliminations  among  equations 
of  the  type  of  (6)  and  (7)  as  follows: 

If  we  take  the  sum  of  the  four  equations  comprised  in  (6)  when 
n  is  given  respectively  the  values  1,  2,  3,  and  4,  we  obtain 

Li2A,  +  /2i2  ^  -h  ^  S^,  =  MSB.  (8) 

whence,  by  (5), 

0  +  fiiQi  +  ^^  S^,  =  0  (9) 

and  by  transposition 

S^  =  ~  CiftiQx  (10) 

A  similar  treatment  of  equation  (7)  gives 

sfi  =  0  (11) 
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If  we  next  take  equation  (6),  and  divide  it  by  kn,  we  shall  have 
four  equations,  corresponding  respectively  to  n  =  1,  2,  3,  and  4. 
If  now  we  add  these  four  equations,  we  obtain 

'■4: + 8-^ + ^  ^  -  "^t 

which  in  v'?w  of  (6)  and  (10)  reduces  to 

LiQi  "  CiRiHii  +  ^  2^,  =  0. 
This,  by  transposition,  gives 


ZP  =  Ci^i^Qi  -  LiCiQi 


(12) 


A  corresponding  treatment  of  the  four  equations  compre- 
hended in  equation  (7)  gives 


2^ 


=  MCtQi 


(13) 


134.  Summary  of  These  Results. — With  excitation  of  the 
system  by  discharging  the  primary  condenser  initially  charged 
with  a  quantity  Qi  of  electricity,  the  four  A's  and  the  four  B'a 
were  found  to  satisfy  the  following  group  of  equations 


2A„  =  0, 

4; '  * 

Sr-j  =    ~  CiRiQif 


2Bn=    0 


B, 


=  0 


Sa  =  MC/ir 


A.* 

A 


(14) 


136.  Determination  of  tiie  Values  of  Bi,  Bt,  Bt,  and  B4.— 

The  values  of  the  several  B's  may  be  determined  by  solving  the 
four  simultaneous  B-equations  of  (14).  Bi  is  thus  found  to  be 
given  by  the  determinant  equations 


B, 


1 

1 

1 

1 

1 

1 

1 

1 

*l 

kt 

kz 

^4 

1 

1 

1 

1 

fcl» 

Jb,* 

*,' 

ki* 

1 

1 

1 

1 

=  -MCiQi 


ki*  k,*  fcs*  k 


*t 


1 
1^ 

k2 
1_ 

k,* 


1 

i_ 

k, 
1 


1 
1^ 

k, 
1 


*,»      ^4* 


(51) 
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Subtracting  the  first  column  of  the  left-*hand  determinant  from 
each  of  the  other  columns,  and  casting  out  the  first  row  and 
column,  we  obtain 


1      1 

1        1 

1        1 

kt      ki 

kt      ki 

^^4      ki 

1         1 

1         1 

1       1 

*,*      fci* 

*,*      ki* 

*«»      ki* 

1         1 

1         1 

1         1 

kt*      ki* 

*!,»      ki* 

*«»      ki* 

Factoring  we  obtain 
^'W,~kJ  (kt  ~kJ\Ft~  f}^ 


(16) 


II 
kt^ki 


1 


+ 


1 


1 

^  +  ^ 

kt^ki 


+^. 


1 
1 


■^■^h 


+ 


1 


k2ki      ii*     is*      kjci      fci*      ki*      kiki      ti*) 

The  determinant  of  this  last  expression  may  be  simpUfied 
by  subtracting  l/ki  times  the  second  row  from  the  third  row, 
and  1/ki  times  the  first  row  from  the  second,  giving  for  the  determi- 
nant factor  alone 

This  determinant  is  to  be  multiplied  by  the  factors  before  the 
multiplication  sign  in  (16)  and  equated  to  the  right-hand  side 
of  (15),  and  gives  as  the  resultant  equation 

MC2Qiki%ikJc4 


1 

1 

1 

1 

1 

1 

kt 

kt 

k4 

1 

1 

1 

kt* 

kt* 

^4* 

{ki  -  ktXki  -  A!,)(*!i  -  &«) 
In  a  similar  manner  we  may  obtain 

MCtQikt*kiktkt 


(17) 


B,  =  - 


B,  =  - 


B,=  - 


(Jkt  —  ki)(ki  —  kt)(kt  —  ^4) 

MCtQikt*kik,ki 

{kt  -  ki){kt  -  ki)(,kt  -  *;«) 

MCtQik^'kikikt 

Ik*  -  kl){k^  -  ki){kt  -  kt) 


(18) 


(19) 


(20) 
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Here  it  is  seen  that  with  the  given  set  of  initial  conditions 
the  B's  are  completely  determined  in  terms  of  the  values  of  the 
A's.  The  values  of  Ai,  A2,  A 3,  and  -4.4,  can  be  obtained  from 
the  corresponding  values  of  the  fi's  by  use  of  the  equations  (7). 
We  shall,  however,  not  write  out  the  values  of  the  A%  but 
shall  continue  an  investigation  of  the  B'b.^ 

136.  Determination  of  is  in  Trigonometric  Form. — If  now 
we  introduce  into  the  equation  for  Bi  the  value  immediately 
following  equation (2),  of  the  A;'s  in  terms  of  a's  and  a>'s,  and  if  we 
write,  as  usual, 

we  obtain 

Bi  =  -MC2Q1 

L2jV{a"  -  a'  +  i(co'  -  co")}  {a"  -  a'  +  j(co'  +  w")}  J     ^  ^ 

Now  recalling  that  a  complex  quantity  may  be  written  in 
the  exponential  form,  with  the  type 

and  letting 

VHa"  -  ay  +  tco'  -  co'O^}  I  (a"  -  a'y  +  (co'  +  cu'OM 
and 

c£>i  =  2  tan-^ ,  —  tan"^  -,7 7  —  tan-^  -77 -,      (23) 

^  —  a  a    —  a  a '  —  a       ^ 

we  obtain 

If  now  we  treat  B2  in  the  same  way,  we  shall  find  that  B« 
di£Fers  from  Bi  only  in  that  the  «'  has  a  different  sign.  It 
will  be  seen  that  this  changes  the  sign  of  the  ^1,  and  also  changes 
the  sign  of  the  whole  quantity,  since  co'  enters  as  a  divisor. 
That  is, 

^*  =  +  W  *  ^^^ 

^  Up  to  here  this  chapter  follows  more  or  less  closely  P.  Drude,  Ann,  d. 
Phy8.,  25,  p.  512,  1908.  At  this  point  I  depart  from  Drude  to  avoid  an  error 
he  makes  in  that  on  p.  531  in  taking  a  time  derivative  of  his  equation  (51) 
he  overlooks  the  fact  that  B  is  a  function  of  the  time.  The  same  error  is 
made  by  Bjerknes  before  Drude  and  persists  through  much  of  the  literature. 
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A  similar  treatment  of  Bt  and  £«  gives 

^*  =  -  W  '^'^  ^''^ 

in  which 

^  =  2  tan->  — -r,  -  tan-'  -r, -r  +  tan"'  y      .     (27) 

If  now  we  introduce  these  quantities  into  equation  (2)  for 
t's,  we  shall  have 


2i 


ffn"*    _...  f  «»■(-"«+»«>  -  t-^(""*+w) 


«" 


« 


."«. 


2j 
This  equation  becomes  in  trigonometric  form 


)  (28) 


t,  =       ^,"    «-•"  sin  (w'i  +  v»i)  -  — h-  «-"•  sin  («"<  +  *>,)   (29) 

CO  CO 

where  H^  (pi,  and  ^2  are  defined  in  equations  (22),  (23),  and  (27). 

Equation  (29)  gives  the  exact  value  of  the  current  iz  in  the  secondary 
circuit  of  the  coupled  system  produced  by  the  discharge  of  the  con- 
denser Ci  in  the  primary  circuit.  The  condenser  C\  was  initially 
charged  with  a  quantity  of  electricity  Qi. 

137.  Integral  Effect  in  Secondary  Circuit — If  the  secondary 
circuit  contains  a  hot-wire  ammeter  or  other  instrument  that  is 
affected  proportionally  to  the  square  of  the  current,  it  becomes 
important  to  obtain  the  value  of  the  time  integral  of  the  square 
of  the  current  extended  over  the  time  of  one  complete  discharge. 
If  we  call  this  integral  J,  then  by  direct  integration  of  the  square 
of  (29),  we  obtain 

Uw'V  ^  4co"V'  ^^^ 

+ 1^,  cos  (2^91  -  tan->^^,)  (2) 

a"*  u" 


Term  No. 


COS  [,p,  -  ,>,  -  tan  t  ^^jT-^—^^} 
VW+  a"y  +  («'"-"«")» 


(4) 


/  _      «'  +  w"    \ 

C08^v»i  +  *»»  -  tan  I  37-/  ^  ^m) 

Via'  +  a")^'+~(o>''+  Z'~'r 


(5)  (30) 
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The  terms  of  this  equation  are  numbered  for  futiu'e  reference. 

Equation  (30)  is  exact.  It  gives  the  integral  of  the  sqiMre  of  the 
secondary  current  produced  by  the  discharge  of  a  condenser  in  the 
primary  circuity  in  terms  of  the  resultant  damping  constants  and 
anguiar  velocities. 

We  shall  next  abandon  strict  acciu'acy  and  see  how  to  replace 
equation  (30)  by  an  approximation  suitable  for  calculation  in 
certain  important  cases. 

138.  Approximate  Treatment  of  the  Integral  Effect  with 
Neglect  of  a^  in  Comparison  with  a)\ — As  an  approximation 
to  the  value  of  /,  let  us  first  neglect  all  of  the  squares  of  the  a's 
and  the  product  of  two  a's  in  comparison  with  the  squares  of  the 
a>'s  or  in  comparison  with  the  product  of  two  w's,  except  where 
there  appears  differences  of  the  squares  of  the  w's. 

The  term  marked  (I),  within  the  brace  of  (30),  is  of  the  order 
«V2a.  The  coefficients,  within  the  brace,  of  the  trigonometric 
quantities  that  occur  in  the  other  terms  have  order  as  follows: 

Table  of  Order  of  Coefficients  of  the  Trigonometric  Quantities  in  Various 

Terms  of  (80) 


Order  relative  to  the  order 

Term  No. 

Order 

of  term  (1) 

(2) 

a,/4 

a/2« 

(3) 

«/4 

a/2<a 

(4) 

(J^/2a^ 

1 

(5) 

a,/2 

a/ia 

We  shall  next  examine  the  trigonometric  quantities  by  which 
these  coefficients  are  to  be  multiplied. 

Let  us  call  the  trigonometric  quantities  in  terms  (2),  (3),  (4), 
and  (6)  respectively,  F2,  Fj,  F4,  and  F^.  In  these  trigonometric 
quantities  we  shall  expand  the  antitangents  of*  those  quantities 
known  to  be  large  (that  is,  of  the  order  of  w/a)  by  the  well  known 
formula 

^         ...     ,wherea;2>l       (31) 


tan""^ X  =  zL h«  . 

2      x^3x« 


and  shall  neglect  terms  of  the  order  of  a^/u)^  in  comparison  with 
a/ca. 

^  In  the  extreme  case  in  which  (eo'  —  o)")'  happens  to  be  negligible  in 
comparison  with  2(c'  -|-  a")^.  To  cover  all  contingencies  we  estimate  its 
order  as  large  as  it  can  ever  be. 
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This  gives 

Fj  =  sin  2tan-»  —, > j \   .     ,/  ' 

L  o    —  a        «  «  + «     J 

r2a'      2o",2(o"-o')       .     _.     «' -«"   l 

F4  =  —  cos  —J- J7-+      ,  , — 77^  —  tan  * — 7-77—, — r;   ' 

L«        «  «  +«  —  (o    +a)J 

F.  -  -8in[2tan  •^,,-3^,+^^rTp^-^--^J- 

Let  us  now  continue  our  omission  of  squares  or  higher  powers 
of  a/u  in  comparison  with  unity,  and  expand  the  above  expres- 
sions, with  replacement  of  sin  (a/u)  by  a/w  and  cos  (a/co)  by  unity. 
This  process  gives 

P,  =  sm[2tan-^,^^^,J-  [-^  +-ij,-^Jcos 

„  To*      !«'  -  «"l      r3«"      2(a''  -  o')l 

F.  =  8m[2tan-^,^^^J  -  [^  -    ,.  ^  ,»  Jcos 

F.  -  -  cos[tan-'  4a'"+ lol  " 

r2a'      2a"  ,  2(a"  -  a')l  •   Fx       .     «'  -  «"    1 

F.--8in[2tan-^;^;]  + 

r2a'      2o"      a'  +  a"-\       r„.     _.a/-«"l 

— r  +  -75- /   ■     /,  cos  2tan-i  —, >  • 

L «        0)         u  + «  J       L  o    —  a  J 

• 

The  cosine  terms  in  the  expressions  for  F^,  Fs,  and  Fh  have  as 
multipliers  quantities  of  the  order  of  a/co,  and  since  the  coeffi- 
cients by  which  these  F's  are  to  be  multiplied  in  forming  J  (see 
Table  of  Coefficients)  are  of  the  relative  order  of  a/co,  these  cosine 
terms  will  be  neglected  leaving 

~F.  =  F,  =  Ft  =  sin  (2  tan-*  ^^£^') 

2(a"  -  aO(a>' -  0,")  ^3^^ 


i 


(a"  -  a')*  +  («'  -  w")» 

10 
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.  The  remaining  F,  Fa,  written  out  by  the  formulas  for  the  sine 
and  cosine  of  an  antitangent,  gives 


Fa  = 


„  ,     ,      r2o'      2a"  .  2ia"  -  oQi .  ,        „. 

\/(a"  +  o')*  +  («'  -  «")« 

V'  J.  V  _  (<^'  -  "'0  f  2(a'«"«  -  o"«'«)  1 
"*    "^^        («'  +  «")l 


«'co" 


, (33) 

V(o"  +  ay  +  («'  -  «")* 

If  now  we  introduce  these  several  results  into  (30)  and  at  the 
same  time  replace  the  O's  by  u's,  we  obtain 


(«'  -  «")» r  (o"  -  «')(«'  -  «.") 


+ 


2(«'  + 


OT     (o" -o)(to   -  w")      1 
«")L(a"-a')*  +  (o.'  -w'O'J 


Term  No. 

(1) 

(2) 


// 


«'«"(o"  +  o')  -  2(a'«"«  -  a"«'*)  Vi-^ 

ft)    +  w 


(a"  +  a')*  +  («'  -  «") 


where 


(3)  (34) 


J 
H  = 


/•oo 


JlfCQico'^co"* 


(w'  +  a)'OV(a"  -  a')^  +  (w'  -  co'O' 


(35) 


Equation  (34)  /or  J  (jrtVea  tAe  integral  of  the  square  of  the  secondary 
current  for  a  complete  discharge  under  the  condition  thai  the  square 
of  each  of  the  damping  constants  a  is  negligible  in  comparison  vnth 
the  square  of  the  angular  velocities  co.  No  other  approximation 
has  been  made.  The  result  is  in  terms  of  the  damping  constants 
and  arhgular  velocities  of  the  coupled  system. 

139.  Value  of  tibe  Integral  of  tibe  Square  of  tibe  Secondary 
Current  for  Two  Circuits  of  Small  Damping^  Nearly  in  Rescmance 
and  Very  Loosely  Coupled. — Under  the  conditions  given  in  this 
caption,  the  expression  for  the  time  integral  of  the  square  of 
the  current  in  the  secondary  circuit  reduces  to  a  simple  form. 
Assumptions  are  to  be  made  as  follows: 

Assumption  L — The  damping  constants  are  supposed  to  be  so 
small  that  their  squares  are  negligible  in  comparison  with  the 
squares  of  the  angular  velocities.    This  assumption  is  fulfilled 


k 
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by  circuits  even  when  the  damping  constants  are  large  enough 
to  cut  the  amplitude  of  current  to  one-half  in  one  oscillation. 
The  introduction  of  this  assumption  permits  the  use  of  equation 
(34)  for  J. 

Assumption  IL — The  coefficient  of  coupUng  is  supposed  to  be 
so  small  that  we  may  with  close  approximation  take 


or  ./  /  /  - 

a   =  atf  a    =  ai,  w   =  0)2)  «     =  a>i 


(36) 


as  in  equations  (129)  and  (130),  Chapter  IX. 

Assumption  III. — The  two  circuits  are  assumed  to  be  nearly 
in  resonance  so  that  co2  is  nearly  equal  to  (oi,  and,  except  in 
difference  terms  we  shall  replace  coi^,  co2^  and  cuicus  by  a  common 
quantity  co^.    Also  we  shall  assume 

C02  —  coi  <  <  2«  (37) 

Referring  now  to  .equation  (34)  it  is  seen  that  these  assumptions 
make  the  term  marked  "Term  No.  (2)  *'  negligible  in  comparison 
with  the  term  No.  (1),  since  the  quantity  in  the  square  bracket 
in  No.  (2)  cannot  be  greater  than  3^^. 

Also  it  is  seen  that  in  Term  No.  (3)  the  term  in  the  numerator 
subtracted  from  w'w"  (a"  +  a')  is  negligible. 

In  the  remaining  terms,  making  the  substitutions  called  for 
in  Assumption  II,  we  obtain  from  (34)  the  following  simpUfied 
approximate  value  of  J: 

_  g'a)«.  1       J. 4(ai  +  gg)  ,         .^^. 

•^  ■"     4    ^ai^at      (ai  +  a^y  +  (wi  -  C02)*'        ^  ^ 
where 

2V(a2  -  ai)2  +  (0)1  ~  co2)» 
Equation  (38)  reduces  to 

J  ^  H^<j>\ai  +  02)  r(ai  -  02)^  +  (<«»  -  c«)a)^  .^^. 

4ai02  (oi  +  02)*  +  (o)!  —  0)2)* 

Substituting  for  H^  its  value  from  (39),  we  obtain 

J  ^  Jlf^C2^<?i'a)^  ai  +  02  /^jx 

16aia2  (fli  +  02)*  +  (coi  —  0)2)^ 

Equation  (41)  gives  the  value  of  J  (which  is  defined  as 

i^dt) 


Jf*oo 
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in  the  case  of  a  secondary  circuU  very  loosdy  coupled  to  a  primary 
circuit,  when  the  condenser  in  the  primary  is  charged  with  a  quantity 
of  electricity  Qi  and  allowed  to  discharge.  The  two  circuits  are 
supposed  to  have  damping  constants  whose  squares  are  negligible 
in  comparison  with  the  squares  of  the  angular  velocities^  and  the 
circuits  are  supposed  to  be  not  m,ore  than  5  or  10  per  cent  out  of 
resonance. 

The  next  section  shows  a  method  of  u^ng  (41)  to  obtain  the  decre- 
ment of  an  unknown  circuit, 

140.  Determination  of  the  Decrement  of  an  Unknown  Circtiit 
by  Measuring  the  Integral  Square  Current  in  ia  Secondary 
Circuit  Loosely  Coupled  with  the  Unknown  Circuit — One  of  the 
usual  methods  of  measuring  the  logarithmic  decrement  di  of  ao 
oscillatory  circuit  is  repeatedly  to  charge  and  discharge  the  con- 


WftTeJfeter 


II 


O 


Fio.  1. — For  determining  decrement  of  circuit  I.     Circuit  II  is  a  wavemeter 
with  variable  condenser  Cx,  and  a  current-measuring  instrument  at  A. 


denser  Ci  (Fig.  1),  or  inductance  Li  of  the  given  circuit,  and 
to  make  wavelength  measurements  and  integral  square  current 
measurements  in  a  loosely  coupled  standard  secondary  circuit 
(II)  of  small  decrement  di.  The  standard  circuit  is  usually  a 
wavemeteTy  or,  if  caUbrated  to  read  directly  in  decrements,  a 
decremeter. 

The  approximate  formulas  for  obtaining  decrements  by  this 
method  are  derivable  from  (41).  If  we  call  the  value  of  J  when 
0)2  =  cin  the  resonant  value  of  J,  indicated  by  Jr,  we  have  from  (41) 


Jr   = 


16aia2(ai  +  at) 


(42) 


k 
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By  dividing  (41)  by  (42),  we  obtain 


y-Tr- 


J  (oi  +  a,)* 


(o,  +  o,)» 

+  («!- 
1 

.  «,)* 

1  +    "'*    f  1 

W2I    * 

^^^         ^^^— 

(43) 


Let  us  now  recall  that 

ai  =  flii  1  =  , 

and  at  the  same  frequency 

dt  =  flji  1  = , 

also  "^^ 

W2/W1  =»  Xr/X,  where 

Xr  =  the  wavelength  setting  of  the  wavemeter  at  resonance, 
X   =  its  wavelength  setting  for  the  reading  J. 

In  terms  of  these  quantities  equation  (43)  becomes 

1 


y  == 


4t^ 
1  + 


whence  ^''i  +  <^«)* 

d,  +  d,  -  ±  — !==i-t  -  ±  — L=Ai  (44) 

in  which  that  sign  before  the  radical  is  to  be  taken  that  makes 
di  +  di  positive. 

A  simple  way  of  applying  the  formula  is  as  follows:  Plot  a 
resonance  curve  of  J  against  X,  as  is  illustrated  in  Fig.  2.  Then 
if  we  take  the  two  values  of  X  (Xa  and  X6  say)  that  give  the  same 
value  of  J,  and  call 

Xa  -  X6  =  AX  (45) 

we  shall  have  from  (44) 

d,  +  d,-+—~M 

and 


vr^ 
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whence  by  addition  and  division  by  2, 


di  +  ^2  = 


Xt       Xfll 


and  since  XoX6  =  Xr*  approximately,  we  may  write 


di  +  d2  = 


TT  AX      /         J 


(46) 


That  18,  to  obtain  di  +  d2,  we  take  the  mdth  AX  of  the  resonance 
curve.  Fig.  2,  in  meters  wavelength  at  any  height  J,  divided  by  the 
resonant  wavelength  \r  in  meter  and  multiply  by  t  and  by  the 
square  root  of  J/{Jr  —  J). 


Fio.  2. — Illustrating  equation  (46) . 

This  formula  is  particularly  easy  to  apply  at  the  point  where 
J  =  Jt/2j  for  the  formula  then  becomes 


di  +  ^2  = 


Xr 


(47) 


where    AX*  =  the  difference  of  the  two  wavelengths  that  give 

/  one-half  of  its  resonance  value. 

EXCITATION  BY  DISCHARGING  THE  PRIMARY  INDUCTANCE 

141.  Initial  Conditions  When  the  Current  is  Produced  by 
the  Discharge  of  an  Inductance  in  the  Primary  Circuit— -A^ 
has  been  pointed  out  in  Chapter  II,  it  is  the  practice  in  many 
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electrical  measurements  and  in  some  small  transmitting  stations 
to  excite  the  current  oscillations  by  isolating  a  current  in  the 
primary  inductance  and  allowing  the  current  to  subside.  We 
have  referred  to  this  method  of  excitation  as  excitation  by  the 
discharge  of  an  inductance. 

The  discharge  of  the  inductance  is  e£fected  in  practice  by  the 
use  of  an  electromagnetically  driven  interrupter  as  shown  at 
J  in  Fig.  3,  where  is  illustrated  a  coupled  system  operated  in 
this  way 

A  current  from  the  battery  B  is  sent  through  the  inductance 
Li,  and  when  this  current  has  a  certain  value  /i,  which  is  prac- 
tically steady,  the  feed  current  is  opened  at  J. 

We  have  then  the  initial  conditions 


when  <  =  0,    ti  =  /i, 

^1  =  —  Cifii/j, 

Primary 


I 


h 


.; 


u 


1 


it  =  0 

Seoondarj 


(48) 


U" 


M 


u 


FiQ.  3. 


These  conditions,  so  far  as  they  pertain  to  a  single  circuit 
are  discussed  in  Chapter  II. 

With  these  initial  conditions,  we  are  now  to  determine  the 
values  of  An  and  Bn  in  the  equations 

ii  -  SA»«*-S    f,  =  SBn€*-*  (49) 

By  integration  of  (49)  we  obtain 


4  Ji  »t  R  ^^ 


(50) 


(51) 


Now  introducing  the  initial  conditions  (48)  we  obtain 
.     DA.  -  /i,  SBn  =  0 

ZAn/kn  «    -  ClRiIl,  XBn/kn  =  0 

142.  Manipulation  of  the  Initial  Conditions. — To  obtain 
further  relations  concerning  A  and  B,  we  shall  make  use  of  the 
equations  (6)  and  (7).  If  in  (7)  we  make  n  successively  1,  2, 3,  4, 
we  obtain  four  equations,  which  added  together  give 

L,XBn  +  flasl^  +  ^-  2  £;  =  AfSAn. 
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This  equation,  by  (51),  reduces  to 

•  S  £-;  =  MCh  .  (52) 

which  is  a  new  equation  in  terms  of  B^. 

Let  us  now  take  equation  (6),  multiply  each  term  by  A;»,  and 
sum  up  for  the  four  fc's;  and  let  us  perform  a  similar  operation 
on  (7).     These  two  operations  yield 

and 
By  (51)  these  two  equations  reduce  to 

LiXAnkn   =   MXBnkn,  LiXBnkn   =   MXAnkn  (53) 

Solving  the  two  equations  of  (53)  as  simultaneous,  we  obtain 

I^BJCn   =   0,  SAnfcn   =   0  (54) 

Collecting  results,  so  far  as  concerns  B,  we  have 

XBnkn  =  0,   XBn  =  0,   XBn/kn  =  0,   7^Bn/kn^  =  MCJi    (55) 

It  will  not  be  necessary  to  go  through  the  detail  of  solving 
these  four  simultaneous  equations,  as  we  can  obtain  the  result 
by  a  direct  comparison  of  these  equations  (55)  with  the  corres- 
ponding equations  (14)  obtained  with  the  condenser-discharge 
method  of  excitation.  If  in  (55)  weletBi  =  Yi/ki,  B%  =  FjAj, 
etc.,  equations  (55)  in  terms  of  Yn  will  be  of  the  same  form  as 
(14),  with  only  the  Qi  of  (14)  replaced  by  /i. 

It  thus  appears  that  if  we  substitute  /i  for  Qi  in  the  values  of 
Bn  given  in  (17)  to  (20),  and  divide  the  result  by  fc»,  we  shall 
get  Bn  of  the  present  problem. 
This  gives 

J.    ^ MC2liki^k2kJCi ^. 

(fci  -  A2)  (A:i  -  fca)  (fci  -  A:4)  ^^^ 

The  other  quantities  B^y  B«,  B^  can  be  obtained  from  (56) 
by  advancing  the  subscripts  of  the  fc's. 

In  order  now  to  put  our  result  into  trigonometric  form  we  may 
take  the  result  (23)  of  the  previous  problem,  multiply  it  by  I\ 
and  divide  it  by  Qifci,  and,  since 

-i(«V— a') 


L 
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obtain  for  the  present  Bi, 


(57) 


A  similar  treatment  of  the  other  B^b,  and  their  combination 
to  form  it,  gives 


t2  =  - 


IJI 


Q' 


<a 


I't 


sm 


(co't  +  vi  —  tan-^  3~')  "^ 


<a 


jt 


sin  («"<  +  ^2  -  tan-i  ~^  \ .      (58) 


In  this  equation  J?,  ^i  and  ^2  have  the  values  given  in  (22), 
(23),  and  (27)  respectively.  The  R  that  occurs  in  (58)  is  taken 
from  the  case  of  condenser-discharge  method  of  excitation  and 
contains  Qi,  but  this  Qi  is  eUminated  by  the  Q\  of  the  denominator 
of  (58).    The  Q\  has  no  meaning  in  the  present  problem. 

Egtiatian  (58)  gives  the  exact  value  of  the  current  i%  in  the  sec- 
ondary of  the  coupled  system  when  the  system  is  excited  by  the  dis- 
charge of  the  primary  inductance  originally  traversed  by  a  current 
I\.  The  amplitudes  are  seen  to  be  absolutely  and  relatively  differ'- 
ent  from  the  corresponding  amplitudes  produced  by  excitation 
by  condenser  discharge  {compare  (29)).  The  phase  of  the  current 
components  is  also  changed  from  the  previous  case.  The  Qi 
occurring  in  the  demoninaior  of  (58)  has  no  meaning  and  is  elimi- 
ncUed  by  a  Qi  involved  in  the  numerator  in  H, 

143.  Vdlue  of  fhe  Integnd  of  the  Square  of  flie  Secondaiy 
Current  in  the  Coupled  System  Excited  by  the  Discharge  of 
the  Primary  Inductance. — By  making  suitable  changes  in  (30) 
we  obtain  in  this  case 


J  =  - 


Ii^H^ 


Q: 


Q'2 


+  -. 


fi"2 


4«'V    '   4co"V' 
12' 


+ 


+ 


4«'2 
4«"2 


cos 


(2ipi  -  3  tan-^  ~) 
i(2<p2  -  3tan-i-^) 


Q'Q 


ft 


/  // 


cos(^,-v.,-tan-^,+tan-^^V,-tan-i -"^^^^^ 


y/{a!  +  a'y  +  {J  -  O' 


cos  1^1  +  ^2  —  tan"* >  + 

\  —a 


tan 


-1 


CO 


y/ 


—  a 


n 


—  tan""^  - 


0)'   +   O) 


// 


VCo'  +  a"Y  +  (co'  +  «")* 


-  (a'  +  a") 


) 


(59) 
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This  expression  is  exact.  It  gives  ike  integral  of  the  square  of  the 
secondary  current  of  the  coupled  system  excited  by  discharging  the 
primary  indrutance  originally  traversed  by  a  current  /i. 

If,  now,  we  neglect  the  squaxes  of  the  damping  constants  in 
comparison  with  the  squares  of  the  angular  velocities,  this 
equation,  by  the  employment  of  processes  similar  to  those  used 
in  deriving  (35),  reduces  to 


4a'  ^  4a" 


(co'  -co")^    .    /o,      >i«'-«"\ 

^—rn—f      sm  ( 2  tan"^  -„ > ) 

4co  «  \  a    —  a  / 


a'«"  -  a"co' 


"     +''    -  coV'Ca.'  +  co")^"    -*-)  (60) 


where 


(a'  +  a"y  +  («'  -  o)")2 

(«'  +  c'OVCa"  -  a')'*  +  («'  -  «")" 

Equation  (60)  gtVes  tA6  integral  of  the  square  of  the  secondary 
current,  in  a  coupled  system,  excited  by  discharging  the  primary 
inductance  originally  traversed  by  a  current  /i,  in  case  the  squares 
of  the  damping  constants  are  negligible  in  comparison  with  the 
squares  of  the  angular  velocities.  No  other  approximation  has 
been  made.  The  Qi  that  occurs  in  (60)  has  no  meaningf  in  this 
case,  and  is  eliminated  by  the  Qi  occurring  in  H  in  (61). 

If  next  we  assume  the  circuits  very  loosely  coupled  and  assume 
that  they  do  not  depart  from  synchronism  by  more  than  a  few 
per  cent.,  and  apply  the  assumptions  and  methods  employed  in 
deriving  (41),  we  find 

J  =  Ml^J^l^  ai  +  a2 ,^2) 

16aiai       (<ii  +  a%y  +  («i  —  «2)* 
where,  as  before 

J  =    r*  i^Ht. 

Equation  (62)  gives  the  value  of  the  time  integral  of  the  square  of 
the  secondary  current  m  a  coupled  system  excited  by  a  discharge 
of  the  primary  inductance  originally  traversed  by  a  current  h- 
In  obtaining  this  simplified  result  the  squares  of  the  damping  con- 
stants have  been  neglected  in  comparison  with  the  squares  of  the 
angular  velocities,  and  the  coefficient  of  coupling  has  been  assumed 
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to  be  so  small  thai  the  damping  constants  and  angular  velocities  of 
the  coupled  systems  are  the  same  as  these  constants  for  the  circuits 
uncoupled,  as  expressed  in  (36).  Also  the  circuits  as  supposed 
to  be  near  enough  to  synchronism  to  make  (37)  applicable. 

It  is  seen  that  the  value  of  J  divided  by  Jr,  which  is  the  value 
of  J  at  resonance,  reduces  approximately  to  the  same  value  as 
with  the  condenser-discharge  method  of  excitation  (compare 
(41)),  so  that  the  method  of  decrement  measurement  illustrated  in 
Fig.  1  and  the  text  of  Art.  140  applies  also  to  the  inductance 
method  of  excitation. 


CHAPTER  XI 

THEORY  OF  TWO  COUPLED  CIRCUITS  UNDER  THE  AC- 
TION OF  AN  IMPRESSED  SINUSOIDAL  ELECTRO- 
MOTIVE FORCE 

In  the  treatment  of  two  coupled  circuits  the  discussion  up  to 
the  present  has  been  confined  to  the  free  oscillation  that  takes 
place  when  the  system  is  given  a  charge  and  is  allowed  to  dis- 
charge. It  is  proposed  now  to  treat  the  two  circuits,  when  one 
of  them  has  operating  within  it;  or  upon  it,  a  sinusoidal  electro- 
motive force.* 


Fig.  1. — Two  coupled  circuits  with  impressed  e.m.f. 


144.  Form  of  Circuit  to  Which  the  Analysis  Applies.— The 
form  of  circuit  to  which  the  analysis  is  to  apply  exactly  is  shown 
in  Fig.  1,  where  the  circuit  I  contains  a  condenser,  an  inductance 
and  a  resistance  and  a  source  of  sinusoidal  electromotive  force, 
indicated  at  e. 

Coupled  with  the  circuit  I  is  a  secondary  circuit  II,  contain- 
ing also  inductance,  resistance,  and  capacity  in  series  with  one 
another. 

The  constants  of  the  circuits  are  Li,  Ci,  Ri  for  the  primary, 

^  This  problem  without  condenisers  in  the  circuits  was  first  treated  by 
Maxwell,  Phil,  Trana.f  166,  1864.  With  condensers  it  was  treated  by 
Bedell  &  Cbehore,  Physical  Review,  1,  p.  117  and  p.  177,  18d3  and  2, 
p.  442,  1894.  See  also  Oberbeck,  Wied,  Ann.,  56,  p.  623,  1895;  *ind  Piebce, 
Proc.  Am,  Acad.,  46,  p.  291,  1911. 
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and  L2,  Cs,  R^  for  the  secondary  circuit.  M  is  the  mutual  in- 
ductance between  the  two  circuits. 

146.  The  Differential  Equations. — ^Let  the  e.m.f.  impressed 
upon  the  primary  be 

e  ^  E  coBtat  =  real  part  of  ^c**"  (1) 

Taking,  now,  the  fall  of  potential  around  each  of  the  circuits, 
and  equating  it  to  the  impressed  e.m.f.,  we  obtain  the  following 
differential  equations  involving  the  currents  in  the  two  circuits: 

R.u  +  L^  +  ^-M^'0  (3) 

where  in  equation  (2),  for  simpUcity,  we  have  replaced  the  actual 
impressed  e.m.f .,  E  cos  (at,  which  is  a  real  quantity,  by  a  complex 
quantity 

Ee''''  =  ^(cos  (ot  +  j  sin  cai)  (4) 

The  result  is  that  the  solutions  that  we  shall  now  obtain  will 
give  complex  quantities  for  the  values  of  n  and  u.  Of  these 
complex  values  of  ii  and  12,  the  real  components  will  be  the  solu- 
tion of  the  given  problem  with  E  cos  cat  as  the  impressed  e.m.f . 

146.  Nature  of  the  Solution. — The  complete  solution  of  the 
pair  of  equations  (2)  (3)  is  obtained  by  adding  the  particular 
integral  to  the  complementary  function. 

The  ComplemerUary  Function  in  ti  and  ti  is  the  general  solu- 
tion of  the  system  (2)  (3)  with  the  right-hand  side  of  (2)  replaced 
by  zero.  This  we  have  obtained  in  Chapter  IX  in  the  form  of 
(21)  and  (22),  Art.  lOL  Such  a  solution  for  ii  and  ti  with  the 
arbitrary  constants  undetermined  is  to  be  a  part  of  the  solu- 
tion of  our  present  problem. 

The  Particular  Integral  of  the  pair  of  equations  is  any  pair  of 
values  of  ii  and  it  that  will  satisfy  the  simultaneous  equations 
(2)  and  (3). 

147.  Determination  of  the  Particular  Integral. — It  appears  that 
in  order  to  meet  the  term  involving  the  exponential  in  jtat  on 
the  right-hand  side  of  (2),  we  shall  probably  need  such  an  ex- 
ponential in  our  value  of  ti  and  t's.    Let  us  try  setting 

ii  =  Af'""  (5) 

t»  =  B^r^'  (6) 
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where  (a  is  specifically  the  (a  of  the  impressed  e.m.f .,  and  is  not 
an  unknown  quantity  to  be  obtained  from  the  constants  of  the 
circuits  as  was  the  k  in  the  exponentials  in  A;^  employed  in  Chapters 
VIII  and  IX. 

To  see  if  the  assumed  solutions  are  correct,  let  us  substitute 
(5)  and  (6)  in  (2)  and  (3),  obtaining 

e^'[A  [  Ri  +  j(Lia>  -  ^)  [   -  jMioB\  =  E^^'  (7) 

In  these  equations  let  us  designate  the  Reactances  of  the  separate 
circuits  by  Xi  and  X^;  that  is,  let 

Xi  =Liu>-j}-  (9) 


and 


X,  =  L^-~^  (10) 


It  is  seen  that  the  exponential  factors  of  (7)  and  (8)  divide  out; 
and  our  assumed  solutions  prove  to  be  correct  provided  (7) 
and  (8)  are  satisfied.    These  reduce  to 

.    (Bi  +  jXi)A  -  jMu>B  =  E,  (11) 

and 

(fii  +  jXt)B  -  jMa>A  =  0  (12) 

and  completely  determine  A  and  B,  as  we  shall  soon  show. 
The  complex  quantities  Ri  +  jXi  and  fli  +  jX^  that  occur 
in  (11)  and  (12)  and,  for  a  given  impressed  frequency,  are  con- 
stants of  the  Circuits  I  and  II,  and  are  usually  designated  by  a 
small  z  with  proper  subscript: 

zi^Ri+  jXi  '     (13) 

Zi^Ri+  jX,  (14) 

These  quantities  are  called  complex  impedances. 
As  further  abbreviations  it  is  customary  to  desig^nate  the 
magnitudes  of  Zi  and  z^  by  capital  Zi  and  Z^  defined  by 

Zi  =  VbT+X?  (15) 


Zi  =  Vr^~+Y?  (16) 

The  quantities  Zi  and  Zs  are  called  impedances. 
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Returning  now  to  the  relations  (11)  and  (12)  between  A  and 
Bf  these  equations  in  terms  of  Zi  and  Zt  become 

ziA  -  jMcoB  =  E, 

ztB  -  jM(aA  =  0, 
whence 

B  =  ^-^^  (17) 

and 

where,  as  an  abbreviation, 

^',  =  z,  +  ^'  (19) 


In  terms  of  z\f  our  equations  (5)  and  (6)  become 

E^ 
«  1 


(20) 


**  =  -^J^  (21) 

Z^  1 

Since  in  (20)  the  quantity  z\  occurs  as  a  divisor  of  the  com- 
plex e.m.f.  to  give  the  complex  current,  we  may  call  z'\  the 
apparent  complex  impedance  of  the  primary  circuit.  We  may 
analyze  z'l-  into  its  real  and  imaginary  parts  by  replacing  Zi 
and  z%  by  their  values  (13)  and  (14).    Then  (19)  becomes 

Rationalizing  the  second  term,  we  obtain 

.'i  =  fix  +  ^*ft.  +  i[  X,  -  ^X.  )  (22) 

=  R\  +  jX'i  (say),  (23) 


where 

R'.  =  p.  J.  ^ 

2. 


R'l  =  Ri  +  ^fli  (24) 


and 

X\  'Xr-  ^X,  (25) 

If  we  should  replace  ^f'l,  of  equation  (20)  by  its  value  as  given 
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in  (23),  we  should  see  that  the  current  for  the  primary  circuit 
would  be  the  same  as  it  would  be  if  the  secondary  circuit  were 
not  present,  provided  the  primary  resistance  were  changed  to 
R\  and  the  primary  reactance  to  X\.  These  quantities  R\ 
and  X\  are  called  respectively  the  apparent  resistance  and 
apparent  reactance  of  the  primary  circuit. 

It  may  be  noted  that  the  apparent  resistance  is  greater  than 
Ihe  true  resistance;  but,  since  X2  may  be  positive,  negative  or 
zero  depending  on  the  relative  values  of  L^  and  Csco,  the  ap- 
parent reactance  may  be  greater  than,  equal  to,  or  less  than,  the 
true  reactance  of  the  primary  circuit  alone. 

If  now  we  introduce  a  quantity  called  apparent  impedarue^ 
indicated  by  Z'l,  and  defined  by 

Z\  =  \/>?V+XV  (26) 

and  also  introduce  the  abbreviation 

^\  =  tan-^  |J-J  (27) 

we  may  write  (23)  in  the  form 

z\  =  Z'i€^''  (28) 

We  are  going  to  use  this  equation  in  determining  the  real 
component  of  ii. 

In  like  manner,  for  the  determination  of  is,  we  may  employ 

z^  =  Z2^**°"ii  (29) 

and 

3  =  e''/^  (30) 

Substituting  (28),  (29)  and  (30)  into  (20)  and  (21),  and  taking 
the  real  part  of  the  results,  we  obtain 

E 

ii  ==  ^  cos  ((ot  -  (p'l)  (31) 

i«  =  ^^  cos  [u  -  <p\  +  x/2  -  tan-i  ^)  (32) 

Equations  (31)  and  (32)  are  the  required  particular  integrals  of 
the  differential  equations  (2)  and  (3).  All  of  the  quantities  entering 
into  these  expressions  are  known  in  terms  of  the  constants  of  the 
circuits  and  the  amplitude  and  angular  velocity  of  the  impressed 
e.m,f.  Z\  and  fp\  are  defined  respectively,  by  (26)  and  (27). 


\ 
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148.  The  Complete  Solution  and  the  Steady  State  Solution. — 
As  pointed  out  above,  the  complete  solution  of  the  given  differ- 
ential equations  is  made  up  of  the  particular  solutions  (31)  and 
(32)  plus  the  values  of  t'l  and  it  respectively  given  by  equations 
(21)  and  (22)  of  Chapter  IX.  The  latter  are  the  values  of  the 
currents  for  a  free  oscillation  of  the  circuits.  These  currents  are 
doubly  peribdic  in  general  with  angular  velocities  «'  and  «" 
and  damping  constants  a'  and  a'^  determined  by  the  constants 
of  the  circuits.  Superposed  on  this  doubly  periodic  free  oscilla- 
tion, are  the  current  values  given  as  our  particular  solutions 
(31)  and  (32).  These  particular  solutions  have  the  frequency 
of  the  impressed  e.m.f.,  and  are  hence  called  the  forced  solutions. 

After  a  sufficient  lapse  of  time  the  free  solution  terms,  which 
have  exponential  damping,  subside  and  leave  only  the  terms 
given  in  (31)  and  (32).  These  values  of  ti  and  U  given  by  (31) 
and  (32)  constitute  the  steady  state  values  of  the  currents. 

We  may  note  then  ihat  the  steady-state  currents  have  the  fre- 
quency of  the  impressed  e.m.f-,  and  are  completely  given  by  (31) 
and  (32).  Whenever  these  equations  are  used  as  the  complete 
values  of  the  currents,  we  must  make  sure  ihat  a  sufficient  time  has 
elapsed  after  the  application  of  the  e.m.f,  to  permit  the  subsidence 
of  the  transient  terms  of  the  form  of  those  obtained  in  Chapter  IX 
as  the  free  oscillation  currents  of  the  system. 

PARTIAL  RESONANCE.     MAXIMUM  AMPLITUDE  OF 
SECONDARY  CURRENT  OBTAINED  BY  ADJUST- 
MENT OF  A  SINGLE  VARIABLE 

149.  Attention  to  Secondary  Current  Amplitude. — We  shall  for 
the  present  confine  our  attention  to  the  amplitude  of  the  current 
in  the  Circuit  II,  which  may  be  called  the  secondary  circuit, 
since  the  e.m.f .  is  applied  to  the  other  circuit,  Circuit  I. 

Both  in  the  case  of  the  sending  station  and  the  receiving 
station  this  secondary  current  is  important;  for  in  the  case  of  a 
sending  station  the  e.m.f.  is  appUed  usually  to  a  closed  circuit 
coupled  with  an  antenna  circuit,  so  that  the  secondary  circuit 
would  be  the  antenna  circuit  at  the  sending  station,  and  we  are 
interested  in  knowing  the  current  in  the  antenna.  At  the  re- 
ceiving station  the  e.m.f.  may  be  regarded  as  impressed  on 
the  antenna  from  a  distant  station,  while  coupled  with  the 
receiving   antenna   is   usually   a   closed   circuit    actuating   the 

detector.     This  closed  circuit  would,   therefore,   be  a   secondary 
11 
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circuit  with  reference  to  the  receiving  antenna,  and  we  are  interested 
in  knowing  the  ciurrent  received  in  this  secondary  circuit. 

We  shall  here  limit  the  investigation  to  conditions  for  produc- 
ing a  maximum  amplitude  of  current,  in  a  steady  state,  in  the 
secondary  circuit.  Circuit  II,  under  the  action  of  a  sinusoidal 
e.m.f.  in  Circuit  I. 

160.  Definitions  of  Partial  Resonance  Relations  S  and  P. — 
When  any  single  element  of  the  system  is  adjusted  to  produce 
a  maximum  secondary  current  amplitude,  while  all  the  other 
elements  are  kept  constant,  we  shall  designate  the  condition 
as  one  of  Partial  Resonance  and  shall  describe  the  adjusted  mem- 
ber as  satisfying  a  Partial  Resonance  Relation. 

Two  partial  resonance  relations  will  now  be  derived,  and  will 
be  designated  S  and  P,  where  S  means  that  the  secondary  is 
adjustable.    P  means  that  the  primary  is  adjustable. 

Partial  Resonar^ce  Relation  P  will  be  used  to  describe  the 
adjustment  of  the  primary  reactance  Xi  that  will  give  a  maximum 
ampUtude  of  secondary  current,  when  all  the  other  elements 
of  the  system  are  kept  constant.  The  result  will  appear  as  an 
equation  for  the  determination  of  Xi. 

Partial  Resonance  Relation  S  will  designate  the  adjustment 
of  the  Secondary  reactance  X^  that  will  give  a  maximum  of 
amplitude  of  secondary  current,  when  all  the  other  elements 
of  the  system  are  kept  constant. 

It  is  evident  that  these  two  partial  resonance  relations  are 
determined  mathematically  by  setting  severally  equal  to  zero 
the  partial  derivatives  of  /a  with  respect  to  Xi  and  Xj. 

We  shall  now  proceed  to  determine  these  partial  resonance 
relations. 

161.  Determination  of  Partial  Resonance  Relation  S. — 
Denoting  the  ampUtude  of  current  in  the  secondary  circuit  by  ij, 
we  have  from  (32) 

It  =  MoyE/ZtZ\  (33) 

where 

Zi^  =  Ri^  +  Xt^ 
and 

ZV.(«.  +  ^K.).+  (X.-^X.).         (34, 

Since  in  (33)  M,  o),  and  E  are  to  be  considered  constant,  and 
since  Z2  and  Z\  are  both  positive,  we  may  obtain  a  maximum 
value  of  I2  by  determining  the  condition  for  a  minimum  value 
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of  the  square  of  the  denominator  of  (33).    With  X%  as  the 
variable,  this  is  done  by  setting  equal  to  zero  the  derivative 
of  the  square  of  the  denominator  of  (33)  with  respect  to  X2. 
That  is 

Expanding  Z\  by  (34)  and  multiplying  by  Z^*,  we  obtain 

Z,*Z'i«  =  Z,«Zi«  +  M*«*  +  2M »«« (fl,/?2  -  XiXt)     (35) 

Performing  the  operation  indicated  by  the  equation  preceding 
(35),  we  obtain 

0  =  2XtZi*  -  2M^u>^Xi; 

whence  our  required  condition  for  a  maximum  amplitude  of 
secondary  current  becomes 

Xi      MW 


X,        Zi^ 


(Partial  Resonance  Relation  S).  (36) 


This  equatum  (36)  givea  the  value  that  X^  must  have  in  order  to 
give  a  maximum  current  in  the  secondary  circuit  when  all  the 
quantities  except  Xi  are  kept  constant.  The  relation  (36)  will 
he  called  Pftrtial  Resonance  Relation  S. 

162.  Partial  Resonance  Relation  P. — Let  us  now  retiu*n  to  the 
general  expression  (33)  for  /s,  and  suppose  that,  with  any  arbi- 
trary fixed  values  of  i2],  Rt,  M,  ta,  and  Xt,  it  be  required  to 
determine  what  adjustment  of  the  Primary  Reactance  Xi  is 
necessary  in  order  to  make  the  secondary  current  a  maximum. 
That  is,  instead  of  adjusting  the  secondary  reactance  Xi  we 
are  going  to  adjust  the  primary  reactance  Xi  to  give  the  maximum 
current  amplitude  in  the  secondary  circuit. 

The  result  in  this  case  can  be  obtained  by  inspection,  for 
Z2  does  not  involve  Xi.  In  the  denominator  of  (33)  only  Z'l 
involves  ^"1^  and  we  must  choose  Xi  to  make  Z\  a  minimum. 
By  (34)  it  is  seen  that  this  is  attained  by  making  the  expression 
in  the  last  parenthesis  in  (34)  zero;  that  is 

Xi       M^(a^ 

-^^  =  -^-T  (Partial  Resonance  Relation  P).  (37) 

Equation  (37)  gives  Partial  Resonance  Relation  P,  which 
determines  the  value  that  Xi  must  have  in  order  for  the  secondary 
current  amplitude  to  he  a  maxium  for  the  given  fixed  values  of 
Xi,  ilf  *«*  and  Z\. 
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163.  Note  Regarding  Effect  of  Resistances  on  Partial  Reson- 
ance Relations  P  and  S. — In  equation  (36),  Zi  contains  Ri  as  one 
of  its  terms,  while  in  (37)  Zi  contains  R2  as  one  of  its  terms. 
Tlie  resistances  do  not  enter  otherwise  in  these  two  expressions. 

It  is  to  be  noted  then  that  the  resistance  of  the  secondary 
circuit  has  no  effect  in  determining  the  adjustment  that  must 
be  given  to  the  secondary  reactance  to  make  the  secondary 
current  a  maximum;  and  the  resistance  of  the  primary  circuit 
has  no  effect  in  determining  the  adjustment  that  must  be  given 
to  the  primary  reactance  to  make  the  secondary  current  a 
maximum. 

164.  Secondary  Current  Under  Partial  Resonance  Relation 
S. — ^Let  us  obtain  next  the  ciurent  ampUtude  in  the  secondary 
circuit  when  the  secondary  reactance  is  adjusted  to  the  partial 
resonance  relation  S,  as  given  in  (36). 

To  do  this  let  us  substitute  the  value  of  X2  from  (36)  into  (35) 
and  extract  the  square  root  of  (35)  to  get  the  denominator  of 
(33).  In  making  this  substitution  Z^^  of  the  right-hand  side  of 
(35)  must  be  decomposed  into  ftj*  +  Xt^,  so  that  the  X2*  may  be 
replaced.  When  we  have  made  this  substitution  we  shall  have 
imposed  upon  It  the  condition  (resonance  relation  S)  for  a  maxi- 
mum; therefore  we  shall  write  the  resulting  value  of  1%  as 
[^smaxJs.     We  obtain 

U  2max.  \s  ~ 

Mu)E 

which  reduces  to 

Equation  (38)  gives  the  current  amplitude  in  the  secondary 
circuity  when  for  fixed  values  of  the  other  constants  of  the  circuits, 
Xt  is  set  at  the  value  to  give  a  maximum  secondary  current  amplitude. 
Expressed  otherwise,  (38)  gives  the  amplitude  of  secondary  current 
under  partial  resonance  relation  S. 

166.  Secondary  Current  Under  Partial  Resonance  Relation  P. 
In  like  manner,  if  we  substitute  (37)  into  (33)  and  designate 
the  resulting  value  of  I2  by  [/amaxJpi  we  obtain 

lt\^2  H 7i 
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Eqiiatum  (39)  gives  the  amplitude  of  secondary  current  under 
Partial  Resonance  Relation  P;  thai  is,  under  the  condition  that  for 
fixed  values  of  the  other  constants  of  the  circuits,  Xi  ts  set  at  the  value 
to  give  maximum  amplitude  of  secondary  current. 

TL  THE  OPTIMUM  R£SOKAKCE  RELATION 

166.  The  Optimum  Resonance  Relation. — For  given  values  of 
certain  constants  of  the  coupled  system  we  have  found  two 
different  adjustments,  one  of  the  primary  reactance,  and  the 
other  of  the  secondary  reactance,  that  would  give  a  maximum 
amplitude  of  secondary  current.  In  order  to  get  the  biggest 
possible  current  in  the  secondary  circuit,  it  is  apparent  that  we 
should,  if  possible,  satisfy  the  Partial  Resonance  Relation  S  and 
the  Partial  Resonance  Relation  P  both  at  the  same  time. 

It  is  somewhat  more  instructive  to  proceed  by  another  method 
as  follows: 

Equation  (36)  tells  us  what  value  we  must  give  to  the  reactance 
X%,  of  Circuit  II,  for  a  given  Xi,  Zi,  E,  M,  and  «,  in  order  to  obtain 
a  maximum  ampUtude  of  current  in  Circuit  II. 

If  now  we  take  a  different  set  of  values  of  these  constants 
X\,  Zi,  we  shall  require  a  different  value  of  X%,  and  shall  get 
a  different  maximum  value  of  secondary  current.  We  may  now 
ask  ourselves  which  of  these  several  combinations  of  adjustments 
will  give  a  maximum  of  the  maxima  of  secondary  current 
amplitude. 

To  determine  this  let  us  suppose  that  X^  is  always  automatic- 
ally given  the  value  that  satisfies  resonance  relation  S,  so  that 
(38)  is  kept  satisfied,  even  as  we  vary  Xi,  and  let  us  determine 
the  value  of  Xi  that  under  this  condition  will  give  a  maximum 

of  [/2m»xJ5. 

This  is  attained  mathematically  by  setting  equal  to  zero  the 
derivative  of  the  denominator  of  (38) ;  that  is 

Now  by  definition 
so 
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This  put  into  the  second  form  of  (40),  gives,  after  multiplica- 
tion by  Zi, 

0  =  Xi(Rt  -  MWRxlZx^). 

From  this  it  follows  that  one  or  the  other  of  the  following 
equations 'is  the  condition  of  the  required  maximum  of  [7snukx.U; 
to  wit: 

Either  Xi  =  O  (I) 

Rr-zj  ("^ 

We  are  now  to  decide  which  of  these  two  conditions,  (I)  or 
(II),  is  correct  for  determining  the  required  maximum  of  [/iin»x.U- 
Let  us  first  replace  Z^  by  its  value  X^  +  fli*,  which,  sub- 
stituted into  (II),  gives 

Xi«  =  |-'(M«co«  -  ftiiZO  (IIO       (41) 

Equation  (11')  is  equivalent  to  (II). 
Let  us  examine  two  cases. 
Case  I.    Let 

In  this  case  the  proper  resonance  relation  is  (I),  for  if  M}^^  is 
less  than  R\ft^^  Condition  (IIO  makes  X\  imaginary  and  is  there- 
fore unattainable. 
Case  II.    Let 

MV  >  R^Rt, 

By  substitution  of  Conditions  (I)  and  (II)  severally  into  (38) 
we  find  that  Condition  (I)  reduces  the  denominator  of  (38)  to 

ftiiZj  +  MV  =  A  (say); 

while  Condition  (II)  reduces  this  denominator  to 

2McoVfiift2  ==  -B(8ay). 

Now  B  is  seen  to  be  less  than  A,  because  twice  the  product 
of  any  two  real  quantities  is  less  than  the  sum  of  their  squares. 
Hence  in  this  case  Condition  (II)  gives  a  larger  amplitude  of 
secondary  current  than  does  (I). 

If  JIf  *«*  =  R\R%,  Conditions  (I)  and  (II)  reduce  to  the  same 
condition  as  may  be  seen  by  comparing  (IIO  with  (I). 

It  thus  appears  that  under  the  limitations  of  Case  I,  Condition 
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(I)  gives  the  largest  attainable  secondary  current;  and  under  the 
limitations  of  Case  II,  condition  (II)  gives  the  largest  attainable 
secondary  current;  and,  if  M\j*  =  RiRt,  C!onditions  (I)  and  (II) 
are  both  appropriate  for  giving  the  largest  possible  current,  in 
the  secondary  circuit. 

These  results  have  been  attained  by  supposing  that,  while  seek- 
ing the  optimum  condition,  we  have  kept  (36)  always  satisfied ; 
so  (36)  must  be  fulfilled  simultaneously  with  (I)  when  (I)  is 
optimum  and  simultaneous  with  (11)  when  (II)  is  optimum. 

.Combining  (36)  with  (I)  and  (II)  in  the  two  cases  we  have 
respectively  the  results  following. 

If  M^u^  <  RiRt  (42) 

then         Xi  =  0,     and    Xj  =  0  (43) 

gives  the  largest  attainable  amplitude  of  secondary  current.     We 
shall  caU  this  system  of  equations  the  optimum  resonance  rela- 
tion at  deficient  coupling. 
On  the  other  hand,  if 

M^o)^  >  RiRt  (44) 


the  combination  of  (II)  with  (36)  gives 

Xi  ^Ri  ^  Jf'o^ 
Xi      Ri        Zi« 


(45) 


as  the  condition  for  the  largest  attainable  amplitude  of  secondary 
current.    We  shall  call  the  S3rstem  of  equations  (44)  and  (45) 
the  optimum  resonance  relation  at  sufficient  coupling. 
In  the  interest  of  completion  of  nomenclature,  if 

M  *«»  =  R1R2  (46) 

we  shall  call  the  coupling  critical  coupling.  Either  (43)  or  (45) 
is  the  optimum  resonance  relation  at  critical  couplingi  since  both 
reduce  to  the  form  (43)  as  may  be  seen  from  (41). 

If  (42)  18  fuiJiUedf  (43)  is  the  condition  for  maximum  amplitude 
of  secondary  current.  If,  on  the  other  hand  (44)  is  fidfilled,  (45) 
gives  this  condition.  If  (46)  is  fulfilled^  (45)  and  (43)  reduce  to 
the  same  value, 

167.  Value  of  Max.  Max.  Secondary  Current  Amplitude  at 
Deficient  Coupling. — The  case  of  deficient  coupling  is  the  case  in 
which 

Af^co^  <  RiRt.  (47) 
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Then  the  appropriate  setdngs  of  the  two  circuits  for  the 
greatest  possible  ampUtude  of  secondary  current  is  the  adjust- 
ment that  makes 

Zi  =  0  =  X2;  (48) 

that  is,  each  circuit  is  separately  adjusted  so  as  to  make  it« 
undamped  period  equal  to  the  period  of  the  impressed  e.m.f. 
From  (38)  the  current  obtainable  under  these  conditions  is 


MwE 


2  max.  max.  — 


R1R2  +  MW 


(49) 


//  the  circuits  are  so  loosely  coupled  that  Af*a>*  <  R1R2,  then  for  a 
max,  max,  secondary  current,  the  circuits  should  be  tuned  to  satiny 
(48),  and  the  currerU  obtained  at  this  adjustment  is  given  by  (49). 

The  current  is  seen  to  decrease  with  decreasing  Af ,  for  if  we 
differentiate  (49)  with  respect  to  Af  we  obtain  a  negative  quantity 
for  all  values  of  JIf  *a)*  less  than  R1R9. 

168.  Value  of  Max.  Max.  Secondary  Current  at  Sufficient 
Coupling. — In  this  case 

Jlf  2(0*  >  R1R2.  (50) 

The  appropriate  setting  of  the  two  circuits  for  the  greatest 
possible  secondary  current  in  this  case  is  given  by  equations  (46) 
which  are  here  rewritten 

X2  _Rt  _  M'w'  ..-. 

As  an  alternative  expression,  it  has  been  seen  that  the  Condi- 
tion (IIO  of  equation  (41)  was  equivalent  to  the  Condition  (II), 
preceding  (41),  which  combined  with  the  first  part  of  (40)  gives 


and 


Xi    =    ±   yj^iM^C^^   -   R1R2) 


=  WI<' 


Xt=  ±  -v^  (Af» «»  -  RiRt). 


(52) 


Equations  (52)   are  together  equivalent  to   (51)   provided  both 
radicals  in  (52)  are  given  the  same  sign. 

Now  from  the  second  part  of  (51)  we  obtain 


,  =  M<oM 


% 
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If  we  substitute  this  quantity  into  (39)  and  call  the  resultant 
current  amplitude  I2  max.  max.}  we  have 

E 


2  max.  max.'  — 

'2 


WRiR, 


(53) 


//  the  circuits  are  so  closely  coupled  as  to  satisfy  the  condition  for 
sufficient  coupling  as  defined  by  (50),  then  in  order  to  obtain  a 
max.  mcuc.  secondary  current,  the  circuits  should  be  tuned  to  satisfy 
conditions  (51),  or  the  equivalent  conditions  (52),  and  the  current 
obtained  cU  this  adjustment  is  given  by  (53). 

It  is  seen  that  in  the  case  of  sufficient  coupling  (that  is,  when 
M^wyW  RiR%)  the  value  of  the  secondary  current  obtained  is 
independent  oj  the  mviual  inductance, 

169.  Optimum  Resonance  Relation  Equivalent  to  Fulfillment 
of  Partial  Resonance  Relations  S  and  P  Simultaneously. — Before 
passing  to  a  further  consideration  of  max.  max.  current  ampli- 
tudes it  is  interesting  to  note  that  the  simultaneous  fulfillment 
of  Partial  Resonance  Relation  S  and  Partial  Resonance  Relation 
P  results  in  the  Optimum  Resonance  Relation. 

The  Partial  Resonance  Relation  S  given  by  (36)  is 

while  the  Partial  Resonance  P  given  by  (37)  is 

^  -.  M^.        (P) 

Taking  the  product  and  then  the  quotient  of  these  two  equa- 
tions, we  obtain 

Z1Z2  =  Jlf  2co»  (54) 

and 

XI  ^  Zl  ^  Xl^Rl  ^  Rl 

Xi^      Zi^      Xi^  +  Ri^      /?!«  ^^^^ 

The  last  step  in  (55)  is  taken  by  the  law  of  division  in  the  theory 
of  ratio  and  proportion. 

Taking  the  square  root  of  the  first  and  last  members  of  (55) 
and  combining  with  (S)  we  have  the  optimum  resonance  rela- 
tion (51),  which  is  the  case  of  sufficient  coupling. 

Note,  however,  (S)  and  (P)  are  attainable  simultaneously  only 
provided  (54)  is  attainable,  but  since  by  definitions  of  Zi  and  Zj, 

ZiZ^  ^  R1R2', 
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hence,  by  (54)  (8)  and  (P)  are  simultaneously  attainable  only 
provided 

Jlf^w*  ^  R1R2. 

This  is  not  quite  correct,  because  there  is  another  way  of 
satisfying  (S)  and  (P)  simultaneously  without  leading  to  (54), 
and  that  is  by  making 

Xi  =  0  and  X2  =  0  (56) 

so  that  alternative  to  the  optimum  resonance  relation  (55)  we 
have  (56)  as  a  possible  optimum  resonance  relation.  By  work 
done  above,  it  was  shown  that  (56)  is  the  actual  optimum  reso- 
nance relations,  provided  i^ 

We  have  thTM  shavm  that  the  Optimum  Resonance  Relation  is 
Equivalent  to  the  requirement  that  the  Partial  Resonance  Relations 
P  and  S  be  fulfilled  simuUaneov^ly. 

Instantaneous  Value  of  Secondary  Current  and  of  Primaiy 
Current  at  Optimum  Resonance.  Sufficient  Coupling.— Under 
the  conditions  for  optimum  resonance  for  sufficient  coupling  the 
apparent  resistance  and  the  apparent  reactance  of  the  primary 
circuit,  as  given  in  (24)  and  (25),  reduce  to 

R\  =  2fli,    X'l  =  0  (57) 

whence  the  angle  <p'i  as  defined  in  (27)  reduces  to 

<p\  =  0  (58) 

The  instantaneous  current  ii,  as  given  by  (31),  under  these 

conditions  reduces  to 

^  E  cos  co< 

'Imax.  max.  od  v^*'/ 

This  equation  gives  the  value  of  the  instantaneous  current  in 
the  primary  circuit  at  optimum  resonance  and  sufficient  coupling. 
In  this  equation  E  cos  <at  is  the  impressed  e,m,f,,  and  the  resuU  is 
jor  the  steady  state. 

Next,  to  determine  the  secondary  instantaneous  current,  let 
us  take  (32),  replace  its  amplitude  by  (53),  and  also  make  S'l  =  0, 
as  in  (58),  obtaining 

E  cos  Lt  +  t/2  -  tan  -''^) 

^2  max.  max.   =  ^  ^.  (60) 

2\/RiR2 


k 
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This  equation  gives  the  value  of  the  instantaneous  current  in 
the  secondary  circuit  at  optimum  resonance  with  sufficient  coupling, 
in  a  steady  state,  under  the  action  of  an  e.mj.  E  cos  ojt  impressed 
upon  the  primary. 

POWER  £XPEin>ITUIt£  IN  THE  COX7PLED  CmCUTTS 

160.  Power  Expended  in  fhe  Primary  and  Secondary  Cir- 
cuits in  fhe  Coupled  System  at  Optimum  Resonance  for  Suffi- 
cient Coupling. — If  we  multiply  the  instantaneous  e.m.f.  E  cos 
(at  by  the  instantaneous  primary  current  (59)  at  optimum  reso- 
nance (sufficient  coupling),  we  obtain  for  the  instantaneous  power 
Pi  supplied  to  the  primary  circuit 

If  we  take  the  time  average  of  this  power,  over  an  integral 
number  of  half-periods,  or  over  a  time  that  is  long  in  comparison 
with  a  half-period,  and  indicate  the  average  so  obtained  by  Pi,  the 
average  of  the  numerator  becomes  E^/2.  This  value  is  the  mean 
square  of  6,  which  mean  square  we  may  indicate  by  E^,  and  obtain 

Pi  =  Yy2Ri  (62) 

This  is  the  average  power-input  into  the  system  of  drcuits,  at 
optimum  resonance  with  sufficient  coupling. 

Next,  let  us  examine  the  power  converted  into  heat  or  radiated 
as  electric  waves  from  the  primary  circuit.  This  is  the  square 
of  the  ciurent  times  the  resistance  of  the  circuit.  If  we  call  this 
power  Ipi]b,  y{e  have 

[pijji  =  ti^Ri  =  — ^^ —  (63) 

of  which  the  average,  indicated  by  replacing  p  by  capital  P,  is 

[PiU  =  ^V4fti  (64) 

Equations  (63)  and  (64)  give  respectively  the  instantaneous 
power  and  the  average  power  converted  into  heat  in  the  primary 
circuit  or  radiated  from  it  as  electric  waves,  at  optimum  resonance 
with  sufficient  coupling. 

The  difference  between  the  power-input  and  the  power  con- 
verted in  the  primary  circuit  is  the  power  communicated  to  the 
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secondary  circuit.    By  taking  (63)  from  (61)  and  (64)  from  (62), 
this  is  seen  to  be 

_  E*  cos*<ct  . 

P»  =  -4^^  ^65) 

and 

Pi2  =  FV4fti  (66) 

EquaUons  (65)  and  (66)  give  respectively  the  instantaneous 
power  and  the  average  power  communicated  to  the  secondary  cir- 
cuit at  optimum  resonance  with  sufficient  coupling.  These  values 
are  seen  to  be  the  same  as  the  corresponding  quantities  converted 
in  the  primary  irvto  heat  or  radiated  from  it. 

Let  us  now  as  an  independent  operation  calculate  the  power 
consumed  in  the  resistance  of  the  secondary  circuit.  This  is 
obtained  by  multiplying  the  square  of  the  instantaneous  second- 
ary current  (60)  by  the  secondary  resistance  R^y  and  gives 

P2  = ^^ (67) 

of  which  the  time  average  is 

P2=^E^/^i  (68) 

These  equations  (67)  and  (68)  give  the  instantaneous  power  and 
the  average  power  converted  into  heat  or  radiation  in  the  secondary 
circuit.  It  is  seen  thai  the  average  value  is  the  same  as  the  average 
value  of  power  communicated  to  the  secondary  from  the  primary,  and 
the  same  as  the  average  power  consumed  in  the  primary. 

A  comparison  of  the  instantaneous  values  (67)  and  (65)  shows 
that  the  conversion  into  heat  is  not  in  phase  with  the  transfer 
from  the  primary  to  the  secondary.  This  is  not  surprising  for 
the  power,  for  a  part  of  the  time,  is  stored  in  the  condenser  and 
inductance  of  the  secondary  circuit. 

As  a  general  conclursion  from  this  investigation  into  power  the 
important  result  is  obtained  that,  with  M^w^  greater  than  R1R2, 
if  we  adjust  the  two  circuits  to  such  values  as  to  give  a  max.  max.  of 
secondary  current,  then  one-half  of  all  the  power  communicated 
to  the  system  through  the  impressed  e.m.f,  is  dissipated  in  the  pri- 
mary circuit  and  one-half  is  dissipated  in  the  secondary  circuit. 

This  adjustment  is,  therefore,  not  a  very  efficient  one,  in 
general,  for  communicating  power  to  a  coupled  system  and 
dissipating  it  in  a  secondary  load. 

If  on  the  other  hand,  our  problem  is  the  reception  of  electric 
waves  from  a  distant  station  by  means  of  a  coupled  system  of 
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circuits  and  the. affecting  of  an  instrument  in  the  secondary 
circuit,  which  instrument '  responds  more  actively  the  larger 
the  secondary  current,  this  adjustment  though  not  efficient 
may  give  the  maximum  of  response  in  the  receiving  instrument. 
It  is  to  be  noted,  however,  that  we  have  assumed  a  constant 
amplitude  of  impressed  e.m.f.,  and  if  the  radiation  from  the 
receiving  antenna  affects  the  resultant  impressed  e.mi.,  a  proper 
correction  has  to  be  applied. 

We  shall. next  discuss  the  conditions  for  maximum  efficiency 
of  transfer  of  power  to  the  secondary  circuit  through  the  coupled 
system. 

161.  Condition  for  the  Transfer  of  Power  to  the  Secondary 
Circuit  with  Maximum  Efficiency. — We  must  now  go  back  to  our 
original  current  equations  (31)  and  (32),  unmodified  by  the 
introduction  of  any  resonance  relations,  and  form  the  expressions 
for  the  average  power  expended  in  the  secondary  resistance 
and  the  average  power  expended  in  the  primary  resistance. 

This  is  done  by  taking  the  square  of  the  respective  currents 
and  multipl3ring  by  the  respective  resistances  and  averaging  as  to 
time.  If  we  merely  write  the  ratio  of  these  average  power 
values,  we  obtain 

It  is  seen  that,  for  a  fixed  value  of  Af,  o),  R^^  and  Ri,  this 
ratio  of  the  average  power  expended  in  the  secondary  to  the 
average  power  expended  in  the  primary  is  a  maximum  when 
X2,  comprised  in  Zs,  is  zero.     That  is, 

X,  =  0  (70) 

Equation  (70)  is  the  condition  for  a  maximum  efficiency  of 
the  tranter  of  power  to  the  secondary  circuit. 

Putting  (70)  into  (69),  it  is  seen  that  at  maximum  efficiency 

To  obtain  from  this  expression  the  efficiency  at  maximum 
efficiency  it  is  only  necessary  to  form  from  (71)  the  ratio 
Pt/  (Pi  +  -P2).  This  is  done  by  taking  the  reciprocal  of  (71), 
adding  unity  to  both  sides,  and  again  taking  the  reciprocal. 
This  gives 

^^'^--'-  M^a^^  +  RiRt  ^^^^ 
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Equation  (72)  gives  the  efficiency  of  the  tranter  of  power  from 
the  impressed  e.mj.  to  the  secondary  circuit  when  the  secondary 
circuit  is  adjusted  for  the  maximum  efficiency  of  such  transfer. 
The  efficiency  of  the  transfer  is  independent  of  the  primary 
adjustment. 

162.  Condition  for  the  Transfer  of  Maximum  Power  to  tbe 
Secondary  Circuiti  The  Transfer  Being  Effected  at  Mazimuin 
Efficiency. — If  we  want  to  get  the  maximum  transfer  of  power 
to  the  secondary  circuit  at  maximum  efficiency,  we.  need  merely 
put  the  condition  for  the  maximum  efficiency  of  transfer  (namely, 
Xt  =  0)  into  the  amplitude  equation  (33)  for  secondary  current 
and  then  adjust  Xi  to  make  the  square  of  this  amphtude  a 
maximum. 

Putting  X2  =  0  into  (33)  we  obtain 

'*=—^ -•  (73) 


ii,^(fi.  +  ^V  +  x.« 


It  is  seen  by  inspection  that  to  make  this  a  maximum,  we 
require  Xi  to  be  zero. 
We  have  then 

Zi  =  0  =  Xj,  or  LiCi  =  L2C2  =  l/«^  (74) 

Equations  (74)  are  the  conditions  for  a  maximum  transfer  of 
power  at  maximum  efficiency  from  the  e.mJ.  to  the  secondary 
circuit.  In  this  equation  <a  is  the  angular  velocity  of  impressed 
e.mJ, 

163.  Comparison  of  Secondary  Current  at  Maximum  Power 
and  Maximum  Efficiency  with  the  Secondary  Current  at  the 
Optimum  Resonance  Relation. — The  amplitude  of  the  sec- 
ondary current  at  maximum  secondary  power  and  at  maximum 
efficiency  of  transfer  of  power  is  obtained  by  inserting  (74)  into 

(73).     This  gives 

J  __         Mo»E  .-.. 

i2m«.cff.  -j^,^,  _^^^^^-  UO; 

This  is  the  secondary  current  at  maximum  secondary  power 
transferred  at  maximum  efficiency  from  the  source  to  the  secondary. 

Let  us  compare  with  this  the  secondary  current  at  optimum 
resonance,  with  coupling  sufficient,  which  by  (63)  is 

E 


2  max.  max.  — 


2y/RiRt 


M 
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The  combination  of  this  equation  with  (75)  gives 

1 2  m>«.  eff.     _  2y/RiR2/M^(a^ 


(76) 


h  max.  max.        1  +  RiRt/M^Qi^ 

Table  I  contains  calculated  values  of  this  ratio  for  different 
values  of  M^u^RiRt. 

Table  I, — Comptrison  of  Secondary  Current  for  Two  Sets  of  Conditions 


jlf^t 

Kff 

It  max.  eff. 

RiRt 

max. 

It  max.  max 

1 

0.50 

1.00 

2 

0.66 

0.93 

3 

0.76 

0.87 

4 

0.80 

0.80 

5 

0.83 

0.74 

6 

0.86 

0.70 

7 

0.87 

0.66 

8 

0.88 

0.62 

9 

0.90 

0.60 

00 

1.00 

0.00 

In  the  first  column  of  Table  I  are  arbitrary  values  of  the  ratio 
of  Af  \i>'  to  RiRt.  Consistent  with  these  ratios,  the  second  column 
gives  the  maximum  attainable  efficiency  of  the  transfer  of  power 
to  the  secondary  circuit  from  the  source  of  e.m.f .  This  efficiency 
increases  as  the  ratio  in  the  first  column  increases.  In  the  third 
colunm  is  the  ratio  of  the  amplitude  of  the  secondary  ciurent 
obtainable  at  maximum  efficiency  to  the  ampUtude  attainable 
at  the  adjustment  for  maximum  secondary  current.  It  is 
seen  that  at  50  per  cent,  efficiency  this  ratio  is  unity,  while  with 
increasing  efficiency  this  ratio  decreases  toward  zero. 


CHAPTER  XII 


RESONANCE  RM^ATIONS  IN  RADIOTELEGRAPHIC  RE- 
CEIVING STATIONS  UNDER  THE  ACTION  OF 
PERSISTENT  INCIDENT  WAVES 

164.  Use  of  Persistent  Waves. — Persistent,  or  sustained, 
waves  have  recently  come  into  extensive  use  in  radiotelegraphy 
and  radiotelephony.  With  these  persistent  waves,  which  are 
emitted  by  the  sending  station  while  the  sending  key  is  depressed, 
tens  of  thousands  of  oscillations  may  arrive  at  the  receiving 
station  even  during  the  production  of  a  single  dot  of  the  tele- 
graphic code.    This  permits  the  establishment  of  practically 


Ci  . 


Fio.  1.  Fig.  2. 

Fio.  1. — Inductively  coupled  radioteleeraphic  receiving  station  with  detector 
D  in  series  in  a  secondary  circuit. 
Fio.  2. — Closed  system  approximately  equivalent  to  Fig.  1. 

a  steady  state  at  the  receiving  station,  so  that  the  mathematical 
deductions  of  the  preceding  chapter  may  be  applied  directly 
to  the  radiotelegraphic  circuits.^ 

165.  In  Respect  to  Resonance  the  Antenna  Circuit  is  Ap- 
proximately Equivalent  to  a  Closed  Circuit  Consisting  of  a 
Localized  Inductancei  Capacity  and  Resistance. — With  a  re- 
ceiving station  of  the  type  shown  diagrammatically  in  Fig.  h 

^  This  chapter  is  adapted  from  Pierce,  "  Theory  of  Coupled  Circuits, 
Under  the  Action  of  an  Impressed  Electromotive  Force  with  Applications 
to  Radiotelegraphy,"  Proc.  Am,  Acad.,  46,  p.  293,  1911. 
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certain  theory  and  experiments,  not  here  presented,  show  that  in 
respect  to  resonance  relations,  the  system  is  substantially 
equivalent  to  the  system  of  Fig.  2,  with  antenna  replaced  by 
a  suitable  localized  capacity,  inductance  and  resistance. 

The  e.m.f .  impressed  upon  the  antenna  by  the  incoming  waves 
may  be  simulated  by  a  source  e  of  e.m.f.,  Fig.  2,  in  series  in  the 
primary  circuit. 

In  the  form  of  receiving  circuit  illustrated  in  Fig.  1,  the 
detector  D  is  in  series  in  the  secondary  circuit,  Circuit  II,  and 
this  whole  sjrstem  goes  over  into  the  system  of  Fig.  2. 

In  case  the  detector  is  of  high  resistance,  it  may  be  advanta- 
geous to  take  it  out  of  Circuit  II,  and  place  it  along  with  a  con- 
denser C3  on  a  branch  in  shunt  to  d.  This  arrangement  is 
shown  in  Fig.  1  of  Chapter  XV  and  is  there  treated.  At  pres- 
ent we  shall  suppose  the  receiving  station  to  be  of  the  type 
of  Fig.  1,  and  to  be  equivalent  to  the  simplified  system  given  in 
Fig.  2. 

All  that  we  have  developed  in  the  preceding  chapter  we  shall 
now  assume  to  apply  approximately  to  Fig.  1,  and  shall  de- 
scribe our  results  in  terms  of  the  radiotelegraphic  circuits  of  this 
Fig.  1.  It  is  to  be  borne  in  mind  that  what  we  shall  say  applies 
with  greater  accuracy  to  the  simplified  circuits  of  Fig.  2. 

I.  PARTIAL  RESONANCE  RELATIONS  S  AND  P 


166.  Transformation  of  Partial  Resonance  Relations  S  and  P. 

If  Circuit  I  and  the  mutual  inductance  of  the  system  is  kept 
constant  and  the  reactance  X2  of  the  secondary  circuit  is  used 
in  tuning  to  obtain  a  maximum  of  amplitude  of  current  in  Circuit 
II,  the  setting  required  is  said  to  satisfy  Partial  Resonance 
ReUUion  S.  This  relation  is  given  in  the  previous  chapter  by 
equation  (36),  which  is  here  rewritten 


Jlf^O) 


t 


Xt  =    ^     Xi  (Partial  Resonance  Relation  S).  (1) 

On  the  other  hand,  if  Xi  is  used  as  the  adjustable  member 
while  all  of  the  other  members  of  the  system  of  circuits  are 
kept  constant,  the  condition  for  a  maximum  amplitude 
of  secondary  ciurent  (in  Circuit  II)  has  been  called  in  the  pre- 
vious chapter  Partial  Resonance  Reloiions  P,  The  equation  for 
12 
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this  resonance  relation  is  given  as  (37)  of  the  preceding  chapter, 
and  is  here  rewritten 

Xi  =    ^  .  X2  (Partial  Resonance  Relation  P).  (2) 

It  is  proposed  now  to  transform  these  two  resonance  relations 
by  replacing  Xi,  X%,  Zi  and  Zt  by  their  customary  values, 
given  respectively  in  (9),  (10),  (15)  and  (16)  of  Chapter  XI, 
This  operation  gives 

Ljw  —  7j —  =  :. ^- (Resonance  Relation  S)   (3) 

^«W  (r  1     \  9     I      r»  2 


(^"-  -  i) ' + «' 


and 


Lico  —  7p-  =  ~ z ^ (Resonance  Relation  P).  (4) 


We  shall  now  change  the  form  of  these  equations  so  that  the 
result  is  expressed  in  terms  of  angular  velocities,  decrements, 
and  the  coefficient  of  coupling.     For  this  purpose,  let 

Qi^  =  1/LiCi,         122*  =  I/L2C2,  r*  =  M^LiLi  (5) 

and  let 

iji  =  Ri/Li<a  =  RiT/2irLi  =  5iA  (6) 

172  =  R2/L^  =  RiT/2irLi  =  «,A  (7) 

The  quantities  12i  and  Qs  as  defined  by  (5)  are  quantities 
that  have  been  extensively  used  in  Chapters  VI,  IX,  and  X 
and  have  been  designated  Undamped  Angular  Velocities.  The 
quantity  t,  called  Coefficient  of  Coupling,  has  also  been  extensively 
used  in  the  previous  chapters. 

The  quantities  171  and  172,  defined  by  (6)  and  (7),  are  new, 
and  are  seen  to  be  respectively  l/x  times  the  logaCrithmic  decre- 
ments of  the  two  circuits  per  cyde  of  impressed  e.m.f. 

Introducing  these  various  abbreviations  into  (3)  and  (4) 
we  may  write  these  equations,  after  a  transposition  of  terms,  in 
the  forms 

(' - -0  (■  -  ^^  "•  - '■•(i^ni^:)    « 

(Partial  Resonance  Relation  S) 
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and 

(Partial  Resonance  Relation  P) 

Par  any  given  fixed  values  af  the  ather  quantities  that  accur  in 
these  equations,  and  far  fixed  amplitude  of  the  impressed  e,m,f.\ 
equation  (8)  gives  the  value  that  the  ratio  122/co  mtMt  have  in  order 
to  produce  a  maximum  of  amplitude  of  secondary  current  in  a 
steady  state. 

Likewise,  for  the  other  quantities  fixed,  equation  (9)  gives  the 
value  that  the  ratio  Qi/co  must  have  in  order  to  produce  a  maximum 
amplitude  of  secondary  current  in  a  steady  state. 

167.  Transformation  of  Partial  Resonance  Relations  S  and  P 
into  Forms  Involving  Wavelengths. — As  most  radiotelegraphic 
frequency  measurements  are  made  in  terms  of  wavelengths, 
it  is  proposed  to  make  certain  obvious  transformations  to 
express  equations  (8)  and  (9)  in  terms  of  ratios  of  wavelengths. 

It  will  be  remembered  that  the  wavelength  X  corresponding  to 
a  period  T,  of  angular  velocity  w,  has  been  defined  by  the  equa- 
tion 

X  =  cT  =  2tc/w  (10) 

where  c  is  the  velocity  of  light  in  free  space  (in  meters  per  second, 
if  X  is  in  meters  and  T  in  seconds). 

We  have  also  used  in  previous  chapters  the  idea  of  an  Un- 
damped Wavelength  of  a  circuit,  which  ordinarily  differs  but 
slightly  from  the  free  wavelength  X  of  the  circuit,  in  that  the 
Undamped  Wavelength,  designated  by  a  Greek  Capital  Lambda 
A,  is  defined  as 

A  «  27rc/12  (11) 

The  undamped  wavelength  A  of  a  circuit  is  the  wavelength 
that  the  circuit  would  have  if  its  resistance  were  removed  without 
changing  the  inductance  and  capacity  of  the  circuit. 

Giving  to  equation  (11)  subscripts  1  and  2,  and  dividing  it 
into  (10)  we  have 

i2i/«  =  X/Ai,         fia/co  =  X/A2  (12) 

In  terms  of  the  ratios  of  wavelengths,  equations  (8)  and  (9) 
may  be  written 

(•- 1?)  ('-$)-"-'■■  I  r^P^l  <>') 

(Partial  Resonance  Relation  S) 
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and 

(Partial  Resonance  Relation?) 

In  ihese  equations  \  is  the  wavelength  of  the  impressed  e.m,f., 
Ai  and  Aj  are  the  undamped  wavelengths  of  Circuits  I  and  II 
respectively.  In  applying  (13)  Ai  alone  is  supposed  to  be  varied 
in  obtaining  the  maximum  of  amplitude  of  secondary  current. 
In  applying  (14)  A2  alone  is  supposed  to  be  varied  in  obtaining  the 
maximum  amplitude  of  secondary  current. 
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Fio.  3. — Resonant  values  of  X'/Aj  for  various  values  of  X«/Aj* 

168.  Examiiiation  of  the  Partial  Resonance  Relation  S  in  a 
Numerical  Case.-— We  shall  now  take  a  numerical  case  in  which 
r  and  T/i^  are  given,  and  shall  employ  the  Partial  Resonance 
Relation  /S,  in  the  form  of  equation  (13),  to  deterinine  the  value 
of  XVAa  that  is  required,  for  various  values  of  XVAi,  in  order  to 
produce  a  maximum  of  amplitude  of  secondary  current. 
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We  shall  take,  in  the  example,  r  =  0.30,  and  shall  give  to  171^ 
the  four  values  0,  0.001,  0.01,  and  0.1.  Computed  numerical 
values  are  contained  in  Table  I. 

Where  the  numbers  are  omitted  near  the  middle  of  the  table, 
the  values  of  XVA2*  are  given  as  negative  by  the  formula,  and 
are  therefore  impossible  of  realization,  because  they  would  make 
A2  imaginary. 

Table  I. — ^Resonant  Values  of  (X/As)>  for  Various  Values  of  (X/Ai)'.     Given 
r  »  0.80,  and  Given  Four  Different  Values  of  171*  Following  Partial 

Resonance  Relation  S 


(X/Ai)«  for 

(X/Ai)s 

1 

ni*  -  0 

iyi«  -  0.001 

m*  -  0.01 

m*  -  0  1 

0.0 

0.910 

0.910 

0.911 

0.918 

0.2 

0.888 

0.888 

0.889 

0.903 

0.4 

0.850 

0.850 

0.854 

0.883 

0.6 

0.775 

0.776 

0.789 

0.862 

0.8 

0.550 

0.561 

0.640 

0.812 

0.9 

0.100 

0.182 

0.550 

0.919 

0.96 

0.640 

0.965 

0.97 

0.752 

0.973 

0.98 

0.827 

0.982 

0.99 



0.181 

0.911 

0.991 

1.00 

1.000 

1.000 

1.000 

1.02 

4.500 

2.290 

1.170 

1.017 

1.03 

3.000 

2.360 

1.250 

1.027 

1.05 

2.800 

2.290 

1.360 

1.045 

1.1 

1.900 

1.818 

1.450 

1.082 

1.2 

1.450 

1.439 

1.360 

1.129 

1.3 

1.300 

1.297 

1.270 

1.143 

1.4 

1.225 

1.224 

1.212 

1.139 

1.5 

1.180 

1.179 

1.176 

1 

1.129 

1.6 

1.150 

1.150 

1.146 

1.117 

1.8 

1.112 

1.112 

1.111 

1.097 

2.0 

1.090 

1.090 

1.089 

1.082 

2.5 

1.060 

1.060 

1.060 

1.057 

3.5 

1.036 

1.036 

1.036 

1.035 

6.0 

1.023 

1.023 

1.023 

1.022 

10.0 

1.010 

1.010 

1.010 

1.010 

00 

1.000 

1.000 

1.000 

1.000 

The  numerical  results  of  Table  I  are  plotted  in  the  curves  of 
Fig.  3,  with  (X/Ai)'  as  abscissae  and  (X/A2)*  as  ordinates. 
For  T/i*  =  0,  the  curve  is  an  equilateral  hyperbola  with  axes 
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at  1,1,  as  may  be  deduced  directly  by  making  171^  ==  0  in  (13). 
When  171*  =  0.001,  the  curve  practically  coincides  with  the  curve 
for  171^  =  0  except  in  the  interval  of  abscissse  between  0.9  and 
1.1,  where  it  sweeps  from  the  third  quadrant  up  through  the 
point  1,1  and  joins  with  the  part  of  the  curve  in  the  first  quadrant. 
At  the  bottom  of  the  figure  between  the  abscissse  0.9  and  0.98 
this  curve  for  171^  =  0.001  has  a  gap  in  it.    In  this  gap  the  com- 
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Fig.  4. — Resonant  values  of  Af/X*  for  various  values  of  A,  /X. 

puted  values  of  the  ordinates  are  negative,  and  the  value  oi  h 
is  hence  imaginary  in  this  region. 

The  curves  for  171*  =  0.01  and  0.1  fall  into  coincidence  with  the 
equilateral  hyperbola  for  large  and  for  small  values  of  abscis- 
sae; but  in  the  neighborhood  of  the  abscissa  at  1  they  cross  over 
from  the  first  to  the  third  quadrant.  The  greater  the  value  of 
171^  the  greater  the  departure  of  the  curve  from  the  equilateral 
hyperbola. 

The  whole  course  of  these  curves  resembles  the  corresponding 
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curves  in  optics,  obtained  when  the  index  of  refraction  is 
plotted  against  frequency,  in  the  neighborhood  of  an  absorp- 
tion band. 

169.  Plot  of  the  Partial  Resonance  Relation  S  in  the  Numer- 
ical Case  in  tiie  Rediirocal  Form. — It  is  deemed  worth  while  to 
plot  the  values  of  the  reciprocals  of  Table  I.  This  will  give  the 
curves  in  the  form  of  (A2/X)*  versus  (Ai/X)*.  These  reciprocals 
are  recorded  in  Table  II,  and  are  plotted  in  the  curves  of 
Fig.  4. 

Table  II  was  obtained  by  taking  the  reciprocals  of  all  of  the 
numbers  within  the  columns  of  Table  I. 


Table  U. — Reciprocals  of  Numbers  in  Table  I 


(AiA)«  for 

(AiA)« 

VI*  -  0 

VI*  -  0.001 

ifi«  -  0.01 

1f!»   -   0.1 

00 

1.099 

1.099 

1.098        ' 

1.089 

5.0 

1.126 

1.126 

1.125 

1.107 

2.5 

1.176 

1.176 

1.171 

1.133 

1.67 

1.290 

1.289 

1.267 

1.159 

1.26 

1.818 

1.782 

1.563 

1.232 

1.11 

10.000 

5.495 

1.818 

1.088 

1.05 

1.562 

1.047 

1.03 

1.330 

1.028 

1.02 



1.209 

1.018 

1.01 

5.525 

1.098 

1.009 

1.00 

1.000 

1.000 

1.000 

0.98 

0.222 

0.437 

0.855 

0.983 

0.97 

0.333 

0.424 

0.800 

0.973 

0.95 

d.357 

0.437 

0.735 

0.957 

0.909 

0.526 

0.550 

0.690 

0.924 

0.833 

0.690 

0.695 

0.735 

0.886 

0.769 

0.769 

0.771 

0.787 

0.875 

0.714 

0.816 

0.817 

0.825 

0.878 

0.666 

0.847 

0.848 

0.850 

0.886 

0.625 

0.870 

0.870 

0.873 

0.895 

0.555 

0.899 

0.899 

0.900 

0.912 

0.500 

0.917 

0.917 

0.918 

0.924 

0.400 

0.943 

0.943 

0.943 

0.946 

0.286 

0.965 

0.965 

0.965 

0.966 

0.200 

0.978 

0.978 

0.978 

0.978 

0.100 

0.990 

0.990 

0.990 

0.990 

0.000 

1.000 

1.000 

1 

1.000 

1 

1.000 
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By  reference  to  Fig.  4,  It  Is  seen  that  in  terms  of  the  codrdi- 
nates  of  Fig.  4,  the  curves  have  lost  their  symmetry,  with  the 
exception  of  the  curve  with  t^i^  =:  0,  and  this  has  shifted  its  as- 
symptotes.  The  equation  for  this  case  of  t/i*  =  6  may  be  ob- 
tained directly  as  follows: 

If  the  damping  term  of  (13)  is  negligible,  the  equation  becomes 

(1  -  XVAi2)(l  -  XVA2*)  =  r^  (15) 

Performing  the  indicated  multiplications,  then  multiplying 
both  sides  of  (15)  by  Ai^AjVXS  adding  1/(1  -r^)^  and  again 
factoring,  we  obtain 

/Aj^_       1     \  /A,^ 1_\      f_^ 

\  X2        1  -  rV  \  X2        i  -  rV       (1  -  r^y  ^^^^ 

This  is  seen  to  be  an  eqmlateral  hyperbola  with  asymptotes 
at 

(Ai/X)2  =  1/(1  -  T»)  and  (A2/X)2  =  1/(1  -  r^)         (16) 

Eqv4xtion  (15)  or  the  dUemaiive  equation  (15a)  i^  a  statemen 
of  the  Partial  Resonance  Relation  S  in  the  special  case  in  which 
171^  is  negligible.  Equation  (16)  is  the  equation  to  the  asymptoki 
to  (he  hyperbola  (15). 

170.  Note  on  the  Partial  Resonance  Relation  P. — We  have 
given  in  Tables  I  and  II  numerical  calculations  of  the  partial 
resonance  relation  S,  and  have  plotted  the  results  in  the  curves 
of  Figs.  3  and  4.  We  shall  not  here  present  the  corresponding 
results  for  the  partial  resonance  relation  P,  since  by  the  sym- 
metry of  equations  (13)  and  (14)  it  will  be  evident  that  the 
tables  and  curves  will  remain  as  they  are  except  that  the  sub- 
script 1  will  be  replaced  by  2  and  the  subscript  2  will  be  re- 
placed by  1,  in  order  to  change  the  results  into  values  required 
by  the  resonance  relation  P. 

171.  Effect  of  Coefficient  of  Coupling  r  on  Partial  Resonance 
Relation  S  in  the  Case  of  vi^  —  0. — If  the  resistance  of  the 
primary  circuit  be  so  small  that  t/i*  is  essentially  zero,  the  partial 
resonance  relation  S  takes  the  form  of  equation  (15),  which  is 
the  equation  of  an  equilateral  hyperbola  in  terms  of  (X/Af)* 
versus  (X/Ai)*,  with  asymptotes  at 

(X/A,)^  =  1  =  (X/Ai)^  (17) 
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A  series  of  such  curves  computed  for  different  values  of  r* 
are  plotted  in  Fig.  5.  The  computed  values  are  contained  in 
Table  III. 


1.0         1.2 

xVa*. 

Fio.  5. — Showing  relation  of  At*  to  Ai'  for  resonance  relation  S  with  various 

values  of  r*,  and  with  m  ^  Q. 

As  may  be  seen  from  the  equation  (15)  and  from  the  numerical 
results,  as  r^  is  made  smaller  and  smaller,  the  equilateral 
hyperbola  approaches  the  asymptotes,  and  in  case  r^  =  0, 
the  hyperbola  becomes  two  straight  lines  coincident  with  the 
asymptotes. 
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Table  m.— Resonant  Values  of  (X/At)'  for  Various  Values  of  (X/Ai)*  and 
Various  Values  of  r*,  According  to  Partial  Resonance  Relation  S.    Given 


(X/Ai)»  for 

(X/AO« 

r*  -  0.001 

T*  -  0.005 

T*  -  0.01 

r>  -  0.05 

T*  -  0.00 

0.0 

0.999 

0.995 

0.99 

0.95 

0.91 

0.2 

0.999 

0.994 

0.99 

0.93 

0.88 

0.4 

0.998 

0.992 

0.98 

0.92 

0.85 

0.6 

0.998 

0.985 

0.97 

0.88 

0.78 

0.8 

0.995 

0.978 

0.95 

0.75 

0.55 

0.9 

0.990     . 

0.950 

0.90 

0.50 

0.10 

0.95 

0.980 

0.900 

0.80 

0.00 

0.97 

0.967 

0.835 

0.67 

0.98 

0.950 

0.750 

0.50 

0.99 

0.900 

1.00 

1.02 

1.050 

1.250 

1.50 

3.50 

4.50 

1.03 

1.033 

1.165 

1.33 

2.66 

3.00 

1.05 

1.020 

1.100 

1.20 

2.00 

2.80 

1.1 

1.010 

1.050 

1.10 

1.50 

1.90 

1.2 

1.005 

1.025 

1.05 

1.25 

1.45 

1.3 

1.003 

1.016 

1.03 

1.17 

1.30 

1.4 

1.002 

1.012 

1.02 

1.13 

1.23 

1.5 

1.002 

1.010 

1.02 

1.10 

1.18 

1.6 

1.002 

1.008 

1.016 

1.08 

1.15 

1.8 

1.001 

1.006 

1.012 

1.06 

1.11 

2,0 

1.001 

1.005 

1.010 

1.05 

1.09 

2.5 

1.001 

1.003 

1.006 

1.03 

1.06 

3.5 

1.000 

1.002 

1.004 

1.02 

1.04 

5.0 

1.000 

1.001 

1.002 

1.01 

1.02 

10.0 

1.000 

1.000 

1.001 

1.005 

1.01 

00 

1.000 

1.000 

1.000 

1.000 

1.00 

n.  OPTIMUM  RESONANCE  RELATION  AS  SUFFICIENT  COUPLING 

172.  Case  of  Sufficient  Coupling.  Equations  for  Optimum 
Resonance  in  Terms  of  Angular  Velocities. — ^Let  us  next  examine 
what  we  have  called  in  the  preceding  chapter  the  optimwn  re- 
sonance relation,  which  is  the  condition  for  a  maximum  maximum 
of  secondary  current  in  the  steady  state  under  the  action  of  an 
impressed  sinusoidal  e.m.f.  The  coupling  is  called  sufficient 
coupling  whenever  the  mutual  inductance  between  the  two 
circuits  is  large  enough  to  make 

MV  >  R1R2. 


r 
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The  equations  for  the  optimum  resonance  relation  under  this 
condition  has  been  given  in  suitable  form  in  equations  (52)  of 
the  preceding  chapter.  If  in  these  equations  we  replace  Xi 
and  Xi  by  their  customary  values,  and  if  further  we  introduce  the 
subscript  '^opt^'  to  designate  the  optimum  relation,  we  have 


and 


{^-    -    ilop.  =  ±  VI  ^^*«'  -  «.^.> 


(18) 


where  we  must  use  the  same  sign  in  both  equations  to  obtain  a 
consistent  simultaneous  pair  of  values.  This  follows  from  the 
fact  given  in  equation  (51),  Chapter  XI,  that  the  ratio  of  Xf  to 
Xi  must  be  positive. 

If  now  we  divide  both  sides  of  (18)  by  Li«,  or  L^u,  as  required, 
and  use  the  abbreviations  given  in  (5),  (6)  and  (7),  we  obtain 

N  «    /  opt.  \  «i772 


1 


-(%)        =±W--1  <20) 

\<a^/opt.  \t71n2 

These  equations  give  the  optimum  values  of  the  undamped  angular 
velocities  12i  and  Q2  relative  to  the  incident  angular  velocity  co. 
These  optimum  values  are  values  that  produce  a  maximum  maximum 
secondary  current  amplitude.  The  equations  apply  to  the  oc^e  of 
sufficient  coupling,  for  which 

M^co^  >  R1R2,  i.e.,  T*  >  17117,  (21) 

173.  The  Optimum  Resonance  Relation  in  Terms  of  Wave- 
lengths, at  Sufficient  Coupling. — If,  in  equations  (19)  and  (20) 
we  replace  the  ratios  of  angular  velocities  by  the  reciprocals  of 
the  corresponding  ratios  of  wavelengths,  in  accordance  with 
equations  (12),  and  make  certain  evident  transformations,  we 

obtain 

1 

^77  (21) 

1 

-  (22) 


(^*  = r^~ 

\X/opt.       1  ±  rjix  — 1 

\i?ii?2 

V  x/opt.     1  ±  772-v/-- 

\171n2 


1 
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where,  for  a  consistent  pair  of  values,  both  equations  must  have 
the  same  mgn  before  the  radicals. 

These  resonance  relationa  (21)  and  (22)  are  optimwn  promded 

r*  >  111T,  (23) 

174.  Calculation  at  the  Optimum  Resonance  Relation  in 
Certain  Numerical  Cases. — In  order  to  facihtate  the  optimum 
Values  of  AiA  and  At/X,  let  us  extract  the  square  root  of  (21) 
and  (22)  and  write  the  results  in  the  form 


\A/opt.         Vl±¥'l  Vljl 


(24) 


*i         I  2 

Fia.  6. — Auxiliary  curve  to  assist  la  calculation  of  optimum  reBODSDMid- 
Justmeul.  f9i  is  deGsed  in  (24).  These  curves  give  &iso  optimum  valuta  of 
Af/X  if  tn  is  replaced  by  ^  defined  ia  (25). 

{^)       =  -J^.  where  ^,  =  „    jjl  -  i  (25) 

provided 


Table  IV  gives  computed  values  of  (Ai/X)opt.  for  various  ralua 
assumed  for  ipi. 
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The  values  from  this  table  are  plotted  in  the  curves  of  Fig.  6, 
with  (Ai/X)opt.  as  ordinates  and  91  as  abscissae.  The  lower  curve 
was  obtained  by  using  the  +  sign  within  the  radical  of  (24),  and 
the  upper  curve  was  obtained  by  using  the  minus  sign  in  that 
radical.  Note  that  the  same  figure  may  be  employed  to  obtain 
the  values  of  (At/X)^^  for  given  values  of  ^.  To  obtain  a 
consistent  pair  of  optimum  values,  if  the  upper  or  lower  curve  is 
used  to  determine  Ai  the  same  curve  must  be  used  to  obtain  A2. 


TaUe  IV.— Values  of  (Ai/X)opt.  Correspondiiig  to 

Compated  from  Equation  (24) 


Values  of  ^u 


^Aa 

(A,  A)  opt. 

^» 

Usinc  +  Bicn 

Usmc  —  ngn 

0.0 

1.000 

1.000 

0.1 

0.953 

1.064 

0.2 

0.953 

1.118 

0.3 

0.877 

1.196 

0.4 

0.845 

1.292 

0.5 

0.817 

1.414 

0.6 

0.791 

1.581 

0.7 

0.767 

1.825 

0.8 

0.746 

2.236 

0.9 

0.726 

3.162 

1.0 

0.707 

Infinite 

1.1 

0.690 

Imaginary 

1.2 

0.676 

Imaginary 

1.3 

0.660 

Imaginary 

1.4 

0.646 

Imaginary 

1.5 

0.632 

Imaginary 

1.6 

0.620 

Imaginary 

1.7 

0.608 

Imaginary 

1.8 

0.697 

Imaginary 

1.0 

0.587 

Imaginary 

2.0 

0.577 

Imaginary 

2.1 

0.568 

Imaginary 

2  2 

0.569 

Imaginary 

2.3 

0.650 

Imaginary 

2.4 

0.642 

Imaginaiy 

2.5 

0.536 

Imaginary 

2.6 

0.527 

Imaginary 

As  an  example  of  the  manner  of  using  the  auxiliary  curves  of 
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Fig.  6,  in  calculation  of  optimum  values  of  Ai  and  A2,  let  us  take 
a  special  case. 

Suppose  T*  =  0.30  and  171  =  0.1,  let  us  give  various  values  to 
172  and  compute  the  corresponding  optimum  wavelength  adjust- 
ments, with  the  results  recorded  in  Table  V. 

In  compiling  this  table  the  values  of  <pi  and  <p2  corresponding 
to  various  values  of  rjt  were  calculated  by  equations  (24)  and  (25). 
The  corresponding  wavelength  ratios  were  then  taken  from  the 
curve  of  Fig.  6. 


L7 
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L4 
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1   . 

2  . 

3       . 

4     . 

5        . 

6       . 

7      . 

3       . 

9 

17a ^ 

FiQ.  7. — Relation  of  optimum  wavelength  adjustment  to  damping  in  circuit  11. 
for  given  values  of  171  and  t.     (lyi  «  0.1,  t  ■«  0.30). 


The  results  contained  in  Table  V  are  plotted  in  Fig.  7.  In 
the  same  way  the  optimum  resonance  relations  for  various  values 
of  r  and  of  171  may  also  be  obtained,  but  the  single  example  here 
computed  and  plotted  serves  to  show  the  manner  in  which  the 
damping  constants  contribute  to  determine  the  optimum  reso- 
nance adjustment  of  the  two  circuits,  with  the  given  coeflGicient 
of  coupling. 
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Table  V. — Computation  of  Optimum  Resonance  Values  in  a  Special  Case, 
in  which 

r-  =  0.80 

lyi  «  0.1 

fit  -  Various  Values 


nt 

<pi 

vt 

(v)  °p*- 

(t)  °p*- 

(t)  «^'- 

(x)  oP^- 

0.01 

0.943 

0.094 

0.720 

0.955 

4.07 

1.053 

0.02 

0.662 

0.133 

0.777 

0.940 

1.73 

1.070 

0.03 

0.539 

0.162 

0.806 

0.930 

1.47 

1.090 

0.04 

0.464 

0.186 

0.827 

0.917 

1.37 

1.110 

0.05 

0.412 

0.206 

0.840 

0.910 

1.30 

1.123 

0.06 

0.374 

0.224 

0.850 

0.905 

1.26 

1.135 

0.07 

0.345 

0.242 

0.862 

0.900 

1.23 

1.148 

0.08 

0.319 

0.255 

0.870 

0.895 

1.205 

1.152 

0.09 

0.300 

0.270 

0.875 

0.890 

1.196 

1.168 

0.1 

0.282 

0.282 

0.882 

0.882 

1.180 

1.180 

0.2 

0.187 

0.374 

0.917 

0.853 

1.110 

1.262 

0.3 

0.141 

0.423 

0.935 

0.837 

1.078 

1.310 

0.4 

0.112 

0.448 

0.950 

0.832 

1.060 

1.345 

0.5 

0.089 

0.445 

0.960 

0.830 

1.048 

1.340 

0.6 

0.071 

0.426 

0.970 

0.837 

1.036 

1.320 

0.7 

0.054 

0.378 

0.975 

0.852 

1.032 

1.262 

0.8 

0.035 

0.280 

0.980 

0.885 

1.010 

1.175 

0.0 

0.000 

0.000 

1.000 

1.000 

1.000 

1.000 

Either  pair  of  values  under  a  brace  is  to  be  employed  simultaneously  for 
optimum  resonance. 


176.  General  Facts  Regarding  the  Optimum  Resonance  Re- 
lation with  Coupling  Sufficient — From  the  special  example  just 
treated  and  from  the  equations  (21)  and  (22)  the  following  impor- 
tant facts  are  apparent  in  the  case  of  sufficient  coupling  as  defined 
by  the  inequality 

1.  With  given  values  of  the  coefficient  of  coupling  and  the 
damping  constants  of  the  two  circuits  the  adjustment  for  a  max. 
max.  value  of  secondary  current  is  in  general  doubly  valued.  One 
may  in  general  get  best  resonance  either  by  setting  both  wave- 
lengths appropriately  longer  than  the  incident  waves,  or  by 
setting  both  circuits  to  a  wavelength  appropriately  shorter  than 
the  incident  waves. 

2.  The  adjustment  for  optimum  resonance  is  materially  in- 
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fluenced  by  the  resistances  of  the  two  circuits,  so  that,  in  general, 
with  fixed  incident  waves,  if  one  tunes  a  radiotelegraphic  system 
of  the  coupled  type  to  resonance,  with  the  use  of  a  given  detector, 
and  then  changes  to  a  detector  of  different  resistance,  it  is  nec- 
essary to  shift  the  wavelength  of  both  the  circuits  in  order  to 
bring  the  S3rstem  back  to  optimum  adjustment. 

3.  With  fixed  values  of  the  damping  factors,  and  provided 
^*  >  ^1^2,  the  proper  adjustment  for  a  maximum  secondary  cur- 
rent is  materially  influenced  by  the  coefficient  of  coupling  t,  and 
every  change  of  r  requires  a  readjustment  of  the  wavelengths  of 
both  of  the  circuits  of  the  coupled  system. 

m.  CURRENT  AMPLITUDE  AT  OPTIMUM  RESONANCE 

176.  General  Value  of  Secondary  Current  Amplitude. — In 

equation  (33)  of  the  preceding  chapter  we  have  the  general  ex- 
pression for  the  secondary  current  amplitude,  and  this  expres- 
sion, in  view  of  (35)  of  the  same  chapter,  may  be  written 

where  Xi,  X2,  Zi,  and  Z2  are  the  ordinary  abbreviations  for  the 
reactances  and  impedances,  defined  as  follows: 

Xi  =  Liw  -  1/Ci«,        X2  =  L2C0  -  I/C2C0  (27) 

Zi«  =  fli«  +  Zl^  Z2?  =  Rt^  +  Xt^  (28) 

In  these  equations  (a  is  the  angular  velocity  of  the  impressed 
e.m.f . ;  E  is  the  amplitude  of  impressed  e.m.f . ;  and  M  is  the  mutual 
inductance  between  the  two  circuits.  It  is  the  amplitude  of 
the  secondary  current  for  any  values  whatever  of  the  constants 
of  the  circuits. 

177.  Current  Amplitude  in  Secondary  Circuit  at  Optimum 
Resonance,  witii  Coupling  Sufficient — We  have  also  seen  in  the 
preceding  chapter  that  if 

ilf  2(0*  >  R1R2  (29) 

or,  otherwise  expressed,  if 

r*  >  vm     .  (30) 

the  secondary  current  amplitude  obtained  at  optimum  resonance 
is,  by  Chapter  XI  equation  (53), 

I2  =  ^    £ (31) 


max.  max. 


2Vftiftj 
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In  this  case  the  amplitude  of  secondary  current  is  independent 
of  the  coefficient  of  coupling  provided  only  (29),  or  (30),  is  fulfilled. 

178.  Current  Amplitude  in  Secondary  Circuit  at  Optimum 
Resonance  with  Coupling  Deficient — The  coupling  is  called 
deficient  whenever 

r'  <  171172  (32) 

Under  this  condition,  by  equation  (49)  Chapter  XI,  the  value 
of  the  ampUtude  of  secondary  current  is 

Mo)E 


*nuuc.  max.         RJt^  +  M^ia^ 


(33) 


.4 


1.0 


1.2 


.6         S_ 

FiQ,  Sm — Relative  values  of  max.  max.  secondary  current  for  different  values 

In  terms  of  the  ratio  constants  t,  171  and  172,  defined  in  (5),  (6) 
and  (7)  this  can  be  written 

I2 =  r—^~ r  (34) 


max.  max. 


VRiR'. 


VVi 


171^2 


+ 


V' 


»7l^2 


In  this  case  the  amplitude  of  current  depends  upon  the  ratio  of 

T  to   \/l^. 

Table  VI  following  contains  a  series  of  values  of  relative  ampli- 
tude of  /tfnax.  max.  for  varfous  valucs  of  the  ratio  t/\/i7i172.  These 
results  are  plotted  in  the  curve  of  Fig.  8. 
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r 


In  this  table  and  curve  the  relative  amplitude  of  secondai}' 
current  is  arbitrarily  designated  as  unity  for  r*  «  rjirif. 


Table  VI. — ^Relative  Values  of  l2max.  max.  for  Different  Values  of  the  Ratio 


t/V 


ViVi 


ReUtive  values  of  I 


tfnax.  max. 


>1 

1.000 

1.00 

1.000 

0.90 

0.995 

0.80 

0.974 

0.70 

0.937 

0.60 

0.880 

0.50 

0.800 

0.40 

0.690 

0.30 

0.551 

0.20 

0.385 

0.10 

0.198 

IV.  ON  THE  SHARPNESS  OF  RESONANCE  AND  THE  POSSIBILITY 

OF  AVOIDING  INTERFERENCE 


179.  Ratio  of  Interference. — If  we  have  an  electromagnetically 
coupled  receiving  station  of  the  form  of  Fig.  1,  and  if  we  set  our 
receiving  station  in  the  optimum  resonance  condition  for  a  given 
desired  wave  of  angular  velocity  wo,  we  shall  receive  from  this 
wave  an  amplitude  of  current  hmax.  max.  given  by  equation  (31), 
if  the  coupling  is  sufficient j  and  by  (33),  if  the  coupling  is  de- 
fident;  where  E  is  the  amplitude  of  e.m.f .  impressed  by  the  wave 
of  o)oi  and  where  the  co  of  (33)  is  to  be  replaced  by  coo* 

If  now  at  the  same  time  someone  else  is  sending  electric  waves 
with  a  different  angular  velocity  a>,  and  is  at  such  a  distance  from 
us  as  to  impress  an  equal  amplitude  of  e.m.f .,  we  shall  receive  from 
him  an  amount  of  interfering  current  given  by  (26). 

Let  n^  now  take  the  ratio  of  the  interfering  current  to  the  desired 
current,  and  call  this  ratio  the  ratio  of  interf  erencei  indicated  by  Y» 

Then,  on  forming  the  indicated  ratio,  we  have: 

If  the  Coupling  is  Sufficient  (i.e.,  if  Af*«o*>  R1R2) 

^  (35) 


[/2]COO 


4 


iM'u'RiRt 


Chap.  XII]    RADIO  RECEIVING  STATIONS  195 

If  now  we  designate  by  i|io  and  rito  the  values  that  rn  and  i|i 
have  when  «  =  coo,  we  have 

lyio  =  Ri/Li(aoj        rjto  =  i2i/L  t«o  (36) 

If  alao  we  let  

vc  =  J-^-l  (37) 

we  shall  have,  by  the  fact  that  the  circuits  are  in  optimum  reso- 
nance for  angular  frequencies  (ao,  by  (19)  and  (20),  the  additional 
equations 

1 k  =*  ±  Viofpo,  and  1 ^  =  ±n»o*>o  (38) 

Wo  Wo 

In  terms  of  these  ratio  constants,  we  may  change  the  form  of 
Xi,  as  follows: 

Xi  =  LiO)  —  1/CiCJ  =  Li(all  —  — ^1 

J       /  «       0)0  Q  A 

=  jLi«o( i) 

\wo         w  Wo  / 

which  by  (38)  gives 


^         y         /  w       Wo    ,  wo\ 

A 1  =  L/iwo  I ±  lyio^o—  I 

\wo         w  w/ 


\Wo 

=  LiwoUi(say)  (39) 

Likewise 

Xt  =  L2woU2(say)  (40) 

where 

w       Wo   ,    ijio^owo   ^,  w       Wo   ,    »7«o^oWo         / .  1 X 

Wi  = ± ,  W2  = ± (41; 

Wo  w  W  Wo  w  w 

If  now  we  divicie  the  numerator  and  denominator  of  the  frac- 
tion under  the  radical  in  (35)  by  Li^Lt^o^y  and  make  use  of  the 
abbreviations  above  given,  we  obtain 

Y  =  '  ^- 


w*    .    ^  «  w* 


(lIlO*  +  Ui«)(l|,o'  +  W,«)  +  T*— i  +  2t*— ,(l7iOl?20  -  UiUt) 

Wo  Wo 

4t^io172owV«o^ 

(42) 
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Equation  (42)  can  be  otherwise  factored  so  as  to  give 

y=   I ^  ^,  (43) 

In  equation  (43)  F  z«  the  ratio  of  interference  at  sufficient  coup- 
ling. It  is  the  ratio  of  the  secondary  current  produced  by  the  inter- 
fering signal  of  angular  velocity  <a  to  the  secondary  current  produced 
by  the  desired  signal  of  angular  velocity  coo.  The  two  signals  are 
supposed  to  be  of  such  intensity  as  to  impress  equal  amplitudes  of 
e,m4'  on  the  receiving  antenna. 

We  shall  next  write  out  a  similar  equation  for  the  ratio  of 
interference  at  deficient  coupling. 

If  the  Coupling  is  Deficient  (i.e.,  if  Jl/*co*  <  RiRt), 
we  obtain  Y  by  dividing  (26)  by  (33),  with  (a  in  (33)  replaced 
by  Wo.    This  gives 

Y  =  ■ ^  (44) 

\  {R1R2  +  M««o')"«V«u» 

Now  we  introduce  the  condition  that  the  constants  of  the  cir- 
cuits are  such  that  the  system  is  in  optimum  resonance  (with 
deficient  coupling)  with  the  angular  velocity  wo;  that  is,  by  (48) 
Chapter  XI, 

Xi  =  0  =  X2,        at  ci)  =  w®. 

These  last  two  equations  give 

1  -  KiVwo*  =  0=1-  Qiyoio*  (45) 

Dividing  numerator  and  denominator  of  (44)  by  Li*LiW, 
subject  to  the  condition  (45),  we  obtain  from  (44) 

Y ;^^  ^=-      .  .--  =.^ ^^=^.^  -_^  .-=  (46) 


O)*     .    „  .  w» 


(i?io=  +  t;')(ij8o*  +  f^)  +  T*  —  +  2t»    ■  j(„o«o  -  »') 

Wo  Wo 


w* 


(17IOI72O  +  t2)2 


Wo^ 

where  =;  i*i  _  ^  f46) 

Wo         w 

Equation  (46)  may  be  otherwise  factored  so  as  to  take  the  form 

Y  ^ (^io''2o  +  r')w/wo  _  (47) 


i 
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Equation  (47)  gives  the  ratio  of  interference  Y  at  deficient  coupling. 
The  quantity  Y  is  the  ratio  of  the  secondary  current  produced  by 
the  interfering  signal  of  angular  velocity  ic  to  the  secondary  current 
produced  by  the  desired  signal  of  angular  velocity  ao,  when  the 
signals  are  siuJi  as  to  impress  equal  amplitudes  of  e.m/.  on  the 
receiving  antenna. 

180.  Tables  and  Curves  Showing  the  Ratio  of  Interference 
in  a  Typical  Case. — Values  calculated  for  the  ratio  of  inter- 
ference y  in  a  specific  case  are  contained  in  Tables  VII  and  VIII. 
These  two  tables  of  values  were  obtained  with 

i|io  =  0.03,  17S0  =  1.00,  T*  =  various  values  (48) 

The  various  values  employed  for  r'  are  indicated  in  the 
headings  to  the  columns  in  the  Tables. 

Graphs  of  the  values  given  in  these  tables  are  exhibited  in 
Figs.  9  to  12.  The  tables  and  curves  employ  as  parameter 
the  value  of  X/Xo  (=«o/w)  where  Xo  is  the  wavelength  of  the  de- 
sired signal,  and  X  the  wavelength  of  the  interfering  signal. 

In  all  three  of  the  figures  the  black  dots  are  values  obtained 
with  the  case  of  critical  coupling  (r^  ~  ijio^so  =  0.03). 

Table  VIL — ^Values  of  the  Ratio  of  Interference  T  at  Sufficient  Couiiling 

for  Different  Values  of  Relative  Incident  Wavelengths,  and  Different 

Coefficients  of  Coupling  r.     Given  1710  —  0.03,  1720  >=  1-00 


Ffor 

• 

x/x« 

r>  -  0.51 

T*  -  0.30 

T«  -  0.16 

r*  -  0.06 

<  +  ) 

(-) 

(+) 

(-) 

(  +  ) 

(-) 

(  +  ) 

(-) 

0.87 

0.319 

0.171 

0.293 

0.240 

0.256 

0.247 

0.232 

0.278 

0.909 

0.411 

0.296 

0.387 

0.312 

0.353 

0.334 

0.327 

0.356 

0.052 

0.638 

0.475 

0.619 

0.497 

0.577 

0.524 

0.548 

0.553 

0.98 

0.886 

0.779 

0.876 

0.795 

0.871 

0.814 

0.849 

0.833 

1.00 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.02 

0.875 

0.833 

0.865 

0.767 

0.847 

0.776 

0.841 

0.805 

1.05 

0.580 

0.400 

0.557 

0.416 

0.567 

0.433 

0.530 

0.468 

1.10 

0.320 

0.198 

0.309 

0.225 

0.297 

0.215 

0.298 

0.230 

1.15 

0.209 

0.125 

0.203 

0.129 

0.198 

0.134 

0.204 

0.144 

The  columna  headed  (+)  were  obtained  by  using  the  plus  sign  in  the 
expressions  for  ui  and  u«  (41),  and  belong  to  the  long-wave  optimum  ad- 
justment of  the  receiving  circuits;  while  the  columns  headed  (— )  were 
obtained  by  using  the  minus  sign  in  equation  (41)  and  belong  to  the  short- 
wave optimum  adjustment  of  the  two  receiving  circuits. 
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.88     ^     .92     .94     .96     .98    1.00  1.02   1.04  1.06  1.08  1.10  1.12  1.14 

X/Xo 

Fio.  9. — Ratio  of  inteiferencd.  Xo  "■  wavelength  of  deeired  aignal.  X  « 
interfering  wavelength.  Black  dots  *  values  obtained  at  critical  coupling 
(r'  ■*  0.03).  Sign  (+)  designates  use  of  long-wave  optimum  adjustment; 
sign  (— )  designates  use  of  short-wave  optimum  adjustment.  Given  vio  - 
0.03,  ifso  -^  1>00. 


.88  .92  .96  1.00  1.04  1.08  1.12 

X/Xo 

Fia.  10. — Ratio  of  interference.  Heavy  lines  for  t*  -  0.30.  Dotted  Une« 
forr'  »  0.15.  Top  curves  using  long-wave  optimum  adjustment;  bottom  curves 
using  short-wave  optimum  adjustment.  Black  dots  obtained  at  critical  coupl- 
ing.    Given  i|io  *  0.03;  i^so  **  1-00. 


Chap.  XII]     RADIO  RECEIVING  STATIONS 


199 


LO 

/ 

\ 

>.•«. 

/ 

i 

\ 

(  +  t 

I 

V 

t+) 

1.6 

.9 

v 

i 

r 

(-) 

^ 

/ 

\ 

k 

M 

^ 

(-) 

\ 

\, 

^- 

(+) 

\ 

V 

.2 

X 

\ 

« 

, 

.88 


.92 


L04 


.96  LOO 

X/Xo 
Fio.  11. — Same  as  Fig.  0,, except  thatr*  -  0.06. 
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Fio.  12. — Ratio  of  interference  at  deficient  coupling  for  r'  ■*  0.01  and  r' 
Black  dots  obtained  at  critical  coupling.    Given  mo  -*  0.03,  ifso  ■"  1-00. 
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Table  VIIL — Similar  to  Table  Vn,  but  with  Deficient  Conpling 


\/\o 

Kfor 

r*  -  0.03 

r«  -  0.01 

T*  -  0.00] 

4.00 

0.00102 

0.00068 

0.00052 

3.00 

0.00263 

0.00177 

0.00130 

2.00 

0.0111 

0.0074 

0.00555 

1.50 

0.0370 

0.0246 

0.0183 

1.25 

0.0984 

0.0653 

0.0483 

1.15 

0.180 

0.119 

0.0888 

1.10 

0.274 

0.184 

0.138 

1.05 

0.510 

0.380 

0.279 

1.03 

0.707 

0.543 

0.435 

1.02 

0.833 

0.700 

0.588 

1.01 

0.950 

0.890 

0.825 

1.00 

1.000 

1.000 

1.000 

0.99 

0.952 

0.899 

0.841 

0.98 

0.848 

0.721 

0.612 

0.97 

0.728 

0.571 

0.461 

0.952 

0.552 

0.397 

0.306 

0.909 

0.333 

0.222 

0.167 

0.870 

0.239 

0.157 

0.117 

0.800 

0.156 

0.103 

0.0760 

0.667 

0.0860 

0.0558 

0.0413 

0.500 

0.0460 

0.0300 

0.0222 

0.333 

0.0242 

0.0159 

0.0118 

0.250 

0.0168 

0.0108 

0.00820 

By  reference  to  Fig.  12,  one  sees  that  wWi  deficient  coupling 
a  decrease  of  the  coefficient  of  coupling  always  diminishes 
the  interference  for  any  wavelength  of  the  interfering  signal. 

With  the  coupling  sufficient,  as  displayed  in  Figs.  9,  10, 
and  11,  the  ratio  of  interference  for  a  given  coefficient  of  coupling 
may  be  either  greater  or  less  than  the  interference  with  the  smaller 
coefficient  of  coupling  designated  as  Critical  Coupling.  In 
this  case,  with  t^  =  0.03,  the  coupling  is  critical,  for  then  Jtf  ^o*  = 
RiRtf  or,  otherwise  stated,  t*  =  1710^20. 

With  the  coupling  sufficient,  the  curve  for  the  long-wave 
tuning  in  the  neighborhood  of  resonance  shows  generally  a 
larger  interference  than  the  curve  of  short-wave  tuning,  but 
if  the  range  of  wavelengths  is  sufficiently  extended  the  two 
curves  cross  and  show  the  reverse  condition.  Such  a  crossing 
point  is  shown  at  X/Xo  =  0.885  on  one  of  the  pairs  of  curves 
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of  Fig.  10.  A  mathematical  investigation  shows  that  the  curve 
of  interference  for  long-wave  tuning  always  crosses  the  curve 
of  interference  for  short-wave  tuning  at  the  point  given  by  the 
equation  

Xi  "   \  1  -  1/101720  +  T»  ^**^ 

V.  MAX.  MAX.  S£CONDART  CURRENT  AND  DETBCTOR 

RBSISTANCB 

181.  At  Optimum  Resonance  with  Coupling  Sufficient  tbe 
Total  Heat  Developed  in  the  Secondary  Circuit  is  Independent 
of  its  Resistance. — At  Sufficient  CoupUng;  that  is,  when 

M^o)*  >  R1R2,  (49) 

the  cimrent  obtained  at  optimum  resonance  has  been  found  to 

be 

E 
/,««,„«.  =^=  (60) 

which  shows  the  striking  property  of  being  independent  of 
the  mutual  inductance  between  the  circuits,  provided  only 
that  M(a  is  great  enough  to  fulfill  the  condition  for  sufficient 
coupling. 

If  the  resistances  of  the  two  circuits  are  independent  of  the 
frequency,  the  higher  the  frequency  the  smaller  M  can  be  and 
yet  have  (50)  fulfilled.  For  this  reason,  high-frequency  trans- 
formers may  be  coupled  much  more  loosely  than  corresponding 
transformers  for  low  frequency,  and  iron  which  is  used  to  in- 
crease M  in  low-frequency  transformers  is  not  advantageous 
in  high-frequency  transformers. 

Another  very  interesting  and  important  fact  is  the  fact  that 
can  be  obtained  from  (50)  that  the  heat  developed  in  the  sec- 
ondary circuit  at  optimum  resonance  with  coupUng  sufficient  is 
independent  of  the  resistance  R%  of  the  secondary  circuit;  for  if 
we  multiply  the  square  the  secondary  current  by  Ri,  we  obtain 
for  the  power  dissipated  in  the  secondary  circuit  a  quantity  in- 
dependent of  Ri. 

This  means  that  at  optimum  resonance  with  sufficient  coupling 
there  is  as  much  heat  developed  in  the  secondary  circuit  when 
&  low-resistance  detector  is  used  as  when  a  high-resistance  de- 
tector is  used.    If,  therefore,  the  detector  is  an  instrument  whose 
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indications  are  proportional  to  the  heat  developed,  a  low-re- 
sistance detector  would  be  as  sensitive  as  a  high-resistance 
detector  if  it  were  not  for  the  fact  that  a  low-resistance  detector 
is  a  smaller  proportion  of  the  total  resistance  of  the  secondary 
circuit. 

Similar  considerations  apply  to  a  detector  of  the  electrody- 
namometer  tjrpe.  If  the  deflections  of  the  electrodynamometer 
are  proportional  to  n*I 2^f  where  n  is  the  number  of  turns  of  wire 
in  the  coil,  and  if  the  size  of  the  channel  of  windings  is  fixed  so 
that  the  resistance  R  of  the  detector  is  pl/s,  I  and  s  being  the 
length  and  cross  section  of  the  wire  in  the  coil  and  p  the  specific 
resistance  of  the  material  of  the  wire,  then  we  have 

I  =  27rrn, 

in  which  r  is  the  mean  radius  of  the  windings;  and  approximately 

S  =  A/n, 

where  A  is  the  area  of  the  channel. 
Therefore, 

o       2irpm* 

K  =  z — > 

A 
or 

whence,  if  the  deflection  D  is  such  that 
we  have 

This  gives  for  the  circuit  containing  the  electrodynamometer 
detector  the  same  relations  as  with  the  thermal  detector  above 
specified. 

From  the  results  here  obtained,  we  may  draw  the  following 
conclusions: 

//  the  detector  is  to  be  iLsed  in  series  vnth  the  secondary  drcuUj 
and  if  the  indications  of  the  detector  are  proportional  to  the  square 
of  the  secondary  current  times  the  resistance  of  the  detector ,  and  if 
the  resistance  of  the  remainder  of  the  secondary  circuit  is  iv^consider- 
able  in  comparison  vnth  the  resistance  of  the  detector,  and  if  the 
e,m,f,  impressed  on  the  antenna  by  the  incoming  waves  has  an 
amplitude  univfiuenced  by  the  tuning  of  the  secondary  circuity  and 
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if  the  efficiency  of  the  detector  is  independent  of  its  resistance,  then 
the  indications  of  the  louh-resistance  detector  will  be  as  great  as 
the  indications  of  a  high-resistance  detector.  The  launresistance 
detector  will  then  be  preferred  to  the  high-resistance  detector,  be- 
cause resonance  with  the  low  resistance  is  sharper. 

This  analysis  is  given  in  the  e£fort  to  determine  the  theoretical 
Umitation  upon  the  choice  of  a  detector  for  use  in  series  in  the 
secondary  circuit  of  a  radiotelegraphic  receiving  station. 

In  practice,  up  to  the  present  time,  only  detectors  of  compara- 
tively high  resistance  are  found  to  be  appUcable  to  the  reception 
of  weak  signals.  The  reason,  in  the  form  of  an  alternative,  is 
apparent  from  the  analysis  here  given,  to  wit: 

Either,  the  detectors  of  low  resistance  have  a  smaller  efficiency  in 
the  conversion  of  the  oscillatory  energy  into  perceptible  indications; 

Or,  the  low-resistance  detector  by  permitting  and  requiring  a 
larger  value  of  1%^  causes  such  large  recuAions  on  the  received  antenna 
current  as  to  modify  materially  the  electromagnetic  field  of  the 
incident  waves. 

The  first  of  these  alternative  possibiUties  is  a  matter  for  ex- 
perimentation on  the  conversion  factors  of  the  detectors  them- 
selves* The  second  of  the  possibiUties  is  a  matter  for  theoretical 
investigation  by  the  use  of  Maxwell's  Theory  of  the  Electromag- 
netic Field. 


CHAPTER  XIII 

A  GENERAL  RECIPROCITY  THEOREM  IN  STEADT- 
STATE  ALTERNATING^URRENT  THEORY 
WITH  APPLICATION  TO  THE  DETER- 
MINATION OF  RESONANCE 
RELATIONS 

I.    RECIPROCITY  THEOREM  IN  STEADY-STATE  ALTERNATING- 
CURRENT  THEORY 

182.  Statement  of  the  Reciprocity  Theorem. — If  we  have  any 
system  of  ironless  aUemating-current  drcuUSy  however  complicated, 
and  if  we  have  in  ihe  system  a  sinvsoidal  impressed  e.m/.  applied  at 
any  point  of  the  system  and  an  impedancdess  ammeter  at  any  other 
point  of  the  system^  the  ammeter  and  e.m.f.  are  interchangeable 
vnthorU  changing  the  amplitude  or  phase  of  the  steady-state  current 
through  the  ammeter. 

This  theorem  vnll  be  proved  below. 

183.  Utility  of  the  Theorem. — With  a  given  system  of  circuits 
by  making  suitable  interchanges  of  ammeter  and  e.m.f .,  we  may 
obtain  several  different  expressions  for  the  same  current,  and 
may  then  determine  important  resonance  relations  by  inspection. 

This  process  has  important  applications  (for  example,  to 
telephony  and  radiotelegraphy)  in  obtaining  steady-state 
resonance  relations  in  respect  to  the  variables  of  the  system. 

184.  Example  with  Two  Circuits. — To  begin  with  let  us  prove 
the  reciprocity  theorem  for  two  circuits,  called  Circuit  I  and  Cir- 
cuit II,  as  illustrated  in  Fig.  1.  To  make  the  problem  as  general 
as  possible,  let  us  suppose  the  two  circuits  to  be  coupled  together 
by  having  a  common  conductive  part  which  may  contain  in- 
ductance, Lo,  resistance  Ro  and  capacity  Co,  and  to  be  further 
coupled  by  having  a  mutual  inductance  M  in  the  form  of  a 
transformer. 

As  we  go  around  Circuit  I,  let 

72 1  =  the  sum  of  all  the  resistances  in  series,  including  resist- 
ances common  to  both  circuits. 
Li  =  the  sum  of  all  the  self-inductances  in  series  including 
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colnmon  inductances  and  the  inductance  of  that  coil  of 
*the  transformer  that  is  in  Circuit  I. 
1/Ci  s  the  sum  of  the  reciprocals  of  all  the  capacities  including 
common  capacities. 

As  we  go  around  the  Circuit  11,  let 

Rif  Lt  and  1/Ci  be  the  corresponding  quantities  for  Circuit  II. 

Let  Ro,  Lq  and  1/Co  be  the  corresponding  quantities  common 
to  both  circuits.    These  will  be  called  mutual  values. 

Let  M  be  the  mutual  inductance  of  the  two  coils  of  the  trans- 
former with  its  primary  in  one  circuit  and  its  secondary  in  the 
other  circuit. 


Hnm^y^-^^mj<T\ 


Fio.  1. — Two  eircuitfl  I  and  II  with  involved  coupling. 

We  shall  use  the  real  quantities  Xi,  Xt,  Ziy  Zt  and  the  complex 
quantities  Zi,  Zt  in  their  ordinary  engineering  significance. 
For  the  common  part  of  the  two  circuits,  we  shall  let 

1 

Cou> 

Zo  =  VRo^  +  Xo* 
and 

Zo  =  Ro+  jXo  (3) 


Xo  =  io«  — 


(1) 

(2) 


where  <a  is  the  angular  velocity  of  the  impressed  e.m.f . 

186.  The  Differential  Equations. — If  we  take  the  impressed 
e.m.f.  in  the  form 

e  =  E  cos  o)t  (4) 

we  may  temporarily  replace  it  by  the  complex  quantity 

e'  -  E^"^  '  (6) 
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and  after  solving  the  difFerential  equations  take  only  the  real 
part  of  the  result.  If  now  we  let  f  i  be  the  current  in  thosA  parts  of 
Circuit  I  that  are  not  common  to  Circuit  II  and  it  the  correspond- 
ing current  in  Circuit  II,  the  differential  equations,  obtained 
by  taking  the  counterelectromotive  force  around  each  circuit 
and  equating  it  to  the  impressed  electromotive  force  plus  the 
e.m.f.  induced  from  the  other  circuit,  are 

^  +  M^  (6) 

186.  Steady-state    Solution. — To    obtain    the    steady-state 
solution  of  these  equations  (6)  and  (7),  we  shall  let 

ix  =  Ai^^,        12  =  A^*^  (8) 

Substituting  (8)  into  (6)  and  (7) ,  dividing  out  €^,  and  making 
use  of  the  usual  notation,  we  obtain 

2iiii  =  B  +  (zo  +  Mjw)At  (9) 

ziAt  =  (2o  +  Mj(a)Ai  (10) 

Let  us  introduce  as  an  abbreviation  the  complex  quantity 
m  defined  by  the  equation 

w  ==  Zo  +  MjiC  (11) 

We  shall  call  m  the  complex  mutual  impedance  between  the 
two  circuits. 
Then  equations  (9)  and  (10)  may  be  written 

ZiAi  -  mA%  =  E  (12) 

Ma  -  mAi  =  0  (13) 

187.  Proof  of  Reciprocity  Theorem  for  These  Two  Circuits.— 

From  equations  (11)  and  (13)  we  can  obtain  the  value  of  the 
current  in  the  circuit  II  when  the  e.m.f.  is  impressed  on  Circuit 
I.  The  vector  amplitude  of  this  current  obtained  by  solving  the 
two  equations  as  simultaneous  is 

A,  =  --"^  (14) 

ZlZ%  —  w* 
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Let  us  next  suppose  that  the  impressed  e.m.f .  is  removed  from 
Circuit  I  and  applied  to  Circuit  II,  then  the  equations  corres- 
ponding to  (12)  and  (13)*  are 

ZiAi  -  mAt  =  0  (15) 

ztAt  -mAi  =  E  (16) 

The  solution  of  these  equations  as  simultaneous  gives,  for 

^^  =  r;^  (17) 


//  the  e.m.f,  is  applied  to  Circuit  I,  the  vector  amplitude  of  cur- 
rent in  Circuit  II  is  given  by  (14).  When  the  same  e.m.f.  is  re- 
moved from  Circuit  I  and  applied  to  Circuit  II,  the  vector  amplitude 
of  current  in  Circuit  I  is  given  by  (17).  Whence  it  appears  thai  the 
ammeter  rending  both  as  to  amplitude  and  phase  is  unchanged 
by  an  interchange  of  ammeter  and  e.mj.  The  definition  of  m 
is  given  in  (11). 

188.  Proof  of  Reciprocity  Theorem  for  n  Circuits  Coupled 
in  Any  Way. — ^Let  us  .suppose  that  we  have  n  circuits  coupled 
in  any  way  by  common  conductive  portions  and  by  transformers, 
any  or  all  circuits  being  coupled  with  any  or  all  others.  Between 
any  two  circuits,  for  example  the  third  and  the  fifth,  let  what  we 
have  called  the  complex  mutual  impedance  m  be 

mzs  =  Zn  +  Mz^(M)  (18) 

where 

2s6  ="  the  vector  impedance  common  to   the  two 
circuits, 
and 

3/ jt  =  the  mutual  inductance  between  them. 

Let  us  now  note  that  the  complex  mutual  impedance  is  recipro- 
cal, so  that 

WJ6  =  W6»  (19) 

as  may  be  seen  from  the  manner  of  its  formation  (provided  there 
are  no  distributed  capacities  in  the  circuits,  such  as  to  make 
Afji  diflferent  from  Jl/sa). 

If  now  as  before  we  let  the  currents  in  the  uncommon  portions 
of  the  several  circuits  be 

$1  =  Ai^'^,  it  =  A2€^'"',  ii  =  Aie^"^   .    .    .  (20) 
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and  if  we  note  that  every  circuit  may  (or  may  not)  act  on  every 
other,  the  equations  formed  as  a  generalization  of  (12)  and  (13), 
and  connecting  the  several  coefficients  Ai,  At,  At  .  .  .  will 
be 

ziAi  —  initA%  —  muAz  —  ^7114^4 —  E 

—  m2iili  +  zt  At  -—  mtzAt  —  fthiA^ =0 

-mtiAi  -  mttAt  +    ztAt  -  ^34^4 =  0  [  (21) 

—m^iAi  —  m^tAt  —  fn^zAt  +  zaAa  =0 

=  0 

where  the  e.m.f .  is  impressed  on  Circuit  I. 

We  may  now  write  down  the  determinant  from  which  can 
be  obtained  the  vector  current  amplitude  in  any  one  of  the 
circuits.  Let  us  for  example  form  such  a  determinant  for  At. 
It  is 


At 


Zl 

—  rrtit  —miz 

—  mi4  . . 

— mji 

zt    —  nitt 

— mj4  . . 

—  mji 

—  Tnit       Zi 

—  mi4  . . 

—  77141 

■   •   •   ■ 

—  W42  —  WI4S 

•    •••           •■•• 

Za    . . 

«   •  •   ■       •   • 

E 


— mit  Zt  —  mti 
— Wn  —  mi2  —mti 
— m4i  —  W41       za 


(22) 


It  will  not  be  necessary  to  reduce  this  determinant. 

Let  us  next  suppose  that  the  e.m.f.  and  the  anuneter  are 
interchanged.  This  will  put  the  amplitude  E  of  the  applied 
e.m.f .  in  the  right-hand  side  of  the  third  of  the  equations  (21) 
instead  of  in  the  first.  If  we  then  solve  the  set  of  simultaneous 
equations  (21)  for  Ai  instead  of  for  At,  we  obtain  the  determinant 


Ai 


same  determinant  as  at  left 
of  (22) 


E 


flll2    — Wis    ^tlli4    •  • 

Zt    — 77123    "~W|4    .  • 

77I42    ~77l4j  Za      .  . 


(23) 


It  is  seen  that  the  determinant  on  the  right-hand  side  of  this 
equation  is  the  same  as  the  determinant  on  the  right-hand  side 
of  (22)  except  that  the  rows  of  the  one  are  the  columns  of 
the  other.  This,  however,  leaves  the  two  determinants  equal. 
We  have  then  the  result  that  Ai  in  (23)  is  equal  to  As  in  (22). 

Since  the  particular  circuits  employed  in  this  demonstratum 
are  any  two  circuits,  we  have  proved  the  reciprocity  theorem  enufir 
dated  in  the  first  paragraph  of  this  chapter,  for  all  cases  except 
where  the  e.mj.  or  ammeter  is  placed  in  a  common  member  of 
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the  system.  The  theorem  is  also  true  when  the  e.m,f,  or  the  ariv- 
meter  is  placed  in  the  common  member,  as  the  following  reasoning 
with  two  circuits  shows. 

188a.  Proof  of  the  Reciprocity  Theorem  When  the  E.M  J.  or 
the  Ammeter  is  Placed  in  a  Common  Member. — For  this  proof 
it  will  be  sufficient  to  take  two  circuits,  as  shown  in  Fig.  2, 
with  the  e.m.f .  e  appUed  (say)  to  the  common  member  of  the 
circuits.  The  e.m.f.  will  then  be  impressed  on  both  circuits, 
but  since  the  two  currents  are  both  estimated  positive  in  a  clock- 
wise sense,  the  e.m.f.  will  aid  one  of  the  currents  and  oppose 
the  other  in  the  common  member,  so  that  the  equations  for  the 
vector  current  amplitudes  become  (compare  (12)  and  (13)) 

ziAi  —  mA%  =      E 
z%At  —  mAi  =  ^E 


(24) 


Fio.  2. — Two  circuits  with  e.m.f.  in  commom  member. 


A  solution  of  these  equations  for  Ai  gives 

E{z%  —  m) 


A,  = 


ZiZ%  —  m* 


(25) 


Let  us  now  interchange  the  e.m.f.  and  current-measuring 
apparatus.    The  amplitude  equations  then  become 

ziAi  —  mAt  =  E 
z%At  —  mAi  =  0 

The  current-measuring  apparatus  is  now  inserted  in  the  com- 
mon member  so  that  it  measures  the  instantaneous  difference 

14 


(26) 
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of  the  two  currents,  determined  by  the  vector  magnitude  Ai  — 
A  2.    Let  us  determine  this  difference.     Equation  (26)  gives 


Ai  = 


A,= 


Ez% 


Z1Z2  —  m' 
Em 

Z1Z2  —  m*' 


(27) 


so 


ZiZi  —  m^ 


(28) 


Equation  (25)  gives  the  vector  amplitude  of  current  in  Circuit  I 
when  the  e.m^,  is  applied  to  the  common  member. 

Equation  (28)  givee  the  vector  amplitude  of  current  in  the  comr 
mon  member  when  the  e.m.f.  is  applied  to  Circuit  L  The  rightn 
hand  sides  of  the  two  equations  are  equal.  It  is  seen  that  the  general 
reciprocity  theorem  enurhdated  in  the  Arst  paragraph  is  therefore 
true  even  when  the  e,m,f.  or  ammeter  is  applied  to  a  common  member 
of  the  system  of  circuits, 

n.  CURRENT  AMPLITUDES  IN  A  CHAIN  OF  CIRCUITS 

Before  attempting  to  use  the  reciprocity  theorem  in  the  determi- 
nation of  resonance  relations  it  is  well  to  obtain  certain  useful 
relations  among  the  current-amplitudes. 


FiO.  3. — Chain  of  three  circuits  with  transformer  connections. 

189.  Definition  of  a  Chain  of  Circuits. — By  a  chain  of  circuits 
is  meant  a  system  in  which  the  first  circuit  is  coupled  with  the 
second,  the  second  with  the  third,  the  third  with  the  fourth,  etc., 
to  the  last  which  is  not  connected  to  the  first.  That  is,  the  chain 
is  left  open.  Fig.  3  shows  such  a  chain  in  which  the  connec- 
tions are  all  through  transformers.  We  may  also  have  the  con- 
nections or  couplings  made  in  any  other  way,  as  in  Fig.  4,  where 
some  of  the  connections  are  by  transformers,  some  by  having 
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a  common  member  of  any  kind  of  impedance,  and  some  by  a 
combination  of  transformer  and  conmion  member. 

190.  Current-amplitude  Relations  in  the  Chain. — ^Let  us  sup- 
pose that  we  have  an  e.m.f.  sinusoidal  in  character  applied  to 
the  first  circuit,  and  let  us  obtain  expressions  for  the  vector 
amplitude  of  current  in  each  of  the  circuits  of  the  chain.  Using 
the  exponential  form  of  e.m.f .  given  in  equation  (5),  we  can  write 
down  a  series  of  equations  connecting  the  amplitudes  with  one 
another  by  using  the  general  equations  (21)  into  which  we  are 
to  set  equal  to  zero  all  of  the  complex  mutual  impedances  m 
except  those  that  have  their  subscripts  a  pair  of  consecutive 
numbers.    This  gives 

ZiAi  —  WiiAi  =  E 

— mjiAi  +  ZtAt  —  wiisAs  =  0 

^mnAt  +  z^Az  —  miiAA  =  0  (29) 

— m4sA»  +  24A4  —  WifrAj  =  0 

— m64A4  +  ziAii  =  0 

where  it  is  supposed  that  we  have  five  circuits  in  the  chain. 


y_itLy 


Fio.  4. — Chain  of  circuits  with  a  variety  of  types  of  coupling. 

These  equations  (29)  may  be  solved  by  getting  As  from  the 
last  equation,  and  substituting  the  result  in  the  next  preceding 
equation,  etc.,  giving,  in  view  of  (19), 


^5  = 


il4  = 


Zh 

mi^Az 


Z4,  - 


77146' 


(30) 


(31) 


A,  = 


Zi 


Zz  - 


77*84 


Za  - 


Zb 


(32) 


212  ELECTRIC  OSCILLATIONS         [Chap.  XIII 


A,  = 


,,  -  "^ -,  (33) 


Za  - 


W45' 


2^6 

Ai  =  r 


Z2  -  ^^^^^ 5  (34) 

W34* 


28   - 


The  equations  (30)  fo  (34)  give  the  relations  far  finding  the  vector 
amplitudes  of  the  currents  in  the  several  circuits  of  a  chain  with 
the  coupling  between  the  circuits  of  any  chara^cter  whatever.  In 
this  set  of  equations  the  e.m,f,  is  applied  to  the  first  circuit  and  the 
chain  is  supposed  to  stop  with  the  fifth  circuit. 

If  there  are  more  than  five  circuits,  it  is  evident  from  the  form  of 
the  equations  how  the  result  may  be  extended  to  the  greater  number 
of  circuits.  If,  on  the  other  hand,  there  are  fewer  circuits  than 
five,  it  is  evident  thai  all  quantities  having  a  subscript  higher  than 
the  number  of  the  circuits  are  to  be  set  equal  to  zero. 

It  is  also  evident  how  the  equations  are  to  be  changed  in  any  case 
in  which  the  e.m.f.  is  applied  to  Circuit  V  and  the  currents  measured 
in  the  other  circuits. 

We  shall  next  form  a  similar  set  of  equations,  when  the  e.m.f.  is 
applied  to  some  intermediate  circuit. 

In  the  equations  (30)  to  (34),  (he  A^s  have  values  given  by  (20) 
and  the  m's  by  (18). 

191.  Current-amplitudes  When  the  E.M  J*,  is  Applied  to  an 
Intermediate  Circuit. — ^Let  us  suppose  the  e.m.f.  to  be  applied 
to  some  intermediate  circuit,  say  the  third  in  the  chain  of  circuits 
above  referred  to.  In  that  case  the  equations  (29)  are  the  same 
as  there  given  except  that  the  amplitude  E  of  e.m.f.  is  shifted 
from  the  first  equation  to  the  third.  We  may  then  get  the  re- 
lations among  the  current-amplitudes  by  starting  with  the  last 
equations  and  successively  eUminating  up  to  the  third,  and  then 
starting  with  the  first  and  eliminating  between  successive  equa- 
tions down  to  the  third,  and  by  then  solving  the  third  equation. 
The  result  follows : 

A.  =  ^  (35) 

Zb 
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A,  =     ^>^«  (36) 

2^  -   -— 

^» ;;r^-^ ;;r«—  (3?) 

2S  "~    ' — ^ i 

mil*  m46 

A,=  ^^^i?^  (39) 

T%€  6guah'or»  (35)  to  (39)  gioe  the  rdaJbUms  for  finding  the  vector 
cvrrent  amplitudes  when  the  e.m.f.  ie  applied  to  the  third  circuit. 
The  total  number  of  circuits  in  the  chain  to  which  these  equaJtions 
apply  is  five.  It  will  readily  be  seen  how  this  resvU  is  to  be  modified 
for  a  different  number  of  circuits,  or  for  an  application  of  e.m/. 
to  a  differeni  one  of  the  intermediate  circuits. 

The  various  equations  (30)  to  (39)  are  given  as  models  from 
which  the  vector^current  amplitudes  may  be  obtained  in  a  special 
case. 

192.  A  Simplificatioii  is  Introduced  When  m  is  Real  or  Pure 
Imaginary.  Pure  Mutual  Impedance. — When  the  several  m's 
are  real  quantities  or  pure  im^iginaries,  a  simplification  is  intro- 
duced in  that  all  of  the  m^'s  are  reals.  We  can  see  under  what 
conditions  such  a  condition  is  attained,  if  we  write  down  one  of 
the  m's  in  an  expanded  form.  Take  mu,  which  expanded, 
becomes 

mi%  =  Rii  +  j  \Litu)  —  ^ h  Miifoj  (40) 

If  Bit  alone  enters,  mu  is  real;  if  Rit  does  not  enter,  mis  is  a 
pure  imaginary. 

Some  of  the  cases  in  which  mn  is  real  or  pure  imaginary  ap- 
pear in  the  diagrams  of  Fig.  5. 

The  Circuits  I  and  II  themselves  may  have  any  character  what- 
ever, and  there  may  be  any  number  of  them.  The  illustrations 
in  Fig.  5  have  reference  only  to  the  manner  of  couphng  the  cir- 
cuits together.  In  the  first  diagram  the  two  circuits  are  shown 
coupled  together  merely  by  having  a  common  resistance,  and  in 
this  case  mn  is  real.  In  all  of  the  other  diagrams  of  the  figure 
nils  is  shown  as  a  pure  imaginary. 
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When  the  coupling  factor  niu  is  either  real  or  pure  imaginary 
we  may  appropriately  call  this  factor  a  pure  mviual  impedance, 
to  distinguish  it  from  the  general  case  of  a  complex  muiud  imr 
pedance.  It  is  seen  that  the  case  of  the  pure  mutiud  impedance 
covers  many  important  systems  of  circuits,  and  we  shall  from 
here  on  confine  the  discussion  to  the  systems  of  two  or  more 
circuits  having  pure  mutual  impedances. 


(2) 


tto 


»iu  -  i?is  -  real  m^ — j/Cu  w  wi  „  -  7  MifU 

(4)  -  (5) 


rmm-rjmh 


U    I    §^^"n   u 


Jfia 


v,QAOV 


if  Lis  is  reals tancelea 


Fig.  5. — Sample  circuits  with  pure  mutual  impedance. 

m.  SOLUTION  OF  THE  PROBLEM  OF  TWO  dRCUITS  HAVING 

TRANSFORMER  COUPLING 

198.  Statement  <rf  the  Problem. — This  is  the  problem  of  Chap- 
ters XI  and  XII.    Given  two  circuits  of  the  form  shown  in  Fig. 


^inmnp 


Fio.  6. — Two  circuits  with  transformer  coupling. 

6,  with  a  transformer  connection  between  them,  and  with  a 
sinusoidal  e.m.f .  impressed  on  Circuit  I,  to  find  the  currents  in  the 
two  circuits  and  to  find  also  the  resonance  relations. 
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By  (18)  it  is  seen  that  the  mutual  impedance  mi*  is 

mii  =  jMco  =  m  (say)  (41) 

where  M  is  the  mutual  inductance  between  the  circuits.     This  is 
a  pure  imaginary. 

194.  Currents  When  the  E.M  J.  is  Applied  to  Circuit  I.— By 
equations  (30)  to  (34),  using  only  the  first  two  equations  with 
changed  subscripts,  or  using  the  last  two  equations  with  all 
terms  of  subscripts  above  2  made  zero,  we  have  for  the  vector 
current  ampUtudes  the  equations 

(41a) 

(42) 


A, 

~^ 

Z2 

K 

Ai 

=: 

A 

m* 

Zl  - 

Zt 

where 


As  usual  let 


2i  «  fii  +  jXi 
Zt  ^  Rf\-  JX2 


Zt'^R2'  +  X^^\ 


(43) 


(44) 


Replacing  zi  and  Zt  in  (41a)  and  (42)  by  their  values  and 
rationalizing  the  denominator  of  (42)  we  obtain 

where 

R'l  -  fii  -  ^  (47) 

X\  =  Xi  +  ^  (48) 

Then  by  (8),  using  (45)  and  (46) 
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From  equation  (49)  it  is  seen  that  the  current  in  Circuit  I 
is  the  same  as  it  would  be  if  II  were  removed,  and  the  resistance 
and  reactance  of  Circuit  I  were  replaced  by  R\  and  X'j  respect- 
ively. Prom  (50)  it  is  seen  that  the  current  in  Circuit  II  is  what 
it  would  be  if  I  were  removed  and  an  e.m.f .  mii  were  impressed 
on  Circuit  II. 

If  now  we  replace  m  by  its  value  (41),  rationalize  (49)  and  (50) 
and  take  the  real  part  of  the  result  we  have 

tl  =  -=7-  cos  ' '*'  —  +0T1-I  — 1 


Z\ 


(«<  -  tan-i  ^)  (51) 


Where  

Z\  =  x/XVhTRV  (53) 

R\,  X'l,  Z'l  are  usually  called  equivalent  resistance,  readance 
and  impedance  of  the  Circuit  I.  Since  we  are  going  to  introduce 
certain  other  equivalences,  we  shall  designate  the  equivalences 
here  given  the  forward  equivalences. 

Equations  (51)  and  (52)  give  the  current  in  the  two  circuits  in 
a  steady  state  when  the  cosine  e,m.f.  is  impfessed  on  Circuit  I, 

196.  Currents  When  the  EMJF.  is  Applied  to  Circuit  IL— 
Let  us  next  suppose  that  the  e.m.f .  is  impressed,  not  on  Circuit  I, 
but  on  Circuit  II,  and  let  us  call  the  equivalences  in  this  case 
backward  equivalences,  which  we  shall  indicate  by  an  index  (^). 
We  can  form  the  expressions  for  the  current  in  this  backward 
case  by  a  mere  interchange  of  subscripts  1  and  2  and  an  accom- 
panying change  of  index  from  (0  to  C).    That  is, 

With  e.m.f.  applied  to  Circuit  II, 

it  =  ^  cos  ((at  -  tan-*  -^pj  (54) 

There  follows  a  table  of  equivalences  (Table  I)  in  which  m  is 
any  pure  mutual  impedance.  This  Table  I  has  application  to 
any  case  of  pure  mutual  impedance  between  the  two  -circuits  and 
may  be  used  in  a  case  more  general  than  that  of  the  transformer 
coupling  here  used  in  the  illustration. 
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TaUe  L — ^BqviTmleitces  for  two  CircuitB  "WiOi  Pore  Mutual  Impodance 


Forward  equivalences 

Backward  equivalences 

^'-^'+  Z.' 

Z',«  -  «',«  +  X',« 

*•  -*•-  z,« 
^'  -^'+  z.. 

In  the  particular,  case  under  consideration,  with  transformer 
coupling, 

w*  =  -MW  (66) 

We  have  in  equations  (51)  and  (52)  the  current  in  the  two  circuits 
when  the  cosine  e.m.f.  is  impressed  on  Circuit  I;  in  equations 
(54)  and  (55),  the  corresponding  currents  when  the  cosine  e.m./. 
is  applied  to  Circuit  II.  The  Equivalences  for  two  circuits  with 
pure  mviual  impedance  are  given  in  Table  L 

196.  Resonance  Relations  Obtained  by  the  Theorem  of 
Reciprocity. — We  may  now  apply  the  Theorem  of  Reciprocity  to 
determine  the  resonance  relations  in  the  system  of  two  circuits 
with  transformer  coupling.  The  e.m.f .  is  to  be  appUed  to  Cir- 
cuit I,  and  we  are  to  obtain  the  adjustment  of  either  or  both 
circuits  such  as  to  give  a  maximum  of  current  ampUtude  in 
Circuit  II.  Calling  the  current  ampUtude  in  Circuit  II  /s, 
we  have,  by  (52) 

Now  by  the  Reciprocity  Theorem,  this  current  ampUtude  is 
the  same  as  the  ampUtude  in  Circuit  I,  with  e.m.f.  in  Circuit  II; 
that  is,  by  (55)  and  the  Reciprocity  Theorem 

li  =  2  07  ^^^ 

The  expressions  (57)  and  (58)  are  now  to  be  regarded  merely 
as  two  different  ways  of  writing  1%,  In  (57)  Z\  is  the  only  quan- 
tity that  contains  Xi,  so  the  adjustment  of  X\  that  makes  1% 
a  maximum  is  that  adjustment  that  makes  Z\  a  minimum;  but 
since  of  the  two  terms  that  make  up  Z'l,  R\  does  not  contain 
Xi,  we  need'  only  make  X'^  a  minimum ;  and  this  is  attained  by 
making  X'x  zero.     We  have  then  that  we  obtain  Xiopt.  by  making 

X\  =  0,  for  Ziopt.  (59) 
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In  like  manner,  if  we  employ  the  second  expression  (58)  for 
li,  it  is  noticed  that  only  Z^^  contains  X2,  and  of  this  quantity 
B2°  is  independent  of  X2,  hence 

X2°  =  0,  for  Z2opt.  (60) 

The  resvii  is  this:  For  any  given  value  of  Xt,  the  optimum 
value  of  Xi  is  that  value  that  makes  X\  =  0. 

For  any  given  value  of  Xi,  the  optimum  value  of  X2  is  that  value 
that  makes  X^*  =  0. 

In  order  to  get  the  grand  maximum  of  current  /•  it  is  necessary 
to  make  both  X\  =  0  and  X2*  =  0. 

197.  Discussion  of  Results,  and  Their  Reduction  to  the  Forms 
Found  in  Chapter  XI. — By  Table  I  and  equation  (56),  we  may 
write  equations  (60)  in  the  form 

^  M^ia^Xi     .         V  taw 

X2  =      ^  g     gives  X2  opt.  (61) 

This  equation  is  in  agreement  with  (36)  of  Chapter  XI,  called 
Partial  Resonance  Relation  S,  and  to  it  much  of  the  discussion  in 
Chapters  XI  and  XII  was  devoted. 

To  get  the  current  I2  max.  f^r  X2  optimum,  it  is  only  necessary 
to  notice  that  in  (58)  of  the  present  chapter,  Za**  reduces  to  Rt^j 
so  that  (58)  becomes  in  view  of  Table  I 

1 2  m»x.  =                     A^o    21?  '  *^  -^2  opt.  (62) 

ri2^i  T ^ 

Zfi 

This  result  agrees  with  (38)  of  Chapter  X. 

In  order  now  to  obtain  the  best  adjustment  of  both  circuits 
simultaneously,  we  may  put  (59)  of  the  present  chapter  into 
the  form 

Xi  =  — ^TY— gives  Xi  opt.  (63) 

and  solve  simultaneously  with  (61).  Equation  (63)  agrees  with 
equation  (37)  of  Chapter  XI,  and  was  there  called  Partial 
Resonance  Relation  P. 

As  pointed  out  in  Chapter  XI  one  way  of  satisfying  (61)  and 
(63)  simultaneously  is  by  making 

Xi  =  OandXz  =  0  (64) 
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Another  way,  by  taking  the  ratio  of  (61)  to  (63),  and  applying 
the  principle  of  division  to  the  ratios,  is  by  making 

Xi      Ri 


M^o)^ 


Zi 


(65) 


The  equations  (64)  and  (65)  are  in  agreement  with  equations 
(43)  and  (45)  of  Chapter  XI,  and  give  the  optimum  resonance 
relation. 

Now  it  is  to  be  noticed f  since  Zi^  is  greater  than  or  equal  to  Ri^j 
thai  equation  (65)  can  be  fulfilled  only  provided 

RiRi^  3fV  (66) 

which  is  the  criterion  inequality  (44)  of  Chapter  XI\ 

The  discussion  of  this  problem  will  here  be  discontinued,  be- 
cause from  this  point  forward  the  material  beginning  at  equations 


II 


IS 


R, 


Fio.  7. — Two  circuits  with  capacity  couplinR. 

(47)  of  Chapter  XI  and  continuing  through  that  chapter  and 
through  Chapter  XII  applies  exactly. 


IV.  SOLUTION  OF  THE  PROBLEM  OP  TWO   CIRCUITS  HAVING 

CAPACITY  COUPLING 

198.  Statement. — Let  us  consider  next  two  circuits  coupled 
together  by  having  a  common  condenser  C12,  as  shown  in  Fig.  7. 
The  mutual  impedance  in  this  case  is 

m  =  l/jCi^  (67) 

The  reactances  are 

Xi  =  Lio)  -  l/Cio),    X,  =  Ljw  -  \/C^  (68) 

where  Ci  is  total  primary  capacity  consisting  of  Cio  and  Cu  in 
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series,  and  Ct  is  the  total  secondary  capacity  consisting  of  Cm 
and  Ci2  in  series. 
Therefore, 

-1  =  J-  +  J-,1=±  +  J-  (69) 

The  discussion  concerning  the  case  of  the  transformer  coupling, 
given  in  the  present  chapter,  applies  exactly  to  the  capacity 
coupling  if  we  give  to  m  the  value  in  (67)  in  place  of  the  value  in 
(56). 

With  this  understanding  the  table  of  equivalences  Table  I 
may  be  retained. 

199.  Current  Amplitude  in  Circuit  n. — The  current-amplitude 
equations  (57)  and  (58)  must  be  changed  by  replacing  M(a  in 
the  numerator'  by  l/C^w.    We  thus  obtain 


and 


E 

C  12C0^2  ^1 


EqtuUians  (70)  and  (71)  are  aUemative  expressions  for  the  cur- 
rent amplitvde  in  Circuit  II y  when  the  coupling  between  Circuit  I 
and  Circuit  II  is  by  means  of  a  common  condenser  Cu.  The 
values  of  Z\  and  Z^  axe  given  in  Table  I,  which  must  be  emphyei 
with  the  value  of  m  given  in  (67). 

200.  Partial  Resonance  Relations. — ^By  replacing  MW  by 
l/Ci2'co',  equations  (61)  and  (63)  become  the  partial  resonance 
relations  for  the  capacity  coupling,  as  follows: 

^^  "  Ci2^Jzi^'  ^^^®®  ^*  ^*^-  ^^^^ 

and 

X 

In  the  case  of  capacity  coupling  by  a  condenser  Cn  common  to 
Circuit  I  and  Circuit  II j  the  value  of  Xt  given  in  (72)  produces 
the  largest  current  amplitude  Jj,  for  given  values  of  Cn,  Xi,  Zi, 
and  (a, 

^  Ti —  with  a  minus  sign  is  not  employed  because  amplitude  is  esseo- 
tially  possible. 
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In  like  manner  the  value  of  Xi  given  in  (73)  produces  the  largest 
value  of  I  if  for  given  values  of  Cu,  Xt,  Z^,  and  w. 

201.  Optimum  Resonance  Relation  and  Current  at  Optimum 

Resonance. — ^In  order  to  obtain  maximum  current  amplitude 

It  when  both  Xi  and  Xt  are  varied  and  adjusted,  it  is  necessary 

to  give  to  them  such  adjustments  that  both  (72)  and  (73)  are 

satisfied.    Let  us  note  that  the  product  of  (72)  and  (73)  gives 

X  X 
XiXi  =  (7  iJz  '  Z  ''  whence  (note  also  (72))  (73) 

Either  Xi  =  0  =  Xj  (74) 

The  latter  can  be  fulfilled  only  provided 

Returning  to  (72)  and  (73),  let  us  divide  one  by  the  other 
obtaining 

x?-z?  ^^^^ 

whence  by  Division  of  Ratios,  and  combination  of  results  with 
(72)  we  have 

Also  by  (74) 

Xi  =  0  =  X„  provided  tj^-.  <  RiRt  (78) 

Ci2  CO 

Equations  (77)  and  (78)  are  the  optimum  resonance  relations. 
Out  of  analogy  wUh  the  case  of  transformer  coupling,  we  may  call 
(77)  the  optimum  resonance  relation  with  Capacity  Coupling 
Sufficient,  and  (78)  the  optimum  resonance  relation  with  Capacity 
Coupling  Deficient.  Either  relation  is  optimum  when  the  Capacity 
Coupling  is  Critical  (i.e.,  l/Cit^ufl  =  RiRt). 

202.  Current  Amplitude  I2  at  Optimum  Resonance.    Max. 

Max.  Cuirenti  with  Capacity  Coupling. — The  resonance  relation 

(72)  is  equivalent  to  making  X^^  =>  0,  as  is  seen  by  reference  to 

Table  I.    In  this  case  equation  (71)  becomes 

E 
[/«imul1xi  apt.  =  p — Z  R^  which,  by  Table  I, 

'"^   '   '   g 

(79) 


Ci,a,jZiB,  +  ^-^J 
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Equation  (79)  gives  the  amplUiule  of  current  in  Circuit  II,  when 
Circuit  II  has  its  optimum  adjustmerUy  with  any  values  whatever 
of  the  other  constants  of  the  system. 

Let  us  now  make  the  additional  requirement  that  X\  shall  also 
have  its  optimum  adjustment.  There  will  be  two  cases  according 
as  the  capacity  coupling  is  Sufficient  or  Deficient. 

First,  with  Coupling  Sufficient,  equation  (77)  gives 

Ci^VRt 

which  introduced  into  (79)  gives 

E  1 

1 2  max.  max.  =  —-7===,  providcd  ^    ^  ,  >  RxR^  (80) 

Second,  with  Coupling  Deficient,  we  may  still  employ  equation 
(79)  but  must  satisfy  (78)  by  making  Xi  =^  0.  Then  in  (79) 
Zi  reduces  to  £i,  and  we  obtain 

E  1 

/j  max.  max.  = T",  provided  ^   ^  ^  <  RiR%  (81) 

1  Ci2*W* 


CifiaRiRi  -f- 


CifO) 


When  Circuit  I  and  Circuit  II  are  coupled  together  by  having 
a  common  condenser  Cn  y>e  may  designate  the  coupling  as  Sufficient 
when 

TT^-i  >  RiRt  (82) 

and  may  designate  the  Coupling  as  Deficient  when 

TrVl  <  ^i^«  (83) 

When  these  two  quantities  that  occur  in  (83)  are  equal,  we  shaU 
designate  the  Coupling  as  Critical.  We  have  the  result  that  (80) 
gives  the  max.  max.  current  amplitude  1%  when  the  coupling  is 
Capacity  Coupling  Sufficient.  On  the  other  hand,  if  the  Capacity 
Coupling  is  DeficierU,  It  has  the  max.  max.  valu£  given  by  (81)- 
When  the  coupling  is  Critical,  either  (80)  or  (81)  gives  the  currenl 
at  optimum  resonance  of  both  Circuit  I  and  Circuit  II. 

As  in  the  case  of  the  transformer  coupling,  we  have  the  result, 
that  so  long  as  the  coupling  is  sufficient,  the  current  Jj  at  opti- 
mum adjustment  has  an  amplitude  independent  of  the  size  of 
the  coupling-condenser  C12. 
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All  of  the  deductions  regarding  the  case  of  transformer  coupling 
apply  consistently  to  the  case  of  capacity  coupling,  provided 
we  replace  Af«  of  the  transformer  case  by  —  1/Cijw  of  the 
capacity-coupling  case. 


V.    SOLUTION  OF  THB  PROBLEM  OF  TWO  CIRCmTS 
HAVING  RESISTANCE  COUPLING 

203.  Partial  Resonance  Relations. — A  diagram  of  two  cir- 
cuits coupled  together  by  having  a  common  resistance  /2is  is 
shown  in  Fig.  8.    The  common  mutual  impedance  in  this  case  is 


tn  =  R 


12 


(84) 


^l5^^NiWM!?^^Mil 


M- 


Fio.  8. — Two  circuits  having  resistance  coupling. 

The  total  resistance  of  the  Circuit  I  is  ft  i  made  up  of  the  com- 
mon resistance  Rn  and  the  resistance  Rio  (say)  in  Circuit  I  not 
common  to  Circuit  II.    That  is, 

Ri  =  Rio  "h  Ri2  (85) 

likewise 

Rt  =  flio  +  fill  (86) 

With  the  understanding  that  m  has  the  value  given  in  (84) 
the  Table  of  Equivalences  (Table  I)  will  give  the  Equivalences 
for  this  case  also. 

The  partial  resonance  relations  then  become 

X\  =  0,  and  X,^  =  0, 
which  by  Table  I  and  equation  (84)  give 


and 


1  = ^T"  gives  X  lopt. 

^             R12  Xi    .        «. 
Xt ^-j— gives  A 1  opt. 


(87) 


(88) 
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Equations  (87)  and  (88)  are  the  partial  resonance  relations 
P  and  S  respectively. 

204.  Optimum  Resonance  Relation. — For  the  optimum  reso- 
nance relation,  (87)  and  (88)  must  be  true  simultaneously.  They 
can  be  true  simultaneously  only  provided 

Xi  =  0  =  X,  (89) 

for  by  taking  the  product  of  (87)  and  (88)  we  have 

ZlZ2(Zi«Z2»)    =  XiX,(fti2^)  (90) 

Now  ZiZi  ^  RiRit  by  definition  of  Zi  and  Zs,  and  by  (85) 
and  (86)  RiR%  >  R^^  hence 

Zi«Z2>  >  Rit\ 
and  by  (90),  therefore 

ZiX,  =  0. 

Ck>mparison  of  this  result  with  (87)  and  (88)  shows  that  both 
Xi  and  X2  must  be  zero. 

In  this  case  of  resistance  coupling  between  the  circuits  I  and  II, 
we  have  only  one  case  of  optimum  resonance,  given  by  (89),  which 
corresponds  to  the  case  of  Deficient  Coupling  in  the  other  examples 
of  Transformer  Coupling  and  Capably  Coupling. 
,  206.  Secondary  Current  Amplitude  at  Optimum  Resonance 
with  Resistance  Coupling. — ^The  general  expression  for  ampUtude 
I2  of  current  in  this  case,  since  this  amplitude  is  essentially  posi- 
tive, is  obtained  by  replacing  Mu  by  i2 19  in  equations  (57),  and  is 

R\%E       RitE 


u  = 


Z  1Z2       Z2  Zi 


Before  passing  to  the  case  of  optimum  resonance,  let  us  in- 
troduce merely  the  resonance  relation  with  X%  optimmn  as 
given  in  (88),  which  is  equivalent  to  X^*  =  0.    This  gives 

rr        1  —  ^^^ 

[1 2  mAx.JXs  opt.  ■"    y  D  o 

and,  by  Table  I, 

•  R\%E 


Z^R.-^^) 


Rit*Ri\         (91) 


Eqttation  (91)  gives  the  amplitude  of  current  »n  Circuit  II  when 
aU  the  Constanta,  except  Xt,  have  any  values,  and  Xt  has  its  opti- 
mum adjustment  as  specified  by  (88). 
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Let  us  now  introduce  the  condition  that  Xi  as  well  as  X^  shall 
have  its  optimum  adjustment.  By  (89)  this  can  be  attained 
only  by  making  Xi  =  0,  then  by  (88)  X%  automatically  becomes 
zero. 

Making  JTi  =  0  in  (91)  we  obtain 

R  9E 

limMx.  max.  =    n  n  5     2  \^^) 

EqtioHan  (92)  gives  the  maximum  possible  value  of  1 2,  in  the  case 
of  two  circuits  I  and  II  coupled  by  having  a  common  resistance 
Rit.  The  adjustment  that  gives* this  m>ax.  mcuc,  current  is  given  by 
(89),  and  is  seen  to  be  an  adjustment  of  each  circuit  separately 
to  have  its  undamped  period  equal  to  the  period  of  the  impressed 
e.m,f. 

Note  that  the  ca^e  of  resistance  coupling  is  always  one  of  essen- 
tially DeficierU  Coupling. 


15 


CHAPTER  XIV 

RESONANCE  RELATIONS  IN  A  CHAIN  OF  THREE 

CIRCUITS  WITH  CONSTANT  PURE  MUTUAL 

IMPEDANCES,    STEADY  STATE 

206.  Statement  of  Problem. — We  propose  now  to  utilize  the 
Reciprocity  Theorem  of  the  preceding  chapter  to  determine  the 
resonance  relations  in  a  system  of  three  circuits  arranged  in  a  chain 
with  the  couplings  between  the  circuits  in  the  form  of  pure  mutual 
impedances,  as  defined  in  Art.  192.  The  purpose  of  this  treat- 
ment is,  first,  to  give  an  illustration  of  the  simplicity  resulting 
from  the  use  of  the  Reciprocity  Theorem  to  determine  resonance 
relations,  and,  second,  *to  lay  the  foundations  for  solving  im- 
portant problems  relating  to  radiotelegraphic  practice. 


Fio.   1. — Chain  of  three  circuits  with  transformer  coupling. 

207.  Illustrative  Forms  of  Circuits. — Two  forms  of  circuits 
to  which  the  present  analysis  applies  are  shown  in  Figs.  1  and  2. 

In  Fig.  1  the  couplings  in  the  chain  of  three  circuits  are  made 
by  transformers. 

In  Fig.  2,  which  is  analogous  to  a  much-used  type  of  radio 
receiving  system,  the  coupling  between  Circuit  I  and  Circuit 
II  is  by  a  transformer,  while  the  coupling  between  Circuits  II 
and  III  is  by  a  common  condenser  C^z- 

In  both  figures  Rz  represents  a  resistance  that  may  be  regarded 
as  the  resistance  of  the  detector. 

The  two  figures  are  both  special  cases  of  a  chain  of  three  cir- 
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cults  with  pure  mutual  impedances  as  defined  in  the  previous 
chapter. 

208.  Anticipatory  Sketch  of  the  Method. — The  method  em- 
ployed in  this  problem  will  consist  in  obtaining  three  Variant 
Expressions  for  the  current  in  Circuit  III,  when  the  e.m.f.  is 
applied  to  Circuit  I.     These  three  forms  will  be  found  to  be 

\&yE\     ^     \»yE\      _     \&yE\ 

(1)  (2)  (3) 

where  the  vertical  lines  enclosing  the  numerator  indicates  abao- 
lute  value. 


/s  = 


Fio.  2. — Chain  of  three  circuits  with  one  transformer  coupling  and  one  capacity 

coupling. 

The  various  Z's  will  be  foimd  to  have  the  definitions  given  in 
Table  I,  Art.  21L  The  values  of  the  various  Z's  will  then  be  shown 
to  be  such  that  we  obtain  certain  fundamental  forms  of  the  reso- 
nance relations  by  inspection. 

The  principles  underlying  the  method  will  now  be  established, 
first,  by  directly  showing  the  identity  of  the  denominators  of  (1), 
(2),  and  (3),  and,  second,  by  the  use  of  the  Reciprocity  Theorem. 

209*  Direct  Proof  of  the  Identity  of  the  Denominators  of 
Equations  (1),  (2),  and  (3).— Referring  to  Table  I  in  Art.  211  for 
definitions  of  the  various  Z's,  let  us  note  by  direct  multiplication 
and  substitution  that 

{z^'a\y  =  {ZiZ^Zz'^y  =  ^z^z^^^z^y 

^  Zi^Zi^Zz^  +  p^Zz^  +  7*Zi* 

+  2fi^ZARiR2  -  X1X2)  \  (4) 

+  2y^ZiKR2R^  -  X2X3) 

+  2fi^y^{RiRz  +  XiXz) 

Prom  equations  (4)  it  appears  that  equations  (1),  (2),  and  (3) 
are  established  as  soon  as  we  prove  the  correctness  of  any  one  of 
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them.  This  last  step  is  easy  to  take,  but  will  be  here  omitted, 
as  the  step  occurs  in  the  use  of  the  Reciprocity  Theorem  following. 
On  account  of  the  importance  of  the  Reciprocity  Theorem 
in  itself,  we  shall  now  make  use  of  it  to  deduce  again  the  identity 
of  equations  (1),  (2),  and  (3),  and  shall  incidentally  supply  such 
steps  as  have  been  omitted  in  the  above  sketch. 

I.  APPLICATION  OF  THE  RECIPROCITT  THEOREM 

210.  Notation. — The  notation  employed  here  will  be  the  same 
as  in  the  preceding  chapter,  namely,  as  we  go  around  the  nth 
circuit, 

Rn  =  the  sum  of  all  the  resistances  in  series  in  the  nth  circuit 
including  resistances  common  to  neighboring  circuits,  if 
there  be  such; 

Ln  =  the  sum  of  all  self-inductances  in  series  in  the  nth  cir- 
cuit, including  self-inductances  common  to  the  nth  cir- 
cuit and  its  neighbors  if  there  be  such,  and  including  the 
self-inductance  of  any  primary  or  secondary  coil  of  a 
transformer  if  any  such  coil  be  in  the  nth  circuit; 
1/Cn  =  the  sum  of  the  reciprocals  of  all  capacities  in  series  in 
the  nth  circuit,  including  the  capacities  of  condeners; 
common  to  the  nth  circuit  and  to  neighboring  circusits 

Xn  =  Ln«  -   1/Cn«,       Zn*   =   Rn^  +  ^»^       Zn   ^   Rn  +  jXn] 

mil  »  complex  mutual  impedances  between  Circuits  I  and  II 

=  Zit  +  jMuco,  where 
zit  =  complex  impedance   common  to  Circuits  I  and  II,  if 
there  be  such,  and 
Mu  =  mutual  inductance  between  Circuits  I  and  II,  if  there  be 

such.  ' 
ni28y  fnzi,  etc.  —  similar  quantity  to  mi 2  but  for  other  pairs  of 
circuits. 

211.  Values  of  Complex  Current  Amplitudes  and  Complex 
Currents. — By  means  of  the  general  methods  of  Chapter  XIII, 
it  is  seen  that  with  the  cosine  e.m.f.  applied  to  Circuit  I,  the 
currents  in  the  three  circuits  are  the  real  parts  of  the  complex 
quantities 

i,  =  Aie^"*,     Z2  =  At^"^,     ts  =  Aze^*^  (5) 

where  <a  is  the  angular  velocity  of  the  impressed  e.m.f.,  and  Ai, 
Ai,  As,  satisfy  relations  of  the  form  of  (34),  (33)  and  (32)  of 
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Chapter  XIII,  with,  however,  all  of  the  terms  of  subscripts 
higher  than  3  made  equal  to  zero.  These  relations  written  out 
here  are 


A,  = 


A,  = 


mi^Ai 


m%tA\ 


22  - 


Wl2' 


Zz 


Ai  = 


E 


Zx  - 


mi2- 


Rz  +  iX^ 

R\  +  jX't 
E 

"    Ry'  +  iX\ 


(6) 
(7) 


zt  - 


Zz 


(8) 


where  the  third  members  of  (7)  and  (8)  are  written  down  from 
the  general  knowledge  that  any  algebraic  combination  of  complex 
quantities  is  a  complex  quantity  of  the  form  a  +  jh. 

Equations  (7)  and  (8)  require  that  R'l^  X\,  R%  and  X't 
shall  be  given  definitions  consistent  with  these  equations  (7) 
and  (8). 

By  working  out  the  values  of  the  denominators  in  (7)  and  (8), 
and  equating  the  two  denominators  for  the  same  quantity  in  each 
case,  we  obtain  the  values  of  the  primed  quantities  in  the  first 
colunm  of  Table  I  following: 

Table  L — Equivalences  for  Three  Circuits  with  Pure  Mutual  Impedances 


Forward  equivalenoM 

Backward  equivalences 

Two-way  equivalences 

Xi-Xt       2v 
n't  -  «i  +  2,, 

X.    -  Xt       ^-„ 

^  *        ^*       Z,«        Zi« 

z,«>»  -  «»•»«  +  x«»« 

Z'i°«  -  U'.^*  +  X's»» 

In  Table  I  and  in  subsequent  equations j  since  the  two  m*s  are 
pure  imaginarieSf  as  may  be  seen  by  reference  to  their  formaiion, 
we  have  let 

mit  =  jfi 
and  (9) 

maa  =  jy 
where  fi  and  y  are  real  quantities. 
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In  setting  up  Table  I  we  have  replaced  m^  and  mt%  by  their 
values  (9). 

212.  Currents  in  Terms  of  Forward  Equivalences. — We  may 
now  write  down  the  values  of  the  currents  t'l,  %%f  is  with  the  use 
of  the  Forward  Equivalences  contained  in  column  one  of  Table  I. 

This  is  done  by  taking  (6),  (7),  and  (8),  in  terms  of  the  priiiieci 
quantities,  eliminating  among  them  and  substituting  the  results 
in  (5),  and  then  rationalizing  and  taking  the  real  part  of  the  result, 
obtaining 

ii  =  ^r  cos  {(at  -  /i)  (9) 

ii  =  J,  ^,   cos  ((at+  t/2  -  <p\  -  <p'i)  (10) 

it  =  ^  ^,  ^,   cos  ((at  +  T  -  ip\  -  ip\  -  ^s)  (11) 

where 

^\  =  tan-^|Jj,  ^',  =  tan->  ~),  v^s  =  tan-»  |-*         (12) 

Also,  if  in  (11)  we  let  It  be  the  amplitude  of  z's,  we  have 

_      ^lE  .  , 

Equations  (9),  (10),  and  (11)  give  the  values  of  the  currents  in 
the  three  circuits  respectively  after  these  currents  have  reached  a 
steady  state,  under  the  action  of  a  cosine  e,m.f,  of  amplitude  E 
impressed  on  Circuit  L  Equation  (13)  gives  the  amplitude  of 
current  in  Circuit  III. 

213.  Current  Amplitude  I3  in  Terms  (rf  Backward  Equivalences. 
Let  us  now  obtain  a  Variant  form  of  /s.  To  do  this  we  shall 
temporarily  suppose  that  the  e.m.f.  is  applied  to  Circuit  HI; 
and  shall  obtain  the  current  in  Circuit  I.  The  Backward  Equiva- 
lences of  Table  I  bear  to  this  case  the  same  relation  that  the 
Forward  Equivalences  bear  to  the  forward  case,  so  we  obtain 

/i  =  fj  rj  oij  o*   when  the  e.m.f.  is  appUed  to  Circuit    HI. 

Now  by  the  Reciprocity  Theorem,  this  current  I\  is  the  same 
as  we  should  get  in  Circuit  III  (that  is,  /a)  if  the  e.m.f .  were  ap- 
plied to  Circuit  I;  whence 

ByE 
I»  =  rw  rj  orw  o'  with  c.m.f.  iu  Circuit  I. 
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This  is  equation  (2)  above. 

As  to  equations  (1),  let  us  note  that  it  has  been  abeady  ob- 
tained in  (13). 

214L  Current  Amplitude  la  in  Tenns  of  Two-way  Equivalences. 
We  have,  remaining,  one  more  form  of  expression  (3)  to  obtain 
for  Ji.  This  may  be  obtained  by  the  Theorem  of  Reciprocity 
applied  to  Circuits  I  and  II.  By  the  general  equations  of  the 
form  of  (29),  Chapter  XIII,  when  the  e.m.f.  is  applied  to  Circuit 
II,  and  when  there  are  only  three  circuits  in  the  chain,  we  obtain 
the  relations 

ziAi  —  miiAt  =  0 
—  miiAi  +  z%At  —  m\%Az  =  E  (13) 

— m2tA2  +  ZzA^  =  0 

Replacing  m\2  by  jjS,  rrhz  by  jy,  and  solving  (13)  for  Ai,  A%, 
and  Azy  we  obtain 


Ai  = 


Zi 


ii.= 


E 


E 


z,  +  '-  +  '- 

Zl         Zz 


R'^  +  jX'^ 


(say) 


(14) 


The  last  denominator  of  the  As-equation  is  an  abbreviation 
for  the  complex  denominator  preceding  it  in  the  Arequation. 
Equating  the  real  and  the  imaginary  parts  of  these  two  denomina^ 
tors  respectively,  we  obtain,  on  solving,  the  values  of  ^'2°  and 
X't^  contained  in  the  last  column  of  Table  I.  These  values 
are  the  equivalent  resistance  and  reactance  of  Circuit  II  as  in- 
fluenced by  the  two  Circuits  I  and  II,  and  are  hence  called  the 
T\D(MDay  Equivalences  of  Circuit  II. 

Now  solving  the  Ai-equation  and  the  A2-equation  of  (14) 
as  simultaneous,  rationalizing  and  taking  the  amplitude  of  the 
real  part,  we  obtain 


/l   = 


ZVZi' 


with  e.m.f.  in  II 


Compare  with  this  the  amplitude  of  u  in  (10),  which  gives 


fiE 


li  =  „,  „,  y  with  e.m.f.  in  I 
It  \lt  % 


(16) 
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By  the  Theorem  of  Reciprocity  these  two  quantities  (15) 
and  (16)  are  equal,  hence 

ZVZi  =  Z'lZ'a  (17) 

Multiplying  both  sides  of  this  equation  by  Zz,  we  obtain 

ZiZ  2  Zs  =  Z^Z  %Z  1  (18) 

which  makes  (3)  true  if  (1)  is  true.    But  we  have  already  proved 

(1). 

We  have  thus  shown  that  equaJtions  (1),  (2),  and  (3)  are  three 
different  ways  of  expressing  the  current  amplitude  in  Circuit 
III  under  the  action  of  a  cosine  e,m.f.  applied  to  Circuit  /,  pro- 
vided the  current  ha^  reached  a  practically  steady  state. 

The  use  of  the  Reciprocity  Theorem  has  enabled  us  to  cbtain 
certain  Equivalent  Resistances,  indicated  by  R\,  R'l,  R^*,  R^j  -BV, 
and  certain  Equivalent  Rea^Aances,  indicated  by  X\,  X'2,  Xt*y 
Xi^t  X'i^,  all  of  which  are  tabidaied  with  their  values  in  Table  L 
By  taking  the  square  root  of  the  sum  of  the  squares  of  these  resistances 
and  the  corresponding  reactances  we  have  formed,  and  included  in 
Table  /,  the  Equivalent  Impedances  Z\,  Z'i,  Zs**,  Z2**,  Z'j^. 

We  have  then  written  down  in  terms  of  the  Equivalent  Impedances 
three  different  expressions  for  the  Current  Amplitude  /s.  In  these 
three  expressions  (1),  (2),  (3),  the  occurrence  of  Xi,  Jf 2,  and  Xz,  as 
win  presently  he  showUy  is  such  that  certain  fundamental  forms  of 
the  resonant  relations  may  be  had  by  inspection, 

n.  PARTIAL  RESONANCE  RELATIONS  AND  RESTRICTED 
RESONANCE  RELATIONS  WITH  PURE  MUTUAL  IM- 
PEDANCES UNCHANGED 

216.  Nomenclature. — We  shall  designate  as  Partial  Reso- 
nance Relation  re  Xi  the  adjustment  of  Xi  that  makes  It  (say)  a 
maximum  when  all  the  other  members  of  the  circuits  are  kept 
constant. 

In  general  a  Partial  Resonance  Relation  re  a  Variable  will 
mean  the  adjustment  of  the  variable  that  makes  the  amplitude 
of  the  current  in  the  detector  circuit  (or  work  circuit)  a  maximum 
while  all  the  other  members  of  the  system  are  kept  constant. 

In  certain  cases  the  range  of  adjustment  of  a  designated 
variable  may  not  be  sufficient  to  attain  an  absolute  maximum 
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of  the  work  current.  In  those  cases  we  shall  designate  as  a 
Restricted  Resonance  Relation  re  a  Variable  the  adjustment  of 
the  variable  that  will  make  the  current  ampUtude  in  the  work 
circuit  the  largest  that  can  be  obtained  with  any  adjustment 
possible  to  the  variable  imder  the  Umitations  of  the  restriction. 
In  case,  for  example,  Xi  is  the  variable  imder  observation, 
we  shall  refer  to  the  value  of  Xi  that  gives  the  greatest  work  cur- 
rent, subject  to  the  restrictions  of  Xiy  as  the  Restricted  Resonance 
Relation  re  Xi,  or  Resonance  RekUion  re  Xi  Restricted. 

216.  Resonance  Relations  for  a  Chain  ot  Three  Circuits 
With  Pure  Mutual  Impedances  Unchanged. — We  have  already 
pointed  out  in  the  anticipatory  sketch  (Art.  208)  the  nature 
of  the  steps  to  be  employed.  Three  forms  of  expression  for 
Iz  were  given  in  equations  (1),  (2),  and  (3),  and  these  three  forms 
have  now  been  derived  and  shown  to  be  identical  in  value.  Since 
the  numerators  are  supposed  to  be  constant,  we  can  make  /s  a 
maximum,  by  making  the  denominators  a  minimum. 

By  definition  of  the  various  equivalences  in  Table  I  it  is  seen 
that  the  denominator  ZtZ'^'i,  of  equations  (1)  involves  Xi 
only  in  the  factor  Z'l,  To  make  /§  a  maximum  by  varying  Xi, 
it  is  necessary,  therefore,  only  to  make  Z\  a  minimum  re  Xu 
Since  the  resistances  of  the  system  are  all  constants,  in  it  is 
seen,  by  reference  to  Table  II,  that  this  is  attained  by  making 
X\*  a  minimum  re  Xi 

Hence,  if  Xi  is  unrestricted,  the  resonance  condition  is 

X\  =  0  (20) 

(Partial  Resonance  Relation  re  Xi) 

On  the  other  hand,  if  Xi  is  restricted,  the  resonance  condition  is 

X'l*  =  minimum  (21) 

(Resonance  Relation  re  Xi  Restricted) 

In  like  manner,  since  in  the  denominator  of  (3),  X^  occurs 
only  in  the  factor  Z'i^,  we  find,  by  similar  reasoning, 

X'2°  =  0  (22) 

(Partial  Resonance  Relation  re  X2) 

and 

Z'a**  =  minimum  (23) 

(Resonance  Relation  re  X^  Restricted) 
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Again,  since  in  the  denominator  of  (2)  Xz  occurs  only  in  the 
factor  Za®,  we  have 

X^  =  0  (24) 

(Partial  Resonance  Relation  re  Xz) 
and 

Xz°^  =  minimum  (25) 

(Resonance  Relation  re  Xz  Restricted) 

Equaiions  (20),  (22),  and  (24)  give  respectively  the  partial 
resonance  rehUions  re  Xi,  Xiy  and  Xz,  when  the  mviual  impedances 
are  pure  and  unvaried.  In  case  restrictions  on  any  or  all  of  the 
reactances  prohibits  the  attainment  of  any  or  all  of  the  partial 
resonance  relatione,  we  mu^t  substitute  for  any  of  the  relations  that 
is  unattainable  the  corresponding  Resonance  Relation  Restricted^ 
as  given  in  (21),  (23),  or  (25). 

m.  APPLICATION  TO  A  CASE  IN  WHICH  THE  REACTANCES  ARE 

ALL  UNRESTRICTED 

217.  Optimum  Resonance  Adjustments.  Adjustments  for  a 
Grand  Maximum  of  Current  Amplitude  Is,  When  the  Reactances 
are  All  Unrestricted. — ^Let  us  now  determine  the  adjustments 
that  must  be  given  to  all  three  of  the  circuits,  in  order  to  obtain 
a  grand  maximum  of  amplitude  Iz,  under  the  condition  that  all 
of  the  reactances  are  unrestricted. 

This  is  done  by  solving  (20),  (22),  and  (24)  as  simultaneous. 
For  this  purpose  we  shall  make  constant  use  of  Table  I,  Art.  211. 

Let  us  first  solve  (20)  and  (22)  as  simultaneous. 

By  (22) 

Jf'2°  =  0. 

By  a  comparison  of  the  third  and  first  columns  of  Table  I,  Art. 
211,  it  is  seen  that  the  satisfaction  of  this  equation  requires 

X', -^^  =  0  (26) 

Equation  (26)  is  an  aUemative  form  of  (22). 
Returning  now  to  (20),  we  may  write  it  (by  the  definition  of 
X\)  in  the  form 

Xi  -  ^^  =  0  (27) 

Equation  (27)  is  an  alternative  form  of  (20). 


^ 
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If  now  (22)  and  (20)  are  simultaneously  true,  their  equivalents 
(26)  and  (27)  must  be  simultaneously  true;  so  that  by  replacing 
X'i  in  the  numerator  and  denominator  of  (27)  by  its  value  from 
(26),  we  obtain 

Equation  (28)  is  a  first  step  in  the  treatment  of  (20)  and  (22)  as 
simultaneous. 
From  (28)  it  follows  that 

either  Xi  =  0  (29) 

or  fl,2^_^________  (30) 

This  last  equation  is  obtained  by  dividing  (28)  by  Xi,  and 
clearing  of  fractions,  obtaining  the  equality  of  the  first  term 
to  the  second.  The  third  member  follows  from  the  second  by 
employing  the  definition  of  Zi*. 

Extracting  the  square  root  of  (30)  and  combining  the  alterna- 
tive combination  (29)  (30)  with  (26),  we  obtain 

either  -X*!  =  0  and  X't  =  0  (31) 

Equations  (31)  and  (32)  constitute  a  pair  of  results,  one  or  the 
other  of  which  must  he  fulfilled  in  order  to  make  Xi  and  X^  both 
optimum,  while  Xz  may  have  any  value  whaiever.  The  quantity 
Xi  is  involved  in  X\  and  R\  {see  Table  I). 

A  similar  treatment  of  (22)  and  (24)  as  simultaneous  gives 

either  Xz  =  0  and  Xi""  =  0  (33) 

EquaJtions  (33)  and  (34)  constitute  a  pair  of  results,  one  or 
the  other  of  which  must  be  fulfilled  in  order  to  make  Xi  and  X^  both 
optimum,  while  Xi  {involved  in  Xz^  and  Rz^)  may  have  any  values 
whatever. 

We  come  next  to  treat  of  the  case  where  all  three  of  the 
circuits  are  at  optimum  adjustment  simultaneously.  This 
treatment  consists  in  solving  the  equations  (31)  and  (32)  as 
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simultaneous  with  (33)  and  (34),  while  keeping  in  mind  that 
the  two  pairs  of  equations  are  themselves  alternative  possibilities. 

We  shall  first  show  that  (32)  and  (34)  are  not  simultaneously 
possible, -as  follows: 

Replacing  the  primed  quantities  in  (32)  by  their  values  from 
Table  I,  we  obtain  for  this  equation 

X,       y'X,  ^R2,    y^  _  $1  ,«.^ 

Xi      XiZ,^      Ri'^  RiZz^      Zi«  ^"^^^ 

A  similar  treatment  of  (34)  gives  for  it 

X,  _  J^  ^  ^2  ,  J^  ^  jy!  ,^.. 

X,      XsZi^      Rz^  RzZi^      Zz^  ^"^^ 

If  we  make  these  two  results  true  simultaneously  their  latter 
parts  lead  to 

2Ri/Rz  =  0, 
which  cannot  be  true. 

We  mayj  therefore,  exdude  the  sinvaUaneous  fiUfiUmerU  of 
(32)  and  (34)  as  a  possible  compliaru^  with  ihe  resonance 
requirement. 

We  shall  next  examine  (31)  and  (33)  as  a  possible  simultaneous 
resonance  adjustment.     This  combination  gives 

Xx  =  0,  Za  =  0,  X't  =  0,  ^2°  =  0 

By  definitions  of  X\  and  X^*  (Table  I),  these  equations  reduce 
to 

Xi  =  X2  =  Z,  =  0  (37) 

Equations  (37)  is  the  resuU  of  treating  (31)  and  (33)  as 
simvltaneous. 

Let  us  now  examine  the  combination  of  (31)  and  (34).  By 
(31)  two  of  the  numerator  terms  of  (34)  reduce  to  simpler  values, 
and  the  combination  gives 

Xi  =  0,  and  y-  =  — p-p =  y  2  (^^^ 

Equations  (38)  is  the  result  of  treating  (31)  and  (34)  as 
simultaneous. 

In  like  manner  the  combination  of  (33)  and  (32)  gives 

As  =  0,  and  ^  =  — ^-^ =  ^  (39) 
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Equations  (39)  is  the  residt  of  treating  (33)  and  (32)  as 
simvUaneaus. 

218.  Adjustments  for  Grand  Maxima  of  Is  Summarized  and 
Designated  Optimum  Combinations.  Current  Amplitude  Is 
Obtained  at  the  Optimum  Combinations.  Conditions  Under 
Which  the  Combinations  are  Respectively  Optimum.-^ We  have 
given  in  equations  (37),  (38),  and  (39)  three  combinations  of 
relations  any  one  of  which  satisfies  (20),  (22),  and  (24)  simul- 
taneously, and  is  a  possible  optimum  combination.  We  shall 
now  show  that  it  is  sometimes  one  and  sometimes  another  of 
these  combinations  that  is  optimum. 

Let  us  designate  the  three  combinations  as  follows: 

Optimum  C!ombination  (a),  equation  (37); 
Optimum  Combination  (0),  equation  (38); 
Optimum  Combination  (7),  equation  (39). 

The  condition  under  which  Combination  (fi)  is  attainable 
may  be  had  by  inspection  of  (38),  by  noting  that  Zs'  cannot 
be  less  than  B^*,  whence 

RiR2  +  p^^  7^ 


iiiits  R 


8 


2» 


that  is, 

RiRtRz  K  Riy^  -  R^^'  (40) 

The  inequality  40  gives  the  condition  under  which  Combination 
(fi)  is  attainable. 

A  similar  process  shows  the  condition  under  which  (7)  is 
attainable,  and  gives 

R1R2R3  ^  Rzfi^  -  Riy^  (41) 

The  inequality  (41)  gwes  the  condition  under  which  Combination 
(7)  is  attainable. 

There  is  no  restriction  on  the  attainability  of  Combination  (a). 

To  find  the  current  amplitude  /s  under  the  three  Optimum 

Combinations  respectively,  let  us  take  /|  in  the  form  given  in 

equation  (3).    This  is 

_     [fiyE] 

On  substituting  the  combination  of  equations  (37)  into  this, 
we  have  for  the  value  of  /s,  under  the  optimum  combination 
(a),  the  value 

r  7  1 [g'y^i (A-y^ 
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Likewise  in  (42)  substituting  the  optimum  combination  {fi) 
as  given  by  (38),  we  obtain  after  reduction 

""  2VrJr^  VRiRi  +  j8« 

Again  in  (42)  substituting  the  optimum  combination  (7)  as 
given  by  (39),  we  obtain  after  reduction. 

[73]^  =     ^yf =  (45) 

2VRiRz  VRzRi  +  y^ 

It  will  now  be  shown  that  [/s]^,  whenever  ($)  is  attainable 
is  larger  than  [/§]«.  This  is  done  by  multiplying  the  numer- 
ator and  denominator  of  (44)  by  7,  which  makes  the  numerator 
the  same  as  the  numerator  of  (43) .  A  comparison  of  the  resultant 
denominators  now  shows  that 

[h]fi  ?  IhL 
whenever 

RiRiRz  +  fi^Rz  +  y^Ri  -  2Wr^^  y/RiRt  +  /3*  $  0  (46) 
The  left-hand  side  may  be  expressed  as  a  square  thus 

{ VrIVRiRz  +  fi'  -  7Vfli}*  ^  0, 

which  is  seen  to  be  always  fulfilled,  since  the  quantities  under 
the  radicals  are  all  positive. 

We  have  then  the  result  that  Combination  (/3),  if  attainable, 
gives  a  larger  value  of  Is  than  does  Combination  (a).  In  a 
similar  way  it  can  be  proved  that  Combination  (7),  if  attainable 
also  beats  (a).  It  is  not  necessary  to  compare  (/8)  with  C!ombba- 
tion  (7)  since  the  two  are  never  both  attainable  in  the  same  case, 
as  may  be  seen  by  comparing  (40)  with  (41). 

The  results  may  now  be  further  summarized  in  the  following 
Key. 

219.  Summary  and  Key  Concerning  Grand  Maxima  of  Is 
When  the  Mutual  Impedances  are  Invariable,  and  When  the 
Reactances  are  Unrestricted. — 

/.  Resonance  CombinaMon  (a). 

If 

RiR^Rz  ?  [fti7*  -  Rzfi% 

where  the  vertical  lines  indicate  "absolute  value,"  use  Resonance 
Relation 

Zi  =  X2  =  X3  =  0  (47) 
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and  calculate  the  grand  maximum  of  1%  by 

XT  1     _  \l^y^\ /4Q^ 

^  '^-  "  RyRtR^  +  /3«i2s  +  7*fii  ^     ^ 

//.  Resanance  Combination  (0). 
If 

use  Resonance  Relations 

A 1  =  0,  Y^  =  — ^-p =  ^-j  (49) 

As  ICiitz  ^S 

and  calculate  the  grand  maximum  of  /a  by 

1/ 1     =  [^-^1  /5O) 

///.  Resonance  Combination  (7). 
If 

/Zi&fis  ^  iZsjS*  --  fli7*, 

use  Resonance  Relations 

and  calculate  the  grand  maximum  of  It  by 

llz]y    =    —7      —  ^^5Lr=,-^  (52) 

TAi8  nummary,  or  ft^y,  contains  the  optimum  resonance  combi- 
nations and  the  grand  maxima  of  current  in  Circuit  III,  obtained 
when  the  reactances  Xi,  X%,  and  Xz  are  unrestricted. 


CHAPTER  XV 


RESONANCE   RELATIONS   IN    A   RADIOTELEGRAPHIC 
RECEIVING    STATION   HAVING    A   COUPLED 
SYSTEM  OF  CIRCUITS  WITH  THE  DE- 
TECTOR IN  SHUNT  TO  A  SEC- 
ONDARY CONDENSER 

I.  GENERAL  RESULTS 

220.  Form  of  Circuits. — In  Chapters  XI  and  XII  there  is 
given  a  theory  of  coupled  circuits  approximately  applicable 
to  a  radiotelegraphic  receiving  station  in  which  the  detector  is 
in  series  in  the  secondary  circuit.  The  treatment  is  approximate 
in  that  the  receiving  antenna  of  practice  had  its  capacity,  in- 
ductance, and  resistance  distributed  along  the  length  of  the 
antenna,  while  the  system  treated  was  idealized  by  replacing 


iJJ 


Detector,  R» 


Stopnagie 
Condenser 


Fio.  1. — Radiotelegraphic  receiving  circuits  with  detector  in  shunt. 

the  distributed  constants  of  the  antenna  by  a  lumped  capacity, 
inductance,  and  resistance. 

It  is  proposed  now  to  undertake  a  similar  analysis  of  the 
corresponding  problem  with  the  detector  and  a  ''stoppage  con- 
denser" C30  in  shunt  to  the  condenser  Ca  of  the  secondary  cir- 
cuit, and  to  attempt  to  determine  under  what  conditions,  if  any, 
this  arrangement  is  superior  to  the  arrangement  of  Chapter  XII; 
Fig.  1. 

240 
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The  form  of  circuit  constituting  the  subject  matter  of  the 
present  chapter  is  given  in  Fig.  1.  If  we  idealize  this  circuit  by 
replacing  the  antenna  and  ground  by  a  lumped  capacity,  as  was 
done  in  the  previous  chapters,  we  have  the  arrangement  given 
in  Fig.  2,  in  which  the  condenser  Ci  replaces  the  antenna  and 
ground,  and  the  local  e.m.f .  e  replaces  the  e.m.f .  impressed  by  the 
incident  waves.  If  the  waves  are  persistent  and  undamped, 
the  current  will  arrive  at  a  steady  state  even  for  the  shortest  dot 
made  at  the  sending  station.  We  shall  seek,  therefore,  only  the 
steady-state  solution. 


Fto.  2. — Similar  to  Fig.  1,  but  with  antenna  circuit  replaced  by  a  dosed  circuit. 


221.  NotatioD. — We  shall  give  the  various  parts  of  the  cir- 
cuits the  designations  indicated  in  Fig.  2.  If  we  compare  this 
notation  with  that  of  Fig.  2  of  Chapter  XIV,  we  shall  see  that 
the  notation  is  the  same  except  that  Mu  has  now  been  simplified 
to  Af. 

The  reactances  of  the  three  circuits  are  seen  to  be 

Xi  =  Li<a  -  1/Cioi,  JTi  =  L2C0  -  1/C»,a>,  -Yi  =  -  1/Ci«  (1) 

where 

1 


Cz      Cjs      Cio 


(2) 


Using  the  methods  of  the  preceding  chapters  if  we  let  mu  and 
fiHt  be  the  complex  mutual  impedances  between  Circuits  I 
and  II  and  Circuits  II  and  III  respectively,  and  refer  to  the 
definition  of  these  quantities  given  in  (18)  of  Chapter  XIII, 
we  see  that 

mil  =  jM(o,    and    mji  =  l/jC%9Ui  (3) 

In  order  now  to  make  Chapters  XIII  and  XIV  directly  ap- 

16 
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plicable  to  the  present  problem,  we  shall  note  that  fi  and  7  as 
used  in  (9)  of  Chapter  XIV  have  now  the  values 

13  =  Mco,    7  =  -  ^^  (4) 

With  equations  (4)  as  definitions  of  fi  and  7,  Table  I  of  Chapter 
XIV  (Art.  211)  contains  the  Equivalences  for  the  present  case. 

222.  Current  Amplitude  Is  in  Circuit  m. — By  equations  (1), 
(2),  and  (3)  of  Chapter  XIV,  we  may  now  write  the  current 
amplitude  1$  in  Circuit  III  in  three  variant  forms  as  follows: 

^     \$yE\      _      \0yE\      ^  _  \PyE\_ 

(5)  (6)  (7) 

Equations  (5),  (6),  and  (7)  give  three  variant  forms  of  expression 
for  the  Qurrent  amplitude  Iz  in  Circuit  III,  In  these  equaiions  j8 
and  7  have  the  values  given  in  (4),  and  the  various  Z's  have  the 
values  given  in  Table  I  Art.  211. 

223.  Investigation  to  Determine  the  Resonant  Values  of  the 
Stoppage  Condenser  Cso. — The  condenser  C30  is  in  practice 
ordinarily  called  the  Stoppage  Condenser.  We  shall  now  seek 
the  value  of  Cso  (called  optimum  value)  that  gives  the  greatest 
current  amplitude  Is  in  the  detector  circuit  (Circuit  III).  The 
detector  has  any  resistance  Rz. 

If  we  examine  equation  (6),  we  see  that  fi,  7,  E,  Zi  and  Zi° 
are  independent  of  C30,  which  is  involved  in  Zz°  alone. 

The  optimum  value  of  Czo  is  thus  the  value  that  makes  (since 
Zs^  is  positive) 

Zz^^  =  a  minimum,  re  Czo  (8) 

By  Table  I,  Art.   211, 

in  which,  by  reference  to  Table  I  it  is  seen  that  Rz"^  is  independent 
of  Cso.  We  may,  therefore,  attain  our  optimum  value  of  Cjo 
by  making 

Xz°^  =  a  minimum,  re  Czo  (10) 

If  possible,  we  shall  choose  Czo  to  make 

Xa^  =  0  (11) 

Equation  (11),  if  attainable,  will  give  the  Partial  Resonance  Rda- 
lion  re  Czo- 


M 
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If,  on  account  of  restrictions^  it  is  not  possible  to  fulfill  (11), 
we  shall  choose  Cso  to  make  the  value  of  X^^^  a  minimum,  and 
obtain  what  we  have  called  the  Resonance  Relatianre  Czo  Restricted. 

We  shall  use  the  restricted  resonance  relation  only  when  the 
partial  resonance  relation  (11)  cannot  be  attained,  for  if  (11) 
can  be  attained  it  will  give  a  larger  /«  than  could  be  had  with 
the  restricted  relation  that  does  not  make  Xs°  zero. 

224.  Resonance  Relations  re  Cso*  Restrictions. — ^Let  us  now 
write  down  the  abbreviated  value  of  Xz^  from  Table  I,  Art.  211. 
Iti^ 

Xz    =  Xz  —  -V09  (12) 

Z2  ^ 

Replacing  Xz  by  its  value  from  (1)  and  (2),  and  indicating 
the  square,  we  have 

Now  Cso  can  have  any  positive  value,  so  that  the  first  term  in 
the  bracket  can  have  any  negative  value. 
We  see  then  that  we  can  make 

Xz""^  =  0  (14) 

provided  the  remaining  terms  in  the  bracket  of  (13)  are  positive;, 
that  is  provided 

1  7^X2° 


C230,        Z2-    ^«  (^^> 

//  (16)  is  satisfied,  there  is  some  value  of  Czo  thcU  satisfies  (14), 
and  hence  (14)  is  attainable  and  is  the  resonance  relation  re  Czo* 
In  (15)  Xt""  and  Z^  are  defined  in  Table  /,  AH.  211. 

If,  now,  on  the  other  hand,  (15)  is  not  satisfied,  then  the  last 
two  terms  in  the  bracket  of  (13)  are  negative.  The  first  term  in 
the  bracket  is  also  negative,  and  by  inspection  it  is  seen  that  we 
shall  make  the  whole  bracket  squared  a  minimum,  by  making  the 
first  term  zero.  Therefore, 
for  Xz^^  a  minimum  we  must  make 

Czo  =  infinity  (16) 

provided 

-r^-t^<0  (17) 

L/23^  ^2    ** 

//  (17)  is  satisfied,  equation  (16)  gives  the  optimum  value  of 
Czo'     This  is  the  Resonance  Relation  re  Czo  Restricted. 
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226.  Expansion  of  Resonance  Relations  re  Cm* — ^We  shall  now 
elaborate  (14)  and  (15).  To  do  this,  we  shall  introduce  two  new 
abbreviations  as  follows: 

Let 

A^  =  B2«  +  L,«a,«  +  £5  +  ^  (^R,R,  -  XiL^  )         (18) 

B^L^o>-^  (19) 

To  justify  the  designation  of  (18)  in  a  form  that  is  essentially 
positive,  let  us  note  that,  if  we  recall  that 

Zi^  ""  Z?  ^^^ 

we  can  factor  (18)  into 

=  «,**«  +  B^  (21) 

which  shows  it  to  be  essentially  positive. 

Now  making  use  of  Table  I,  Art.  211|  and  equations  (1), 
(2),  (4)  and  (19),  we  have 

A,    =  A2  -  "2^ 

=  B  +  7  '  (22) 

Also, 

=  fi2°»  +  B^  +  2By  +  T» 

-  A«  +  2By  +  7*  (23) 

In  terms  of  these  results,  we  can  express  (14),  by  using  (13), 
as  follows 


This  gives 


Therefore, 

Replacing  y  by  its  value  ~  \/Cu<i>,  we  obtain  from  (25) 

C,oa.  =  -  C„«  +  g  I  c,*Sp  (^^ 


i 
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Since  in  (24)  the  denominator  of  the  last  fraction  is  positive, 
and  since  y  is  negative,  and  Csoco  is  positive,  equation  (24)  and 
consequently  (26)  can  be  realized,  only  provided 

A^  +  By  ^  0  (27) 

Replacing  y  by  its  value  this  last  inequality  can  be  replaced  by 

A'<^  (28) 

Eqiuxtion  (26)  gives  the  value  of  Cs&u  far  a  maximum  amplitude 
of  Ii.  This  is  the  Partial  Resonance  Relation  re  Cso.  It  can  be 
aUained  only  provided  (28)  is  satisfied. 

If  (28)  is  not  salisfiedy  we  must  use  the  Restricted  Resonance 
Relation,  given  in  (16);  namely, 

Cao  =  «>  (29) 

We  shaU  consider  next  the  Resonance  Relations  re  Cm. 

226.  Resonance  Relations  re  C^i. — We  shall  now  make  an 
independent  investigation  of  the  resonance  relations  re  Cn, 
and  shall  begin  with  the  current  amplitude  equation  (6),  which 
squared  gives 

Is^  =  /y  9^7  oofT  oo,  where  7  ==  - 


In  this  equation  the  quantities  7,  Z%^  and  Zz^  all  contain 
Cm>  while  the  other  quantities  of  the  equation  do  not,  so  that  for 
a  maximum  /a*  with  respect  to  C^zy  we  must  make 

^    ^  ^     =  a  minimum,  re  C%z  (30) 

T 

Now,  by  Table  I,  Art.  211, 

Z,^«  =  (fls  +  ^^)    +  (Xz  -  ^^ot) 

2y\R^Rz  -  Xz'^Xz)        y^        • 
2^02  -I-  ^^02^ 

(ft,«  +  X32)  +  2  (fia^ft,  -  Zj^Zs)  +  7» 
=  (A-  +  2B7  +^70(fi3-  +  Xa')  ^  ^,  _^  2^^.^^ 

-2Xa(B  +  7). 


=  R»* 

+  x, 

,»  + 

whence 

-  ^'(«.- 

+  : 
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In  this  expression  Xz  still  involves  7,  and  must  be  replaced  by 
its  value  from  (1).     This  gives,  after  simplification, 


2A 


To  make  this  a  minimum  with  respect  to  7,  let  us  set  the  de- 
rivative of  it  with  respect  to  y  equal  to  zero,  obtaining 

(32) 
whence, 

either  -y  =  —  <»  (33) 


_  1  ^  B 

or  y       A* 


^"^  (^'*  +  c;^^ 


(34) 


Since  y  is  negative,  (34)  can  be  attained,  only  provided 


I  >  /       '         1     ,  (30) 

To  ascertain  whether  (33)  or  (34)  gives  the  larger  value  of 
current  amplitude  /a,  let  us  substitute  these  two  values  succes- 
sively into  (31),  and  designate  the  results  respectively  by  Di 
and  Dif  as  temporary  abbreviations,  obtaining 

^^^  =  (ft,«  +  R,r  +  (fi  -  J-) '  =  Z>i  (36) 

when  y  has  the  value  given  by  (33) ;  and  (using  (32)  for  (34)) 


y^  7*      \  1^30' 


(^'^  +  ck-^ 


+  {R,"  +  R,r  +  (b  -  ^)  *  =  O,        (37) 

when  y  has  the  value  given  by  (34).  It  is  seen  by  inspection 
that  Dt  is  less  than  or  equal  to  Di,  so  that  (34)  gives  more  cur- 
rent  amplitude  h  than  does  (33),  and  is  to  be  used  whenever  it 
can  be  attained;  that  is,  whenever  (35)  is  satisfied. 
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We  may  now  replace  y  in  (33)  and  (34)  by  its  value  (4), 
obtaining 
either  Cm  =  0  (38) 

or  C,^  =  ;f, p  (39) 

CzQcaRz^  +  j^ — 

When  (35)  is  satisfied,  equation  (39)  gives  the  value  of  Cu  that 
produces  a  maximum  value  of  Iz.  When  (35)  is  not  satisfy, 
equation  (38)  is  to  be  used  to  cbtain  a  maximum  value  of  Is, 

227.  Optimum  Simultaneous  Adjustments  of  Bolb  Cm  and 
Css*  Resonance  Combination  L. — We  have  now  obtained  in- 
dependently the  optimum  adjustments  re  Czo  as  given  in  (26)  and 
(29)  distinguished  by  the  criterion  (28),  and  the  optimum  ad- 
justment of  Ctt  as  given  in  (38)  and  (39)  distinguished  by  the 
criterion  (35). 

We  shall  next  determine  what  simultaneous  adjustments  of 
both  Cao  and  Cn  are  optimum,  leaving  Ci  still  arbitrary. 

This  is  done  by  treating  these  various  equations  as  simul- 
taneous, keeping  in  view  the  criteria  under  which  any  of  the 
respective  combinations  is  attainable. 

Let  us  begin  with  the  combination 

wo  —    ^ 

and  (40) 

C28  =  0 

By  reference  to  the  descriptive  matter  concerning  (29)  and 
(33)  we  see  that  the  equations  (40)  can  be  a  proper  resonance 
combination  only  provided  this  combination  is  inconsistent 
with  (28)  and  (35) .  To  be  inconsistent  with  these  inequalities 
(28)  and  (35)  we  require  that 

A^  ^  ^y — ,  when  C23  =  0, 

and 

j2  ^  J-,  when  Cjo  =  ® 

Cjowfis*  +  7t — 

These  two  relations  merely  require  that 

5  <  0  (41) 

We  have  then  the  result  that  under  condition  (41)  the  optimum 
combination  of  values  of  Cao  and  Cn  is  that  given  by  (40).     This 
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means  that  in  this  case  Czo  is  short  circuited  and  Cn  is  open  circuited 
or  removed.  Since  in  this  case  the  capacities  no  longer  enters 
we  shall  designate  this  combination  (40),  under  condition  (41) 
as  Resonance  Combination  L. 

228.  Optimum  Simultaneous  Adjustment  of  C«o  and  Cts* 
Resonance  Combination  0. — ^Let  us  examine  next  the  combina- 
tion of  (38)  with  (26).  If  these  two  equations  are  simultaneous 
we  have 

C23  =  0  1 


CsoW    —    -n 


(42) 


The  restrictions  under  which  the  equations  (38)  and  (26) 
were  resonance  relations  are  that  (35)  be  not  satisfied  and  that 
(28)  be  satisfied.     That  is, 

■ji  ^ T-,  when  Cjow  =  1/B, 

and 

—     R 
A  2  ^  y^ — »  when  C%z  ==  0. 

C23C0 

The  second  of  these  inequalities  gives 

fi  >  0  (43) 

and  the  first,  on  replacing  Caow  by  l/B,  and  inverting  the  in- 
equality, gives 

A^  -  fl«2  +  5* 
—  -^  — t — : . 

B  ^         B 

This  by  (43)  and  (21)  gives 

R2'  ^  Rz  (44) 

Under  conditions  (43)  and  (44),  the  combination  (42)  is  the 
optimum  resonance  combination  with  respect  to  both  Czo  owd  Cti- 
We  shall  call  this  Resonance  Combination  0. 

229.  Resonance  Combination  A. — ^Let  us  next  investigate  (39) 
and  (26)  as  a  possible  combination.  This  requires  extensive 
elimination. 

By  partial  division  of  the  fractional  part  of  (26).  this  equation 

gives 

B  B^  -  A^ 

Csoo)  -   -  Caco  H-  -^  +  ^2(C„a,A»  -  B) 

=  -  C23C0  +  ^,+        f''^\.  (45) 
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Equation  (45)  is  the  equivalent  of  (26). 

Let  us  now  replace  the  first  two  terms  on  the  right  and  the 
corresponding  expression  in  the  last  denominator  by  its  equiva- 
lent from  (39),  obtaining 

Transposing  the  first  term  of  the  right-hand  side  to  the  left, 
and  collecting  these  two  terms  over  a  common  denominator, 
we  obtain,  after  clearing  of  fractions 

By  (21) 

A*-  B^  =  Rt"*, 

which,  introduced  into  the  preceding  equation,  gives  a  perfect 
square  on  both  sides.    Taking  the  square  root,  we  obtain 


Clearing  this  of  fractions  and  solving,  we  obtain 


c,o«  =Vft,(j'-ie,°ft,)  ^*®^ 


The  substitution  of  (46)  into  (39)  gives 


C,^ ^^^S[^ (47) 

The  conditions  under  which  these  results  can  be  attained 
are  the  conditions  that  make  the  radicals  real,  and  make  the 
numerator  of  (47)  positive.     These  are 

A^  ^  flj^fta,  and  5  >  0   1 

^i  J 

By  (21)  the  latter  gives 

Rz  ^  R2 

This  equation  combined  with  (48)  gives  for  the  complete 
condition 

B  >  0,  and  iZj^  ^  fta  ^  4-o  (49) 

/V2 
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Under  conditions  (49)  equations  (46)  and  (47)  give  the  optimum 
resonance  combination  with  respect  to  both  Cto  o/nd  Cu-  We  shaU 
call  this  Resonance  Combination  A. 

230.  Resonance  Combination  B. — There  remains  one  other 
possible  combination;  namely,  the  combination  of  (28)  and  r39). 
This  combination  gives 

and  (50) 

We  shall  caU  (50)  the  Resonance  CombiruUion  B 
Examination  shows  that  the  only  restriction  on  this  is  B  >  0, 
so  that  Resonance  Combination  B  as  given  in  (50)  is  applicable 
coextensive  with  Resonance  Combinations  0  and  A.  It  can  be 
shown,  however,  that  where  either  0  or  A  is  attainable  the 
Resonance  Combination  B  is  inferior  as  a  resonance  relation,  as 
follows: 

Taking  the  general  equation  (31),  introducing  in  turn  Combma- 
tion  0  and  Combination  B  as  given  in  equations  (50),  and 
calling  the  results  Z>o  and  Db,  we  have 

Do  -  (fij^  +  R^y  (51) 

and 

Dn \J  +  («»"+  R*Y  (52) 

Let  UB  note  for  future  use  that  by  (21)  this  can  be  written 
D,  =  (d!±p!)  '  (53) 

Referring  now  to  (51)  and  (52)  it  is  seen  that  Z>o  is  the  smaller 
whenever  the  fraction  of  (52)  is  positive;  that  is,  whenever 

Rz"  <AK 

Since  by  (21),  the  right-hand  side  is  greater  than  R%^y  we  have 
a  fortiori  that  Do  is  smaller,  when 

Rt  ^  R^  (M) 

It  thus  appears  that  0  gives  a  larger  Iz  than  does  (B),  whenever 
0  is  applicable,  as  may  be  seen  by  comparing  (54)  with  (44). 

We  shall  next  show  that  Resonance  Combination  B  as  given 
in  (50)  is  inferior  to  Resonance  Combination  A,  whenever  A  is 
attainable.    This  is  done  by  comparing  the  current  Iz  at  Com- 
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bination  A  with  that  at  the  combination  given  in  (50).    Com- 
bination A  is  given  in  (46)  and  (47).    By  (46) 

whence  by  transposition 

«''+  ch  -  W  ^^> 

Equation  (56)  is  an  aUemative  aicUement  of  (46). 
Let  us  next  note  by  transposition  of  (47)  and  multiplication 
by  (46),  that  we  obtain 

{A^Ctzo)  -  B)C,oo  =  -  -BsVBi, 
whence 

Equation  (57)  is  a  partial  expression  of  Combination  B,  and  is 
true  whenever  (46)  and  (47)  are  true. 

Introducing  (56)  and  (57)  into  (37),  we  obtain  on  expanding 
terms 

^»"  ~  B^cfer*  +  C^  ~  "r7  +  ^^*°+ **^* 


which  reduces  to 


!.,»      ' 


Cao^o) 


«/.»« 


1 -^°) +  («,»+«.)»+£* - 


Ri 


In  this,  let  us  replace  the  first  factor  on  the  right  by  its  value 
from  (55),  obtaining 

/>.=  ^  -  A*  -  «.*  +  mR,  +  (R,"  +  R*)*  +  B*-  ^. 

Itf  its 

Now  making  use  of  (21)  this  may  be  reduced  to 

Di  =  4i2,^i2,. 
Identif3ring  Ds  as  the  first  member  of  (37),  we  have 

'    ,       =  4i?2^fi8  =  Z>«  (58) 

Equaiion  (58)  i^  the  value  assumed  by  the  general  equation  (37) 
whenever  the  Resonance  Relations  A  are  fvljUled, 
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We  shall  now  show  that  the  right-hand  side  of  (58),  which  is 
obtained  with  Resonance  Combination  A  is  smaller  than  the 
corresponding  expression  obtained  with  the  Resonance  Combba- 
tion  B  given  in  (50).  We  have  already  found  that  the  result  ob- 
tained with  Combination  B  is 


7* 


=  Db  (59) 


where  Db  has  the  value  given  in  (53).     We  see  then  that 

Dt  <  Db, 

whenever 

'A*  +  Rt''R:\  * 


^Aj:£^  _ 4^^o^, ^  Q 


This  inequality  reduces  to 

which  is  always  fulfilled. 

We  have  then  the  resvU  that  the  denominator  {proportional  to 
Di)  in  the  expression  for  1%  is  less  mth  the  Combinaiion  A  ihan 
that  {proportional  to  Db)  with  the  Combinaiion  B,  so  that  whenever 
Combination  A  can  be  realized  it  is  to  be  preferred  to  Combination 
B. 

We  have  then  the  resuU  thai  Resonance  Combinaiion  B  is  to  be 
used  only  when  B  is  greaier  than  zero,  and  when  neither  Combinor 
tion  0  nor  Combination  A  can  be  ftdfiUed. 

An  examination  of  this  fact  leads  to  the  conclusion  thai  Reso- 
nance Combination  B  as  given  in  equations  (50)  is  valid  only  when 

5>0,and^^ft3  (60) 

its 

Before  summing  up  these  results  in  a  Key,  let  us  obtain  ex- 
pressions for  the  current  amplitude  It  for  these  several  Reso- 
nance Combinations,  L,  0,  A,  and  B. 

231.  Amplitude  of  Current  Is  for  Resonance  Combinations 
L|  0,  A|  and  B, — To  obtain  expressions  for  the  amplitude  of 
current  for  these  several  resonance  combinations,  we  may  employ 
equation  (6),  which  squared  may  be  written 


z,(?t-fj) 


Zi^D  (61) 
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where,  as  a  temporary  abbreviation, 

D  =  ^^^  (63) 

In  case  of  the  Resonance  Combination  L,  we  can  find  D,  which 
we  shall  then  call  Dx,,  by  substituting  (40)  into  (31),  bearing 
in  mind  that 

1/7  =  -  C2,o,  (64) 

This  gives 

Dl    =    (fl2°  +  fl3)^  +   B^ 

so  that  by  (61)  the  current  in  this  case  becomes 

EguaJtion  (64a)  gives  (he  Current  Amplitude  in  Circuit  III  for 
the  Resonance  Combination  L. 

To  get  the  current  for  Resonance  Combination  0,  we  have 

already  obtained  D  in  the  form  of  Do  in  equation  (51),  so  that  by 

(61) 

MwE 

Zi{R2  +  Ri) 


t^»  max.  max.]  0  "    -^z  d  o  ,     d"  (65) 


This  is  the  current  amplitude  for  Resonance  Combination  0. 
Likewise  for  Resonance  Combination  A,  we  use  the  value  of 
D  given  in  equation  (58)  and  obtain 

Mo)E 

This  is  the  current  amplitude  for  Resonance  Combination  A, 
For  Resonance  Combination  5,  we  use  the  value  of  D  given  as 
Db  in  (53),  and  obtain 

[^»max.  max.]  B  =  ZTTTWR^  ^^^^ 


z,(a  +  ^') 


This  is  (he  current  amplitude  for  Resonance  Combination  B. 

232.  Summary  and  Key  to  Results  for  Optimum  Values  of 
Cit  and  Cso  and  for  Maximum  Values  of  Is,  with  Arbitrary  Val- 
ues of  Xi. — We  are  now  prepared  to  give  a  summary  of  results 
obtained  up  to  the  present.  In  this  we  shall  use  the  following 
abbreviations,  which  have  already  been  defined: 
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A*  -  B,»  +  LtW  +  ^  +  ^^  (RiRt  -  XJj^)    (68) 

(see  (18)); 
B  -  L^  _  :^^  (8ee  (19)), 


Rt   =  iJ»  + 


2i* 


(see  Table  I,    Art.  211) 


(69) 


(70) 


Among  these  quantities  there  exists  the  relation 

A*  =  R,"*  +  B*  (see  (21)) 

A  key  of  optimum  relations  and  amplitudes  now  follows. 
I.  It  B  ^  0,  Resonance  Combination  L, 


(70a) 


L.  The  optimum  Cm  and  Cm  are 

Cm  =  0,C,o.=  «»  (71) 

and  the  max.  max.  current  is 


MuE 

II.  If  £  ^  0,  there  are  three  combinations,  0,  A,  and  B. 


(72) 


0.  When  ft,  ^  Rt", 

the  optimum  Ctt  and  Co  are 

Cu  =  0,     Cow  -  1/B  (73) 

and  the  max.  max.  current  is 


[/. 


Jo  = 


MuE 


mu.  m.x.^  u        Zi{Rt*  +  Rt) 

A* 


(74) 


A.  When  Rt"  <  Rt  <  ^3* 

the  optimum  C»  and  Cm  are 


£ 


C»»w  = 


IR,' 


(4'  -  i?,"/?,) 


A* 


^••"  ~  \i?,(A«  -  Rt-'R, 


(75) 


) 


and  the  max.  max.  ciuirent  is 


1/ 


'  max.  mazJ  A 


].= 


Mu)E 


2Zi\/i22°-S« 


(76) 
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A^  - 
R^ 


B.  When  ^-3  ^  Rt, 


the  optimum  Cu  and  C«o  are 

Cu09  =  B/il«,     Co  =  00  (77) 

and  the  max.  max.  current  is 

IT  1  -  ^<^^  ,^N 

I'' 'max. max. J B  T        /  7?.°P,\  ('^z 

Zi  (a  +  ^) 

These  equations  and  the  several  criteria  under  which  the  equor- 
tions  are  applicable  are  given  in  terms  of  quantities  A,  B,  R%^j  and 
Z\j  aU  of  which  involve  Xi,  For  any  given  Xi  the  criteria  in  the 
form  44  inequalities  enable  v^  to  select  the  proper  Resonance  Com- 
bination  and  to  compute  the  valus  of  It  n^^z.  max.  • 

233.  Abbreviations  in  the  Form  of  Ratio  Quantities. — ^For 
purposes  of  calculation,  it  is  desirable  to  introduce  into  the  pre- 
vious equations  certain  ratios  of  the  obvious  electrical  constants 
or  variables  of  the  circuits.     As  in  previous  chapters  let 

T«  =  — ,    171  =  —     172  =  —  (79) 

L/\\j\  J^%y^%Z  1/2^80 

The  last  of  these  is  a  new  ratio,  taking  account  of  the  third 
condenser  of  the  system,  and  combining  it  arbitrarily  with  the 
second  inductance. 

In  addition  to  these  ratios  let  us  employ  also  the  following: 

where 

r»  =  y^  =  iji*  +  /i»  (83) 

P  =  I'  (86) 
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In  some  of  the  computations  we  shall  replace  also  the  inverse 
ratios  of  angular  velocities  by  ratios  of  wavelengths,  by  writing 


(86) 


Ai  _   ft)      A2  _  ft)      As  _  ft) 

X  ■"  Oi'    X  ■"  0^'  Y  ^  oi 

where 

X  =  wavelength  of  impressed  e.m.f., 
Ai,  Aj,  As  =  undamped  wavelengths  corresponding  to  the  un- 
damped  angular   velocities    Si,%,Q8,    respectively. 

234.  Summary  and  Key  in  Terms  of  Ratio  Quantities.— In 

terms  of  this  set  of  ratio  quantities,  the  summary  given  two  sec- 
tions back  can  now  be  put  into  the  following  forms  suitable  for 
computations: 
I.  If  6   ^0, 


L.  Use  the  resonance  relations 


[/. 


'max.  max.-'  L 


]^  = 


and  calculate  the  current  by 

tE 


(87) 


VRiRi 


"'iv^^^^y^, 


Vp\ 


+ 


r*b*  (S8) 


II.  If6  ^  0, 
0.  When 


li*?* 


use  the  resonance  relations 


Cii  =  0,  and 


0)' 


X^ 


1 
b 


(89) 


and  calculate  the  current  by 


[/. 


max.  max 


Jo 


■E 


VRiRi 


A.  When 


-T  (90) 


1  j_  '^  '''  ^■    ^ 


a' 


('  +  S) 


■n%' 


use  the  resonance  relations 
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2 


o,«     x^ 


CO*   _  As*  _      /  \         r^T/j/  ^92) 


and  calculate  the  current  by 


[/ W.  nu«.l  X  =' ^f—  (93) 


y.2   +^J 


B.  When 


a* 


-^(^+^^;) 


^p, 


^2' 

use  the  resonance  relations 

o7,=-xr=^,'^»o=    <»  (94) 

and  calculate  the  current  by 

[^W.max.]B    = r^^ I^TT-l     (^5) 


In  terms  of  the  abbreviations  (SI)  to  (87)  the  several  equations 
of  this  summary  give  the  relations  for  calculating  the  optimum  ad- 
justments of  Cn  and  Cso,  for  any  given  value  of  Xi,  or  the  related 
quantity  J\.  There  are  contained  also  in  the  summary  the  values 
^S  ^3max.  max.  obtained  when  these  respective  adjustments  are  mojde. 

Before  proceeding  to  a  theoretical  determination  of  the  adjust- 
ment also  of  the  Circuit  I  to  give  what  may  be  called  a  grand 
maximum  of  current,  we  shall  give  an  illustration  of  the  results 
up  to  the  present  by  the  aid  of  numerical  computations. 

n.  COMPUTATIONS  IN  A  SPECIAL  CASE 

235.  Power  Developed  in  the  Detector  for  Various  Adjust- 
ments of  the  Primary  Circuit,  with  Optimum  Adjustment  of 
Secondary  Condenser  C28  and  Stoppage  Condensers  Csoi  in  a 
Special  Case  in  Which  t*  =  0.1, 771  =  0.03, 172  =  0.01.— If  we  take 
the  squares  of  the  current  equations  (88),  (90),  (93)  and  (95) 

17 
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and  multiply  them  by  jBijBs,  we  may  obtain  values  of  U^RiRz/ 
T^E*,  which  are  proportional  to  the  power  developed  in  the  de- 
tector, whose  resistance  is  Rz.  This  we  shall  do  in  a  series  of 
special  cases  in  all  of  which 


T* 

=  0.1 

i 

Vl 

=  0.03 

Vt 

=  0.01 

=  10«,  10», 

10»  and  10 

with 


The  values  of  r,  tfi,  and  772  are  approximately  those  attainable 
in  practice  in  radiotelegraphic  receiving.  As  to  the  resistance 
Rz  of  the  detector,  reliable  experimental  values  of  this  quantity 
are  not  at  present  available,  and  in  fact  this  resistance  is  a 
function  of  the  current,  and  is  complicated  by  an  action  of 
rectification.  Nevertheless,  it  is  possible  that  experiment  may 
subsequently  separate  out  from  the  complicated  action  of  the 
detectors  a  term  of  the  character  of  pure  resistance,  and  also 
new  types  of  detectors,  more  nearly  approaching  constancy  of 
resistive  action,  may  be  discovered.  These  calculations  may 
then  be  of  great  importance  in  pointing  the  way  to  proper 
design  of  receiving  apparatus. 

Table  I  gives  a  series  of  calculation  of  relative  power  developed 
in  the  detectors  of  various  resistance  Rt  relative  to  Rt.  The 
quantity  called  relative  power  is  arbitrarily  defined  as  follows: 

Relative  Power  =  ^^^^'  (97) 

Table  I  was  made  as  follows:  Taking  various  arbitrary 
adjustments  of  Ji  of  the  primary  circuit,  values  of  Qi/w  were 
computed  by  (81).  The  result  was  put  into  terms  of  relative 
wavelengths,  by  employing  the  relation 

where  Ai  is  the  undamped,  or  forced  wavelength,  defined  in  Art.  66, 
Chapter  VI.  The  values  of  the  generalized  wavelength  divided 
by  the  impressed  wavelength  X,  corresponding  to  the  assumed 
values  of  Ji  are  put  into  the  first,  column  of  the  table  (Table  I). 
Next,  corresponding  to   the  various  values  of  Ji,  the  several 
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Table  L — ^Powar  Developed  in  the  Detector  lU  at  Ofrtimtsm  Adjustment  of 

Cat  And  Cto  for  Various  Settings  of  the  Antenna  Undamped  Wavelength 

Ai  Relative  to  the  Incident  Wavelength  X  and  for  Various  Ratios 

of  Detector  Resistance  to  Secondary  Resistance.    Given 

T«  -  0.1,  111  =  0.03,  fit  =  0.01 


A. 

Ji 

Relative  power 

developed  in  R» 

• 

X 

1:-- 

10» 

10* 

10 

00 

1.0 

0.548  B 

0.576il 

0.576A 

0.576 A 

1.58 

0.6 

0.889  B 

1.14  A 

1.14  A 

1.14  A 

1.41 

0.5 

0.941  B 

1.37  A 

1.37  A 

1.37  A 

1.29 

0.4 

0.889  B 

1.62  A 

1.62  A 

1.62  A 

1.20 

0.3 

0.691  B 

1.92  A 

1.92  A 

1.92  A 

1.12 

0.2 

0.265  B 

1.63  B 

2.20  A 

2.20  A 

1.104 

0.18 

0.191  B 

1.35  B 

2.25  A 

2.25  0 

1.084 

0.15 

0.095  B 

0.80  B 

2.33  A 

2.26  0 

1.06 

0.1 

0.0292B 

0.275B 

1.74  B 

1.86  0 

1.045 

0.09 

0.033LL 

0.313L 

1.85  L 

1.71  L 

1.04 

0.08 

0.0408L 

0.380L 

2.05  L 

1.473L 

1.03 

0.06 

0.0658^. 

0.585r, 

2.30  L 

0.935f. 

1.02 

0.04 

0.117  L 

0.952L 

2.31  L 

0.578L 

1.01 

0.02 

0.221  L 

1.52  L 

2.05  L 

0.377L 

1.005 

0.01 

0.283  L 

1.78  L 

1.87  L 

0.316L 

1.00 

0.00 

0.367  B 

1.95  B 

1.76  0 

0.2840 

0.976 

-0.05 

0.660  B 

2.47  B 

2.47  A 

0.894O 

0.967 

-0.07 

0.774  B 

2.45  B 

2.45  A 

1.30  0 

0.953 

-0.10 

1.00    B 

2.40  A 

2.40  A 

1.86  0 

0.933 

-0.15 

1.24    B 

2.33  A 

2.33  A 

2.26  0 

0.921 

-0.18 

1.40    B 

2.25  A 

2.25  A 

2.25  0 

0.913 

-0.20 

1.46    B 

2.22  A 

2.22  A 

2.22  A 

0.877 

-0.3 

1.59    B 

1.92  A 

1.92  A 

1.92  A 

0.850 

-0.4 

1.49    B 

1.62  A 

1.62  A 

1.62  A 

0.816 

-0.5 

1.30    B 

1.37  A 

1.37  A 

1.37  A 

0.792 

-0.6 

1.12    B 

1.14  A 

1.14  A 

1.14  A 

0.707 

-1.0 

0.573  B 

0 .  576il 

0.576A 

0.576A 

criteria  of  the  "Key"  in  terms  of  ratio  constants  were  investi- 
gated, and  the  proper  formulas  for  the  computation  of  It  n,|^,  ^^^^ 
were  selected,  thereby  imposing  upon  the  system  the  requirement 
of  an  optimum  adjustment  of  dz  and  Cio.  By  (97)  the  relative 
power  was  then  computed,  and  placed  in  the  last  four  columns 
of  the  table,  with  each  numerical  value  designated  by  a  letter 
indicating  the  formula  employed  in  the  calculation. 
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236.  Discussion  of  Results  for  Relative  Power. — The  results 
are  plotted  in  Fig.  3,  with  relative  power  as  ordinates  and 
relative  primary  wavelength  as  abscissae.  The  separate  curves 
marked  respectively  10*,  10',  10*,  and  10  are  for  the  ratio  of 
resistances  Rz/R%  equal  to  these  values  respectively.  It  is  to  be 
noticed  that  each  of  these  curves  has  two  maxima,  except  the 
10*-curve,    which   has   three   maxima.     Various   parts   of  the 
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Fio.  3.— Plot  of  Table  I.     The  quantities  10,  10»,  10»  and  10*  give  the  valuee  of 

Rt/Ri  for  the  separate  curves. 

various  curves  of  this  figure  (Fig.  3)  were  computed  by  various 
formulas,  in  accordance  with  the  criteria  relations  of  the  "Key." 
The  heavy  black  line  serving  as  a  sort  of  upper  boimdary  of  the 
figure  was  computed  by  the  formula  corresponding  to  Case  i. 
In  Case  A  the  computed  value  is  the  same  for  all  ratios  Rz/R*^ 
resistances,  so  that  wherever  the  criterion  of  Case  A  is  satisfied 
by  any  adjustment  of  the  circuits,  the  curve  obtained  comes  into 
coincidence  with  this  heavy  bounding  line.  Each  of  the  curves 
marked  10,  10*  and  10*  has  a  maximum  near  its  junction  with  the 
A-curve.     The  curve  marked  10*  does  not  have  any  A-valuee 
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within  the  range  considered.  The  curve  marked  10^  has  its 
third  maximum  (the  middle  one )  on  a  part  of  the  curve  calculated 
by  the  L-formula.  This  is  very  interesting,  for  in  this  region  the 
condensers  of  the  secondary  and  tertiary  circuit  are  inoperative, 
one  being  ssero  and  the  other  infinite,  or  short  circuited.    For 


LO     1.1     1.2     1.3     1.4     L5     IJS 
Ai/X 

FiQ.  4. — Optimum  values  of  AiA  for  various  values  of  Ai/X.    The  10,  10*,  10', 
10^  attached  to  the  various  curves  gives  the  value  of  Ri/Rt  for  each  curve. 

this  particular  set  of  constants  we  have  an  efficient  tuning 
system  without  any  secondary  condensers! 

Certain  other  facts  regarding  these  curves  will  be  presented 
in  a  theoretical  discussion  to  follow  a  presentation  of  tables  and 
graphs  of  the  optimum  resonance  relations  in  our  special  case. 

237.  The  Resonance  Relations  in  the  Special  Numerical  Case. 
It  is  proposed  now  to  give  numerical  results  concerning  the 
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optimum  adjustments  of  C29  and  Cio  in  the  special  case  under  con- 
sideration. Instead  of  tabulating  the  capacities  it  is  more  con- 
venient to  tabulate  A2/X  and  As/X,  where 

A2/X  =  2tc\/L^/X  (99) 

Aa/X  -  2irC\/L;^o/\  (100) 


•7      .8      .9      1.0     1.1     U     1.3     1.4     U    1.6     U 

Ai/X 

Fio.  5. — Optimum  values  of  A|/X  for  various  values  of  Ai/X,  for  different  values 
of  Rt/Rt  as  designated  by  numbers  attached  to  the  separate  curves. 

With  these  definitions  it  is  seen,  as  has  been  repeatedly  pointed 
out, 

A2/X  =  «/%  (101) 

As/X  =  co/Q,  (102) 
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These  values  are  computed  by  the  aid  of  the  formulas  for 
the  resonance  relations  in  the  various  cases  given  in  the  "Key," 
and  are  tabulated  in  Tables  II,  III,  and  IV.  The  results  are 
plotted  in  Figs.*  4  and  5. 

The  several  curves  are  nimibered  with  nimibers  g^iving  the 
ratio  of  Rz/Rt  taken  as  the  bases  for  the  calculations. 

No  especial  comment  will  be  given,  except  that  these  curves 
permit  a  determination  of  the  optimum  value  of  the  two  con- 


TaUe  n. — ^Resonance  ReUtioiis  in  Case  Rt/Rt  -  lO^.    Optimiun  Values 
of  At/X  and  of  At/X*  for  Various  Values  of  Ai/X.    GWen  r*  »  0.1, 

171  s  O.OS,  171  »  0.01 


Given 


AiA 


0.707 
0.808 
0.815 
0.845 
0.877 
0.912 
0.953 
0.976 
1.000 
1.005 


1.01 

1.03 

1.036 

1.042 

1.046 


1.049 
1.051 


1 
1 
1 
1 
1 


053 
061 
068 
085 
116 
1.194 
1.290 
1.414 
1.570 


■1.00 
0.60 
0.50 
0.40 
0.30 
0.20 
0.10 
0.05 
0.00 
0.01 


0.02 
0.06 
0.07 
0.08 
0.085 


00 


0.091 
0.095 
0.100 
0.110 
0.125 
0.150 
0.200 
0.300 
0  400 
0.500 
0.600 
1.000 


Caloulated  optimum  valuf 


Ai/X 


0.953 
0.927 
0.912 
0.895 
0.866 
0.818 
0.714 
0.598 
0.285 
0.000 


8 


0.397 

0.657 

0.968 

1.325 

1.60 

1.56 

1.38 

1.22 

1.153 

1.118 

1.095 

1.053 


A*/X 

Formula 

< 

•* 
•  • 

C 

t 

I 

B 

< 
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densers  Cu  ai^d  C«o  in  the  several  numerical  cases,  and  point 
the  way  to  a  fiirther  theoretical  examination  following. 


Table  IIL— Case  Rt/Rt  -  10*,  10*,  and  10.    Optimum  Values  of  At/X 
For  Various  Values  of  Ai/X.    Given  r*  «  0.1,  rn  «  0.03,  iit  »  0.01 


Given 

Calculated  optimum  values 

Ai/X 

Ji 

Values  of  Ai/X  for  Rt/Rt  equal 

10» 

10« 

10 

00 

1.58 

1.41 

1.29 

1.20 

1.12 

1.104 

1.084 

1.05 

1.0 

0.6 

0.5 

0.4 

0.3 

0.2 

0.18 

0.16 

0.10 

1.035 A 
1.072A 
1.090A 
1 .  122A 
1.170A 
1.380B 
1.490B 
1 .  556B 
0.968B 

0.993A 
1.020A 
1.030 A 
1.053A 
1.086A 
1.166A 
1.190A 
1.217A 
0.968B 

0.842A 
0.829 A 
0.819A 
0.783 A 
0.717A 
0.382A 
0.0000 
0.0000 
0.0000 

1.045 

1.04 

1.03 

1.02 

1.01 

1.005 

0.09 
0.08 
0.06 
0.04 
0.02 
0.01 

Zero    L 

Zero    L 

Zero    L 

1.00 

0.976 

0.967 

0.953 

0.933 

0.921 

0.913 

0.877 

0.850 

0.816 

0.792 

0.707 

0.00 
-0.05 
-0.07 
-0.10 
-0.15 
-0.18 
-0.20 
-0.30 
-0.40 
-0.50 
-0.60 
-1.00 

0.287B 
0.565B 
0.632B 
0.650A 
0.732 A 
0.762A 
0.781 A 
0.838A 
0.870A 
0.892 A 
0.907A 
0.936 A 

0.0000 
0.135A 
0.352A 
0.482A 
0.616A 
0.662 A 
0.691A 
0.773 A 
0.814A 
0.844A 
0.861 A 
0.897 A 

O.OOOO 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.242 A 
0.510A 
0.609A 
0.666 A 
0.701 A 
0.764A 

The  formula  used  in  each  case  is  that  given  by  the  letter  following  the 
number  given  in  the  table. 
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Table  IV.— Case  Ra/Rs  -  10*,  10%  and  10.    Optimum  Values  of  Ai/x 
for  Various  Values  of  Ai/x.    Given  r*  »  0.1,  in  »  0.08^  17s  «  0.01 


Qiven 

CalouUted 

AiA 

Ji 

Values  of  A«A  for  R»/Rt  equal 

10»                        10« 

1 
1 

10 

00 

1.58 

1.41 

1.29 

1.20 

1.12 

1.104 

1.084 

1.05 

1.0 

0.6 

0.5 

0.4 

0.3 

0.2 

0.18 

0.15 

0.10 

0.200A 
0.226 A 
0.237A 
0.267 A 
0.313A 

00          B 

00       B 
00       B 
00       B 

0.356 A 
0.403A 
0.430A 
0.474A 
0.556 A 
0.748A 
0.820A 
0.948A 

00          B 

0.630A 
0.716A 
0.766A 
0.842A 
0.992A 
1.33  A 

1.60  0 

1.61  0 
3.48  0 

1.045 

1.04 

1.03 

1.02 

1.01 

1.005 

0.09 
0.08 
0.06 
0.04 
0.02 
0.01 

00         Ij 

00                Ij 

00      L 

1.00 

0.976 

0.967 

0.953 

0.933 

0.921 

0.913 

0.877 

0.850 

0.816 

0.792 

0.707 

0.00 
-0.05 
-0.07 
-0.10 
-0.15 
-0.18 
-0.20 
-0.30 
-0.40 
-0.50 
-0.60 
-1.00 

00       B 
00       B 
00       B 
0.295  A 
0.267 A 
0.254A 
0.247 A 
0.224A 
0.207 A 
0.196A 

0:191A 

0.181 A 

1.00  0 
0.620 A 
0.578A 
0.525A 
0.476 A 
0.456 A 
0.440A 
0.395A 
0.369A 
0.354A 
0.341 A 
0.324 A 

1.00  0 
0.636O 
0.673O 
0.722O 
0.7800 
0.807O 
0.784A 
0.702 A 
0.655 A 
0.625 A 
0.606A 
0.572A 

The  fonnula  used  in  each  case  is  that  given  by  the  letter  following  the 
number  in  the  table. 


m.  THEORSTICia  INVESTIGATION  OF  THE  GRAND  MAXIMA  OF 

POWER 

238.  General  Note  on  Grand  Maxima  of  Power  in  the  Detector. 

An  examination  of  Table  I  gives  some  notion  of  the  adjustment 
for  a  grand  maximum  of  power  in  the  detector.    In  the  first 
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place  the  values  in  the  table  presuppose  that  the  optimum 
adjustments  of  Css  and  Cso  have  been  made,  and  the  numbers  in 
the  last  four  columns  are  max.  max.  values  of  relative  power, 
so  that  the  maxima  of  the  several  values  give  max.  max.  max. 
relative  power.  To  avoid  the  use  of  the  term  max.  max.  max. 
we  shall  call  these  values  the  grand  maxima. 

The  table  shows  that  when  there  are  any  B-values,  the 
grand  maxima  seem  to  fall  on  the  jB-sections  of  the  curve 
or  at  a  point  near  the  junction  of  the  jBnsection  with  the  A- 
section.  When  there  are  no  jB-values,  the  grand  maximum 
seems  to  fall  on  the  Onsection  near  its  junction  with  the  Ansec- 
tion.  In  one  of  the  cases  there  is  a  third  grand  maximum  on  the 
iHsection  of  the  curve  corresponding  to  Ri/Ri  equal  to  10*. 
These  inferences  from  the  special-case  curves  are  now  to  be 
corroborated  by  a  theoretical  investigation,  in  which  the  actual 
values  of  the  grand  maxima  of  power  are  to  be  discovered. 

239.  Investigation  of  Grand  Maximum  of  Power  with  Respect 
to  Resonance  Combination  L. — ^Let  us  designate  the  relative 
power  developed  in  the  detector  Rz  by  the  letter  H,  defined  as 
in  equation  (97) ;  that  is 

H  =  Relative  Power  =  ^-^^  (103) 

Comparing  this  definition  with  (88),  it  will  be  seen  that, 
for  Resonance  Combination  L, 


ri2r  (  — F  +  Vp  )  +  ^^ 
\VP /        rVp] 


In  this  expression  r  and  b  involve  the  reactance  constants 
of  Circuit  I.  We  propose  now  to  find  the  value  of  Xi  (or  of  the 
related  quantity  Ji)  that  will  make  Hl  a  maximimi,  and  we  shall 
then  determine  the  magnitude  of  this  maximum  value,  which  we 
shall  call  the  grand  maximum  with  respect  to  Resonance  Com- 
bination L. 

Whatever  adjustment  makes  /s^  a  maximum,  with  r,  Rt,  Rt  and 
E  fixed,  will  make  Hz,  a  maximum  under  the  same  conditions. 

Referring  to  equation  (5)  and  noting  that  in  that  equation 
Z'l  alone  involves  Xi,  and  that  in  consequence  the  square  of 
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the  current  is  made  a  maximum  with  respect  to  Xi,  by  making 
X\*  a  minimum,  we  have 

X\^  =  a  minimum  (106) 

for  the  determination  of  Xi. 

Writing  out  X'l  by  values  from  Table  I,  Art.  211|  we  have 

'         '      Zi^Z^^+y^+2^\R2Ri-X2Xz)  ^^^^ 

This  must  be  solved  as  simultaneous  with  (87),  in  order  to 
have  all  three  variables  of  the  circuit  made  simultaneously 
optimum,  in  those  cases  in  which  (87)  is  an  optimum  condition. 

We  shall  first  make  Cso  =  «i  and  Cu  =  ~  I/7,  following 
definition  (4),  and  shall  then  make  y  approach  minus  infinity. 
The  first  step  of  this  operation  gives 

P*{LfU)Rz^  +  L^^^  +  gs*7) 

Rt^Rz^  +  y^Rt^  +  Rz^LtW  +  2Lj^  +  y^)  +  y^Lt^u)^  +  27»i22i2s 

(107) 

As  a  second  step,  it  is  to  be  noted  that  as  y  approaches  nega- 
tive infinity  this  expression  approaches  as  a  limit 

The  minimum  value  of  X\*  is  then  seen  to  be  zero,  which  may 
be  always  attained  if  the  condenser  of  the  Circuit  I  is  capable 
of  taking  all  possible  values.  Setting  X\  equal  to  zero,  replacing 
P^  by  its  value  from  (4),  and  dividing  by  Lico,  we  obtain 


.2 


Eqaaiion  (109)  gives  the  value  of  J\  that  produces  largest  Relative 
Power  in  the  Detector j  when  the  Resonance  Relation  L  is  ftdfiUed 
by  Css  and  Cso- 

The  magnitude  of  the  grand  maximum  of  relative  power, 
obtained  by  substituting  (109)  into  (104)  is 

[ffmajL  =  —. -i ^7 T ;^  (HO) 

ViP        PViVi  \P  ^         PV1V2V 

where 

«  =  1  +  U.»(p  +  1)*  (111) 
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In  these  equations 

p  =  Rt/Rt  (112) 

Equation  (109)  gives  the  value  of  Ji  at  which  occurs  maximum 
power  with  the  Resonance  Combination  L,  and  the  value  oftherelative 
power  at  this  maximum  is  given  by  (110). 

240.  Investigation  of  Grand  Maximum  of  Power  with  Respect 
to  Resonance  Combination  0. — For  this  combination,  by  (73), 

Cm  =  0,     Caow  =  1/B  (113) 

In  this  case  by  (1)  and  (4)  we  may  write 

^2  =  L2«  +  7  (114) 

Xt=  -  B  +  y  (115) 

introduce  these  quantities  into  (106),  and  take  the  limit  as  7 
approaches  minus  infinity,  obtaining 

Replacing  B  by  its  value  from  (69),  we  have 

(R,  +  R,)*  +  ^ 

The  solution  of  this  equation  for  X'l  =  0  is 
either  X,  =  0  (118) 

Expressing  these  results  in  terms  of  ratio  constants,  we  have 
either  /i  =  0  (119) 

To  decide  which  of  these  conditions  is  to  be  used  in  a  given 
case,  it  is  only  necessary  to  note  that  since  Cu  is  zero,  we  have 
the  case  of  two  circuits  with  the  secondary  circuit  made  up  of 
the  inductance  L2,  the  capacity  C^o,  and  the  resistance  Rt  +  Rt- 
An  examination  along  these  lines,  making  use  of  Chapters  XI 
and  XII,  shows  that  (120)  is  to  be  used  whenever  it  is  attainable. 
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When  it  is  not  attainable  (119)  is  to  be  used.  The  case  for  (119) 
is  the  case  of  deficient  coupling,  while  the  case  for  (120)  is  the  case 
of  sufficient  coupling. 

The  smallest  value  that  Ji'  can  have  is  0,  so  (120)  is  attainable, 
provided 

^i'  ^  ;j;(Mn)'  *'•''•'  '^''^^^^  + 1)  ^  ^'        (121) 

whence 

P<  —  -\  (122) 

When  (122)  ie  eati^fied,  the  optimum  value  of  Ji  far  Resonance 
Combination  0  is  given  by  (120).  When  (122)  is  not  satisfied 
the  optimum  volume  of  Jiis  (119). 

We  shall  now  obtain  values  of  the  grand  maxima  of  relative 
power   in  this  0-case.    Substituting  (90)  into  (103)  we  have 

1 


Ho  = 


;(v^+YN?!"^rVp\^ 


(123) 


In  case 

Ji  =  0, 

r  by  its  definition  (83)  reduces  to  rji,  and  then  (123)  becomes 

lH„^]o  =  ——. ^,.  for  /i  =  0  (124) 


In  case 


1  +  P  +  — t 


t/ 1*  +  1?*  =  r*  = 


Viip  + 1) 

if  we  first  square  the  brace  of  the  denominator  of  (123),  and 
then  replace  r^,  we  have 

[ffmaxJo=       /     .,,  for  Jr'  =  rT^qrn"  ^'       (^25) 
4^«(l  +  l)  i?.(P+l) 

We  may  sum  up  these  results  as  follows:  With  Resonance 
Combination  0,  if  p  (  —  Rz/R%)  satisfies  the  inequality  (122),  the 
optimum  value  of  J\  is  given  by  (120).  The  value  of  this  power  is 
given  by  (125).  //,  on  the  other  hand,  p  does  not  satisfy  the  in^ 
equality  (122),  the  optimum  value  of  J\  is  given  by  (119),  and 
the  value  of  (he  relative  power  at  this  maximum  is  given  by  (124). 
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241.  Inyestigatioii  of  the  Grand  Maxima  of  Power  with 
Respect  to  Resonance  Combination  A. — If  we  substitute  (93) 
into  (103)  we  shall  have  the  Relative  Power 

Ha  =  ——J r  (126) 


Cf + ") 


In  this  equation,  r',  which  is  defined  by  (83)  contains  the 
reactance  constant  Ji,  and  it  is  seen  by  inspection  that  the 
adjustment  of  Ji  that  makes  (126)  a  maximum  is 

Ji  =  0, 

and  that  the  value  of  Ha  at  this  adjustment  is 

^""^'^^  ^  Hvm  +  r»)  ^^^^ 

The  condition  under  which  this  maximum  is  attainable  is  had 
by  setting  Ji  =  0  in  the  criterion  inequality  given  immediately 
preceding  equation  (91)  in  the  ''Siunmary  and  Key  in  Terms  of 
Ratio  Quantities/'  Art.  234. 

This  operation  gives 

1  +  —  ^  p  ^  1  +  J1  +  ^^  (128) 

The  Resonance  Combination  A  is  attainable  if  the  inequality  (128) 
is  satisfied  by  p  {=  Rt/Ri)*  ^^  ^^  optimum  value  of  Ji  is  Ji  = 
0.  The  value  of  the  relative  power  at  this  adjustment  is  given  hy 
(127). 

242.  Investigation  of  the  Grand    Maxima  of  Power  witii 

Respect  to  Resonance  Combination  B. — The  substitution  of 

(95)  into  (103)  gives 

1 

Indicating  the  denominator  of  this  expression  by  D,  we  shall  have 
in  expanded  form 


D  =  -i-  I  r^a^  +  2rVi72^  +  2pTh,iV2+ 
priifli  I 


rV^2^  +  2r«pV^iyiiy»»  +  pVSyi»iy>« 

r^a^ 


]      (130) 
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It  is  required  to  find  the  value  of  Ji  that  will  make  D  a  mini- 
mum. Setting  equal  to  zero  the  derivative  of  D  with  respect 
to  Ji,  we  have 

"         I  (.r*a*)*  !     dJi    '^ 

The  second  brace  is  a  common  factor  that  cannot  vanish. 
It  may  be  divided  out.  Doing  this  and  replacing  the  deriva- 
tives obtainable  from  (82)  and  (83),  we  have  ' 

0  =    (  1  -  >-W  +  Pr^.i>»  j  j(i  _^_  ^^,^j^  _  ^,j  _^_  2^^,^^   (132) 

Clearing  this  of  fractions,  we  obtain 

0  =  rV{  (1  +  v^^)J^  -  r«  +  2pi,2Vi}  - 

}  (1  +  i72^)Ji  -  rM    W^fmt'  +  fiThi,ri2]     ^"^"^^ 

Let  US  write  out  the  value  of  r^a'  by  using  (83)  and  (84), 
obtaining 

r^a^  =  (1  +vt*)  (m*  +  Jl*)  +  r*  +  2rHviVi  "  Ji)     (134) 

Note  also,  by  (83) 

r«  =  „i«  +  Ji«  (135) 

The  values  given  in  (134)  and  (135)  substituted  into  (133) 
gives 

0  =  P,Ji»  +  PtJi*  +  PiJi  +  Po  (136) 

where 

Pa  =  (1  +  172*  +  AW?2*)  (1  +  172') 

P2  =  (1  +  172*  +  P172*)  (-  3t«) 

Pi  =  ll  +  172*  +  2A.72M  {(1  +  i72*)i7i*  +  r*  +  [   (137) 

2t*ViV2}  +  4r*  —  AW7ii72{l  +  172*}  {t*  +  171172) 
Po  =  —t*(t*  +  171172)*  +  T*i7ii72p  (t*  +  171172)  ""  rhii* 

When  the  quantities  on  the  right-hand  side  of  equations 
(137)  are  numerically  known,  the  cubic  equation  (136)  may  be 
solved  by  "trial  and  error"  or  by  other  known  methods  of 
solving  a  cubic  equation  with  numerical  coefficients. 

The  cubic  equation  (136)  gives  the  value  of  Ji  at  which  occurs 
a  grand  maximum  (or  a  minimum)  of  relative  power  with  respect 
to  the  Resonance  Combination  B. 


(138) 


272  ELECTRIC  OSCILLATIONS  [Chap.  XV 

From  the  soliUiana  obtained  for  the  cuibie  in  any  numerical  case, 
one  must  decide  by  a  separate  investigation  which  of  the  solutions 
give  maxima,  and  which  minima  of  power ,  and  or^e  must  deter- 
mine the  value  of  the  grand  maximum  of  power  by  substUvting 
the  resulting  value  of  Ji  into  (129),  in  which  a  and  r  are  functions 
of  J I  as  defined  in  (83)  and  (84). 

We  shall  follow  the  exact  treatment  here  given  by  approxi- 
mations that  are  useful  in  important  cases. 

243.  Approximate  Treatment  of  the  Grand  Maximum  of 
Power  with  Respect  to  Resonance  Combination  B. — Instead  of 
employing  the  cubic  equation  (136)  to  determine  the  value  of 
Ji  at  which  occurs  a  grand  maximum  of  relative  power  with 
respect  to  Resonance  Combination  B,  we  may  obtain  an  ap- 
proximate result  as  follows: 

In  the  value  of  r^a^  given  in  (134)  let 

171^  <<  1 

and 

then  by  (134) 

r^a^  =  {J I  -  T^y  approximately  (139) 

In  advance  of  a  determination  of  Ji^  we  know  that  it  is  positive, 
so  that  conditions  (138)  are  satisfied;  provided 

171^  <  <  1,  171^  <  <  t\  fim  <  <  tV2  (140) 

The  inequMities  (140)  give  conditions  under  which  the  approxi- 
malion  (139)  is  applicable.  It  may  be  that  (140)  is  more  restrictm 
as  to  rji  and  172  than  is  necessary.  From  (139)  this  is  seen  to  be 
the  case  when  Jx^  is  sufficiently  different  from  zero  to  add  appre- 
ciably to  T^  on  the  right-hand  side  of  (138). 

If  now  we  substitute  (139)  into  (133),  and  neglect  further  in* 
where  it  occurs  in  comparison  with  unity,  we  obtain 

0  =   {Ji  -  r^]HJi  -  r«  +  2prj2'Ji] 

-    { Ji  -  r^l  [r^pn^^  +  prhirfi2]      (141) 

which,  factored  and  with  r*  replaced  by  its  value  from  (135), 
gives 

0  =  {Ji  -  r»}  {(Ji  -  r»)[(l  +  2pn2')Ji  -  r^  -  ] 

(i7i*+^i')p^2^  - />r^i^2}  (142) 
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Setting  these  two  factors  separately  equal  to  zero,  and  solving 
for  Ji,  we  obtain 

either  Ji  =  r*  (143) 


or  J.   =  r«  ±  yj pp^;^-, (144) 

Equaiians  (143)  and  (144)  give  approximate  values  of  Ji  at 
which  grand  maxima  (or  minima)  of  power  occur  vrith  respect  to 
the  Resonance  Combination  B. 

We  shall  next  show  thai  (143)  is  the  condition  for  a  minimumy 
and  thai  (144)  is  the  approximate  value  for  a  grand  maximum. 
This  result  wiU  be  incident  to  a  detennitMtion  of  the  magnitude  of 
the  Power^maximum. 

2M.  The  Magnitttde  of  fhe  RektiTe  Power  with  Respect  to 
Resonance  Combination  B. — ^Before  we  introduced  any  approxi- 
mations into  the  examination  of  the  Resonance  Combination  B, 
we  found  that  Ji,  in  order  to  give  a  grand  maximum  of  power, 
must  satisfy  (133),  which  was  subsequently  put  into  the  form 
(136).  We  may,  therefore,  utilize  (133)  as  far  as  possible  to 
simplify  the  power  equation  (129).  Concerning  ourselves  par- 
ticularly with  the  denominator  of  (129),  which  is  given  in  (130)  we 
may  write  (130)  in  the  form 

Z)  =  -^  (r^a^  +  2x  +  -|^,)  (145) 

where,  as  an  abbreviation 

X  =  p{rW  +  rhiiv,)  (146) 

We  may  factor  (145)  so  as  to  give 

PViVt         r^o} 

Equation  (147)  gives  the  denominator  of  the  power  equation 
(129),  before  any  resonance  conditions  regarding  Ji  are  introduced. 

We  shall  now  transform  (133),  by  introducing  the  abbreviation 
X.    This  gives 

Equation  (148)  is  the  equivalent  of  (133),  and  is  the  relation  that 
Ji  must  satisfy  to  give  a  maximum  {or  minimum)  value  of  power 

18 
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Substituting  (148)  into  (147)  in  such  a  way  as  to  eliminate 
r^a^,  we  obtain 


»^        4x 


(1  +  fl2^)Ji  -  r^  I 


(149) 


P^i'yj      ■.     ,  2f}rji^Ji 


(1  +  n2')Ji  -  T» 

Simplifying  this  expression,  replacing  x  by  its  value  from 
(146),  with  r  replaced  by  (135),  and  introducing  the  resulting 
value  of  D  into  (129),  we  obtain 

Into  equation  (150)  ^  t;aZtxea  o/  Ji  given  by  the  cubic  equation 
(136)  mi^  be  introduced.  The  resulting  values  wiU  be  either 
maxima  or  minima  of  H.  Only  the  maxima  are  to  be  seUdedy 
and  are  to  be  used  with  the  other  adjustments  incident  to  the 
Resonance  Combination  B. 

346.  Approximate  Magnitude  of  Relative  Power  with  Respect 
to  Resonance  Combination  B. — ^In  equations  (143)  and  (144) 
we  have  found  approximate  values  of  Ji  that  give  either  a  maxi- 
mum or  a  minimum  of  power  with  respect  to  Resonance  Combina- 
tion B.    We  may  write  (144) 

Ji  =  T*  +  a   (approximately)  (151) 

where 


«  =  ±  ^  -  — ^  +  t;,,! (152) 

Introducing  (151)  into  (150),  with  neglect  of  172'  in  comparison 
with  unity,  we  obtain 

TTT       1 aiyi{(l  +  2fynt^)a  +  2piy2V} /.^x 

^^"^'^ '{ (r»  +  «)»i72  + 171*172  +  rV}  {a(l  +  P»?«^)  +  A«?2Vp  ^^ 

It  is  seen  from  this  equation  that  Ji  =  t*  gives  a  minimum  of 
power,  for  this  is  equivalent  to  making  a  =  0  in  (157),  and  gives 
relative  power  zero,  to  the  accuracy  of  the  approximations 
employed  in  deducing  (153). 

Using  the  approximate  resonance  value  of  J\  given  in  (161), 
equaiion  (153)  gives  an  approximate  value  of  the  grand  maximum 
of  power  with  Resonance  Combinaiion  B, 

We  shall  now  make  a  collection  of  the  several  optimum  Res- 
onance (Dombinations,  which  are  the  jElesonance  (Dombinations 
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L,  Oy  Ay  and  B,  with,  however,  their  corresponding  optimum 
values  of  Ji  also  taken  into  account. 

246.  Collection  of  Optimum  Resonance  Combinations. — In 
the  "  Sununary  and  Key  in  Terms  of  Ratio  Constants, "  Art.  234, 
we  have  given  a  list  of  Resonance  Combinations  designated 
L,  Oy  A,  and  B.  In  the  pages  following  the  Key  we  have 
determined  the  value  of  Ji  that  will  give  grand  maximum 
expenditure  of  power  in  the  resistance  Rt  for  each  of  the 
Resonance  Combinations.  When  Ji  is  thus  made  optimum 
with  the  several  Resonance  Combinations,  we  shall  designate 
the  combinations  Optimmn  Resonance  Combinations  L,  0,  A , 
and  B. 

Incidentally  there  have  appeared  two  Optimmn  Resonance 
Combinations  0,  which  we  shall  refer  to  as  Oo  and  Oi. 

In  stating  the  various  combinations,  we  shall  need  to  introduce 
the  optimum  value  of  Ji  into  the  statement  of  the  optimum  ad- 
justment of  the  Circuits  I  and  II  whenever  these  adjustments 
are  fimctions  of  Ji. 

We  shall  also  collect  along  with  the  Optimum  Resonance  Com- 
binations the  values  of  the  Grand  Maximmn  of  Relative  Power 
for  those  combinations. 

We  shall  later,  where  possible,  lay  down  rules  as  to  which  of 
the  optimum  combinations  is  to  be  used  for  any  given  relation 
among  the  resistances  of  the  three  circuits. 

L.  The  optimum  resonance  combination  L  is 

Cts  =  0,      Co  =  «,      Ji  =  ^^2(1  +  p)2  +  1  ^^^^ 

and  the  relative  power  at  this  adjustment  is 

—  +  ^^  +  2T»(i  +  l)  -  -^ 

where 

0  =  1+  vt*(l  +  py  (166) 

p  =  Rt/Rt  (157) 

Oo.  The  optimum  resonance  combination  Oo  is 

C«  =  0,    ^i  =  1,    y.  =  0  (158) 
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and  the  relative  power  at  this  adjustment  is 

1 


Irfmaz.jOA  — 


Virit 


2    V  2 


This  combination  is  not  to  be  itsed  when 


P< 


'7i'72 


-  1 


Oi.  The  optimum  resonance  combination  Oi  is 

Ciz  =  0 

Asf  ^ 1 


1  ± 


'72  (p  + 


f  1)    /      rhf, 


Ji«  = 


Thj] 


«,   2 


172(P  +  1) 

and  the  relative  power  at  this  adjustment  is 

1 


[Hjnux.]o^  = 


^H'  +  l) 


This  combination  can  be  attained  only  provided 


P  ^ 


ViVi 


-  1 


A.  The  optimum  resonance  combination  A  is 


X* 


(159) 


(160) 


(161) 


(162) 


(163) 


1  -  /h  +  ^1  ll  +  (?i5L.±^y  -  ^*(„„  +  r«)  1 

\P   I  >?l>?2i     i  \  ^1  /  >?I ) 

1  4-  /Mi+_I*\ * 


(164) 


X2 


1  + 


^1^2 


Ji  =  0 
and  the  relative  power  at  this  adjustment  is 

1 


l<^max.]il  — 


4(t7i172+  r^) 


(165) 
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This  combination  can  be  attained  only  provided 

1  +  —  ^pgl  +  —  +  -7     "' ■     ,,  (166) 

B.  The  optimum  resonance  combination  B  is  accurately 

^*  =  at.  <^»»  =  ~  (167) 

with  J I  a  root  of  the  cubic  equation 

Po  +  PiJi  +  PtJi^  +  PiJi»  =0  (168) 

with  the  values  of  Po,  Pi,  Pa,  and  Pa  given  in  equation  (137). 

To  obtain  the  values  of  [/^mAx.]*,  the  values  obtained  for  Ji 
are  to  be  substituted  into  (150),  and  then  the  minimum  values, 
if  any  appear,  are  to  be  discarded. 

To  obtain  the  adjustment  appropriate  to  Circuit  II,  the  values 
of  J I  that  give  maximum  values  of  H  are  to  be  introduced  into 
b  and  a'  of  (167),  in  accordance  with  the  definitions  of  h  and  a^ 
given  in  (82)  and  (83). 

B.  ApprozimAte : 

When 

T7i^<l,     t7i'«rSandi7ii?,«rV2  (169) 

the  optimum  resonance  combination  B  is  approximately 


X«       T72H171'  +  2T2a  +  a»)  +  (1,1  +  T72r«)*  +  a« 
C30  =  °° 

and  the  relative  power  at  this  adjustment  is 

r„       1     _  ai;i{(l  +  2pi72>  +  2pi?2V} 


(170) 


{(t«  +  «)»n«  +  ni^t  +  T»iii}  {a(l  +  p,,»)  +  pij,V|« 

(171) 

where 

«  =  ±     /(i5Z±SL±zSp  (172) 

247.  Comparison  of  the  Grand  Maxima  of  Power  for  the  Sev- 
eral Optimum  Resonance  Combinations. — 6y  comparing  the 
values  of  the  relative  power  (/f  max.)  for  the  several  combinations, 
we  are  able  to  decide  which  combination  gives  the  greatest  rela- 
tive power  for  any  given  value  of  p  {  =  Rz/R^,  The  results  are 
given  in  Table  V. 


278 


ELECTRIC  OSCILLATIONS 


[Chap.  XV 


Table  V. — ^Proper  Optimum  Resonance  Combinations  for  Different  Values 

of  Rt/Rt 


Value  of  p(-/e./i2i) 

Um  optimiun 
resoiiADM 

oombinatioB 
deiignfttod 

0^  p  <  -1+  — 

Oi 

_  1  +  J_  ^  p  ^     1  +^!- 

0. 

1  +  ^*  ^  p  ^  1  +  ''  +  ,  " .  „ 

A 

B 

Table  V  was  obtained  (by  steps  not  here  given)  by  noting 
first  that  the  optimum  combination  A  could  be  attained  only 
when  p  was  within  the  limits  assigned  in  (166),  which  are  the 
limits  given  in  the  third  line  of  the  table.  By  subtractipn  of 
the  denominator  in  the  expression  for  Power  in  the  A-case  from 
the  corresponding  denominator  in  the  Oo-case,  it  was  found  that 
the  denominator  in  the  A-case  was  always  the  smaller,  so  that 
combination  A,  when  attainable,  gives  more  power  than  combi- 
nation Oo.  It  was  next  noted  that  combinations  A  and  Oi  are 
never  attainable  together,  since  the  upper  value  of  p  for  which 
Oi  is  attainable  is 

P^  -1  + 


^1173 


by  (163). 

It  was  then  shown  by  subtracting  power-denominators  that 
combination  Oi  always  gives  more  power  than  combination  Oo 
so  that  Oo  is  to  be  used  only  when  Oi  and  A  are  both  unattainable. 
This  range  is  given  in  the  second  line  of  Table  V. 

We  are  left  in  doubt  up  to  here  whether  B  otL  should  replace 
Oi,  Oo,  or  A  in  the  ranges  corresponding  to  the  first  three  lines 
of  Table  V.  A  subtraction  of  the  denominators  in  the  case  Oi, 
Oo,  and  A  successiv^y  from  the  denominator  in  the  case  of  com- 
bination L,  shows  that  the  combination  L  is  not  superior  to 
any  of  the  other  combinations  within  the  ranges  given  in  the 
table. 

As  to  combination  B,  it  is  in  such  a  form  that  there  is  difficulty 
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in  determining  by  direct  subtraction  whether  or  not  the  power 
for  the  B  combination  is  greater  than  that  for  the  other  combi- 
nations. We  find,  however,  that  the  B  combination  gives  Ji  ^  0, 
when 

'  - '  +  4 + ,-;c;n^  ""> 

which  is  the  adjustment  of  Ji  for  the  il-combination.  Also 
at  this  adjustment  the  value  of  the  power  for  the  ^-combination 
agrees  with  the  value  of  the  power  for  the  A-combination. 

The  inference  from  this  is  that  the  fi-combination  has  appUca- 
tion  to  values  of  p  greater  than  the  Umit  given  in  (173),  and  this 
inference  is  entered  in  Table  V. 

IV.  COMPUTATION  OF  OPTIMUM  ADJUSTMENTS  AND  GRAND 
MAXIMA  OF  POWER  IN  A  SPECIAL  CASE 

248.  The  Optimum  Adjustments  of  the  Primary  Circuit  (Cir- 
cuit I)  in  a  Special  Case,  with  r>  =  0.1, 171  =  0.03, 17s  =  0.01. — In 
the  '^  Collection  of  Optimum  Resonance  Combinations/' Art.  246, 
there  are  given  formula  for  computing  the  adjustments  of  the 
constants  of  the  circuits  to  produce  maxima  of  relative  power  in 
Circuit  III.  We  shall  here  give  the  adjustments  of  Circuit  I,  in 
the  form  of  values  of  Ji,  where 

J.  =  1  -  ^,  (174) 

where 

X  =^  the  wavelength  of  the  impressed  e.m.f. 
Ai  =  the  undamped  wavelength  of  Circuit  I. 

The  optimum  value  of  Ji,  which  is  the  quantity  computed  will 
be  sometimes  designated  Jiopt.- 

With  the  values  of  t,  171,  and  rj^  given  in  the  caption,  I  have 
computed  the  values  of  Ji  opt.  for  various  values  of  the  ratio  Rz/Ri, 
where  R9  is  the  resistance  of  Circuit  III  containing  the  detector, 
and  R2  is  the  resistance  of  the  Circuit  II.  The  values  employed 
for  Rz/R2  extend  from  1  to  100,000. 

Fig.  6  gives  the  values  of  Jiopt.  &t  which  the  grand  maxima 
of  power  occur  for  values  of  Ri/R2  up  to  700.  The  different  parts 
of  the  curves  are  labelled  to  accord  with  the  optimum  resonance 
combinations  L,  0,  A ,  and  B  employed  in  their  computation.  The 
actual  amount  of  relative  power  for  these  adjustments  are  given 
in  the  next  section. 
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Fig.  6. — Values  of  Jiopt.  for  various  values  of  Rt/Ru    The  letters  attached  to 
the  curves  indicate  the  resonance  relations  employed. 

Table  VL— Optimum  Values  of  Ji  for  Large  Values  of  R</Rs,  with  the 

Given  Values  of  r,  17 1,  and  rjt 


7,000 

0.457 

-0.267 

8,000 

0.471 

-0.271 

9,000 

0.483 

-0.283 

10,000 

0.493 

-0.293 

15,000 

0.531 

-0.331 

20,000 

0.554 

-0.364 

50,000 

0.609 

-0.409 

100,000 

0.632 

-0.432 

00 

0.657 

-0.457 
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Continuing  the  examination  merely  of  the  optimum  values 
of  Ji,  Fig.  7  contains  the  same  curves  as  Fig.  6,  with,  however, 
a  different  scale  for  Ri/R2,  and  an  extension  of  the  results  to 
values  of  Rz/Rt  up  to  7000. 


.4 


.1 


©0 


ni 


-9 


-.3 


"A 


r- 

^ 

^ 

^ 

^ 

+B 

y 

^ 

• 

/ 

/ 

/ 

• 

r 

i-O 

\ 

0 

• 

r 

V 

k) 

s 

x 

^ 

-B 

"^ 

^^ 

- 

■ 



^ 

— 

1000 


2000 


3000  4000 

Rt/R% 
Fig.  7. — Extension  of  Fig.  6. 


5000 


6000 


7000 


Beyond  the  ratio  of  resistances  Rz/R^  equal  to  7000,  curves  are 
not  given,  but  the  computed  results  are  contained  in  Table  VI. 

In  all  calculations  involving  Combination  B  the  approximate 
equations  (170)  and  (171)  were  employed. 
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249.  Magnitudes  of  the  Grand  Maxima  of  Power  for  Various 
Values  of  Rs/Rs.    Given  r*  =  0.1, 171  =  0.03, 172  =  0.01.— Using 

the  formulas  collected  in  equations  (154)  to  (172)  and  employing 
resistance  ratios  from  1  to  50,000,  values  of  the  relative  power 
expended  in  the  detector  were  computed  in  the  special  case  of 
r*  =  0.1,  vi  =  0.03,  rfi  =  0.01,  with  the  results  given  in  Figs. 
8  and  9. 
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Fio.  8. — Grand  maximum  of  relative  power  vs.  Rz/Rt. 

Pig.  8  is  for  the  range  of  R3/R2  from  0  to  700.  Fig.  9  is  for  the 
range  of  Rz/Rz  from  zero  to  14,000. 

The  extension  of  the  range  to  50,000  is  given  in  Table  VII. 

An  examination  of  the  curves  of  Figs.  8  and  9,  and  Table  VII 
shows  that  with  this  particular  set  of  constants,  t,  rn,  and  lyi,  the 
detector  in  which  the  greatest  power  is  developed  has  a  resistance 
between  150  and  600  times  the  resistance  of  the  secondary  induc- 
tance coil,  and  that  the  optimum  adjustment  of  the  circuits  comes 
under  the  cases  of  Optimum  Resonance  Combinations  A  and  B. 

As  the  resistance  increases  beyond  600  times  the  resistance 


Chap.   XV] 


DETECTOR  IN  SHUNT 


283 


of  the  secondary  coil,  the  power  expended  in  the  detector  de- 
creases. With  a  different  coefficient  of  coupling  and  different 
values  of  171  and  1^2  this  optimum  range  of  resistances  for  the 
detector  is  different. 

The  problem  is  too  diversified  to  permit  of  exhaustive  nu- 
merical examination. 
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Fio.  9.— Extension  of  Fig.  8. 


Table  Vn. — ^Rel.  Power  in  Detector  at  Opt.  Adjustments  for  Large  Values 

of  Ri/Rs 


R*/Rt 

Relative  power  at 

Positive  maximum 

Negative  maximum 

7,000 
10,000 
20,000 
50,000 

1.15 
0.97 
0.61 
0.30 

1.82 
1.60 
1.11 
0.58 

In  these  Pig.  8  and  9  and  in  Table  VII  a  maximum  of  relative  power  is 
called  a  positwe  mcucimumf  or  a  negative  maximum  according  as  a  positive 
or  a  negative  value  of  Ji  is  used  in  its  computation. 
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V.  SOME  GENERAL  CONCLUSIONS 

260.  Form  of  Circuits. — The  discussion  in  this  chapter  per- 
tains to  circuits  of  the  form  of  Figs.  1  and  2,  Art.  220,  in  which 
the  detector  and  a  stoppage  condenser  do  are  shunted  about  the 
secondary  condenser  Cn.  The  detector  may  have  any  resistance 
Rz  whatever,  and  none  of  the  resistances  of  the  various  circuits 
are  neglected. 

261.  When  Should  C28  be  Zero? — The  question  arises  as  to 
when  is  it  advisable  to  have  a  condenser  at  Css,  and  when  do 
the  resonance  devices  of  the  previous  Chapters  XI  and  XII 
without  such  a  condenser  give  larger  secondary  current  and 
larger  power  development  in  the  detector?  The  answer  is  found 
in  a  consideration  of  equations  (158)  and  (161)  and  of  Table  V. 
It  is  seen  in  (158)  and  (161)  that  C23  =  0  for  combinations  Oo 
and  Oi,  and  in  Table  V  it  is  seen  that  these  combinations  give 
grand  maxima  of  power  whenever 

Rn  t' 

J»  ^  +  1+  Jl_  (175) 

/12  I71I72 

Equation  (175)  gives  the  condition  under  which  the  tuning  of 
Chapters  XI  and  XII  vrith  the  secondary  coil,  the  detector,  and  a 
variable  condenser  in  series  {withovJt  the  C23  of  the  present  chapter), 
vnll  give  more  power  in  the  detector  than  any  adjustment  vnih  the 
use  of  C28  {note,  C2  of  Chapter  X  is  the  C«o  of  present  Chapter). 

262.  What  is  the  Best  Value  of  the  Stoppage  Condenser  Cso 
for  Detectors  of  High  Resistance. — For  detectors  of  sufficiently 
high  resistance  to  make 

Rs/R,  ^  1  +  —  +     ,     "^^       ,.  (176) 

""  ^i>72       »?2(i7i^2  +  r*) 

the  optimum  resonance  combination  is  combination  B,  and  in  this 
case  the  value  of  the  stoppage  condenser  Cso  is  infinite. 

We  have  then  the  interesting  result  that,  except  for  possible 
requirements  of  the  telephone  receiver  used  as  an  indicating  in- 
strument, the  stoppage  condenser  should  be  infinite  wheneoer 
the  detector  resistance  is  sufficiently  large  to  satisfy  (176). 

In  our  numerical  example,  (176)  becomes 

R3/R2  ^  364.3. 


CHAPTER  XVI 

ELECTRICAL  SYSTEMS  OF  RECURRENT  SIMILAR  SEC- 
TIONS.   ARTIFICIAL  LINES.    ELECTRICAL  FILTERS 

263.  Utility. — The  study  of  the  electrical  transmission  char- 
acteristics of  various  systems  of  circuits  that  consist  of  recurrent 
sections  in  the  form  of  a  chain  is  highly  interesting  and  important. 

Circuits  of  recurrent  sections  are  employed  as  artificial  tele- 
phone and  telegraph  lines.  ^  By  properly  choosing  the  sections 
a  line  similating  telephone  and  telegraph  lines  or  cables  may  be 
constructed  and  employed  in  electrical  experiments  in  the  place 
of  the  actual  lines. 

Circuits  of  recurrent  sections  may  also  be  employed  as  elec- 
trical filters^  for  eliminating  disturbances  from  telephone  and 
tel^raph  circuits.  It  is  believed  that  such  filters  may  come 
to  have  a  wide  application  to  the  elimination  of  disturbances  from 
radiotelegraphic  receiving  stations.  Such  filters  have  also  in- 
teresting applications  to  bridge  measurements  and  other  labora- 
tory operations,  in  which  it  is  desired  to  eliminate  harmonics 
and  other  disturbances. 

Further,  by  properly  choosing  the  constants  of  the  sections 
the  electrical  artificial  line  may  be  employed  to  introduce  pre- 
determined time  retardation  of  electric  currents  in  a  way  that 
gives  time  retardation  practically  independent  of  the  frequency 

^  An  artificial  line  with  resistances  in  series  and  condensers  in  shunt  was 
patented  by  Yarley  in  1862,  British  Patent  No.  3453.  A  similar  line  but 
with  uniformly  distributed  capacity  and  resistance  was  patented  by  Taylor 
and  Muirheady  British  Patent  No.  684,  of  1875.  A  line  with  uniformly 
distributed  inductance,  resistance,  and  capacity  was  made  and  described 
by  Pupin,  Trans.  Am,  Inst,  of  El.  EngineerSy  16,  pp.  03-142,  1899.  Another 
form  of  uniformly  distributed  artificial  line  was  constructed  and  described 
by  Cunningham,  Trans.  Am.  Inst  of  El.  EngineerSy  30,  pp.  245-256,  1911. 
For  further  references  and  for  an  extended  treatment  of  the  subject  see  a 
recent  book  by  Kennelly,  "Artificial  Electrical  Lines,"  McGraw-Hill, 
1917,  from  which  the  above  references  are  taken. 

*G.  M.  B.  Shepherd,  "Note  on  High-frequency  Wave  Filters,"  The 
Electricianj  71,  pp.  399-401,  1913.  G.  A.  Campbell,  U.  S.  Patent  No. 
1227113,  1917. 
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over  wide  ranges  of  frequency.  This  has  been  utilized  hy  the 
author^  in  an  electrical  compensator  employed  in  determining  the 
direction  of  sources  of  sound,  particularly  under  water,  in  sub- 
marine boat  detection  and  in  submarine  signalling.  Similar 
devices  are  applicable  to  direction-finding  by  electric  waves  and 
to  the  elimination  of  interference  in  radiotelegraphy  by  directive 
receiving. 

The  principles  to  be  developed  in  the  study  of  these  S3rstems 
of  recurrent  sections  will  serve  to  show  their  general  application, 
and  will  serve  also  as  an  introduction  to  the  study  of  electric 
waves  on  wires,  to  be  treated  in  the  next  later  chapter. 

I.  GENERAL  STSTEM  OF  EQUAL  SECTIONS 

264.  General  Type  of  Circuits.  Notation. — The  discussion 
will  be  limited  to  a  system  of  recurrent  sections  that  are  all 
equal,  except  at  the  terminals  of  the  system. 

A  system  of  this  character,  but  with  considerable  generality 
as  to  the  nature  of  the  sections,  is  shown  in  Fig.  1. 

The  complex  impedances  Zo,  zi,  z%,  and  Zt  may  each  consist 
of  any  combination  of  capacities,  inductances,  and  resistances. 

Each  of  the  complex  impedances  z%  is  common  to  two  circuits 
and  is  of  the  nature  of  a  mutual  impedance. 

The  impedances  zi  are  not  common  to  two  circuits,  but  for  the 
sake  of  generality  there  is  assumed  a  mutual  inductance^  between 
the  elements  Z\  of  each  pair  of  adjacent  loops,  but  no  mutual 
inductance  between  loops  not  adjacent. 

The  complex  impedances  zq  and  Zt  are  the  impedances  of 
the  terminal  apparatus  at  the  two  ends  of  the  S3rstem.   . 

What  may  be  called  the  line-  proper,  exclusive  of  the- terminal 
impedances,  ends  in  a  half  section  z\/2  at  each  end. 

266.  General  Equations. — We  shall  designate  the  complex 
ciurent  through  the  non-common  elements  of  the  successive 
loops  as  ?o,  ti,  tj,  Uy  .  .  .  in  -  1,  in.  Thcso  currents  are  supposed 
to  be  positive  when  in  the  direction  of  the  arrows  marked  Uy 
iiy  etc. 

The  current  U  flows  through  the  terminal  impedance  2o  &t 

^  Description  in  U.  S.  Navy  Archives  and  in  pending  U.  S.  patent 
application. 

*  This  mutual  inductance  may  be  made  zero  to  suit  cas^,  in  which  no 
such  mutual  inductance  exists. 
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the  inpiU  endf  and  the  current  t»  through  the  terminal  impedance 
Zt  at  the  oiUpiU  end. 

We  shall  treat  the  problem  for  only  the  steadynstate^  condition, 
under  the  action  of  a  sinusoidal  impressed  e.m.f. 

If  we  let  the  impressed  e.m.f.  be  replaced  by  an  exponential 
expression 

and  if  we  let 

to  =  A^ 

it  =  A^'  )  (1) 


i.  =  A.^* 


it  is  seen,  as  in  Chapter  XIII,  that  the  complex  amplitudes  of 
current  Ai^  At,  ,  .  .An  will  be  required  to  satisfy  the  fol- 
lowing algebraic  equations  obtained  from  Kirchhoff's  e.m.f,  law: 

E^  z'A^  +  hA^ 

0  =  hAo  +  zAi  +  6A2 
0  =  6ili  +  zAt  +  hAz 
0  ^hAt  +  ^Az  +  6A4 


0  =  6iln-i  +'z"An 
where,  as  abbreviations, 

«'   =  zo      +  z%    +  zi/2 
z"  -^Zt     +  «»    +  2:1/2 
2  .  =  «i      +  2zi 
h    =  M jco  —  z% 


(2) 


(3) 


'  Method  of  Making  All  of  the  Equations  (2)  Symmetrical. 
It  will  be  noted  that  all  of  the  equations  (2)  may  be  made  sym- 
metrical if  we  write 


and 


_  jz'  -  z)A,  -  E 


A»+i r 


(4) 


(5) 


With  these  definitions  of  i4_i  and  iin+i,  which  have  no  other 

^  A  treatment  of  the  transient  state  is  given  by  J.  R.  Carson ,  Proc.  Am. 
Inst,  of  El.  Engineers,  38,  p.  407,  1919. 
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meaning  than  that  given  them  by  the  equations  (4)  and  (5),  we 
may  replace  E  in  the  first  equation  of  (2)  and  z"  in  the  last 
equation  of  (2),  obtaining  for  the  whole  set  (2) 


0  =  bA^i  +  zAo  +  bAi 
0  =  6i4o  +  zAi  +  bA2 
0  =  6i4i    +  zAt  +  bAz 


(6) 


0  =  6i4n-l  +  zAn  +  bAn+l    J 

Each  of  the  equations  (6)  is  now  seen  to  be  of  the  generic  form 

0  =  6i4m-i  +  «A^  +  6il«+i  (7) 

Equation  (7)  is  a  generic  eguaiion  showing  the  relation  of  the 
complex  current  amplitudes  in  adjacent  sections  of  the  system  of 
the  form  of  Fig.  1.     This  equation  in  which  mis  to  be  given  values 


Fio.  1. — General   system  of  recuirent  equal   seotionB.     Complex  impedances 

x\  and  z%  may  be  of  any  character. 

corresponding  to  the  subscripts  in  (6),  when  taken  in  conjunction 
with  (4)  and  (5)  enables  xis  to  obtain  a  complete  solution  of  the 
problem  of  determining  the  currents  in  the  steady  state. 

266.  Solution  for  Complex  Current  Amplitudes.' — The  equa- 
tion (7)  may  be  shown  to  hold  for  all  values  of  m.  For  our  pur- 
pose it  will  be  sufficient  to  show  that  it  holds  for  values  of  m  from 
m=— ltom  =  n  +  l.  We  have  already  seen  in  (6)  that  equa- 
tion (7)  holds  for  values  of  m  from  and  including  0  to  and  includ- 
ing n.  To  show  that  the  generic  equation  (7)  holds  for  m  =  -1, 
let  us  write  down  the  equation  that  results  from  makiil|^  m  =  - 1| 
obtaining 

0  =  bA^2  +  zA^i  +  bAo. 

^  In  the  theoretical  treatment  of  this  subject  I  have  foUowed  the  method 
outlined  in  G.  A.  Campbell's  U.  S.  Patent  No.  1227113,  1917. 
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This  amounts  merely  to  a  definition  of  A-t  in  terms  of  A^i 
and  A  Of  and  since  A-t  has  no  physical  meaning  in  the  problem, 
we  can  make  this  definition,  and  shall  make  no  further  use  of  it. 

In  like  manner  one  can  satisfy  himself  that  (7)  holds  also  for 
m  =  n  +  1. 

We  shall  now  proceed  to  a  solution  of  (7),  which  is  of  a  form 
known  as  a  difference  equation.  The  known  method  of  treat- 
ing this  equation  consists  in  assuming  that 

iim   =  <?€*-  (8) 

where  G  is  independent  of  m. 

Substituting  (8)  into  (7),  and  giving  to  m  successively  the 
values  m  —  1,  m,  and  m  +  1,  we  obtain 

whence  it  appears  that  G  is  an  arbitrary  constant. 
Now  dividing  (9)  by  Ge*"*,  we  obtain  on  transposition, 

e*  +  €-*=-  z/b  (10) 

or  otherwise  written 

fc=cosh-i{^}  (11) 

We  may  write  this  result  in  still  a  third  form  by  solving  (10) 
as  a  quadratic  in  e*,  and  this  gives 


26      \462       ^ 


26^ 


(12) 


Let  us  note  also  that  if  k  satisfies  (10)  then  —  k  also  satisfies 
it,  since  k  and  —  k  enter  into  (10)  symmetrically.  Therefore  we 
have  another  solution  of  (7)  in  the  form 

i4«  =  ffc-*-  (13) 

where  H  is  also  arbitrary  and  independent  of  m. 

In  order  to  distinguish  between  k  and  —  &,  both  of  which  are,  in 
general^  complex  guantities,  we  shall  specify  that  k  has  its  real 
part  positive. 

Now,  since  (7)  is  linear  and  homogeneous  in  A^n,  the  sum  of 
the  two  solutions  is  a  solution;  hence 

A^  =  Ge*-  +  ffe-*"  (14) 

19 


290  ELECTRIC  OSCILLATIONS         [Cpxp.  XVI 

where  G  and  H  are  both  arbitrary  and  independent  of  each  other 
and  of  m. 

Equation  (14),  since  it  contains  tvx>  arbitrary  constants,  is  known 
by  the  theory  of  difference  equations  to  be  the  most  general  solution 
of  the  given  difference  equation  (7).  In  (14)  k  has  the  value  given 
by  CIO),  (11),  or  (12). 

267.  Introduction  of  Terminal  Conditions,  and  the  Determi- 
nation of  the  Arbitrary  Constants  G  and  H. — ^To  obtain  the  values 
of  the  arbitrary  constants  G  and  Hy  let  us  substitute  (14),  with 
proper  value  of  m,  into  (4)  and  (5). 

We  thus  obtain 

G.-*  +  ^^  =  (£L^!)f  +  ^  -  I  (15) 

and 

G^ArCn  +  1)   +  /^e  -  *<"  +  1>   =   ^^^-^{G^  +  H€-^}         (16) 

As  abbreviations  let  us  write 

?^  =  X,  whence  by  (3)  x  =  ^^  "  ^^^  "  ^^^        (17) 

and 

'-^  =  y,  whence  by  (3)  y  =  '»•  "  '>-  ^'/^         (18) 

By  transposition  of  (15)  and  (16)  and  by  the  employment  of 
(17)  and  (18),  we  obtain 

(?(€-*  -x)+  ff  (€*  -  x)  =  -  E/b  (19) 

and 

Gc*«(€*  -  y)  +  ff€-*~(c-*  -  2/)  =  0  (20) 

As  further  abbreviations  let  us  write 

^  =  -'^^  (21) 

r  =  -  ""*  "^  (22) 

then  (20)  gives 

G  =  ff  Fc-^***  (23) 

The  substitution  of  (23)  and  (21)  into  (19)  gives 

^  "  ~  6(€*  -  x)    1  -  e-^^XY  ^^^ 

and  by  (23), 

E  Ye"^^ 
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These  values  of  G  and  H  substituted  into  (14)  gives  for  the 
complex  current  amplitude  A^  the  value 


i4«=  - 


(26) 


6(€*-x)  .   1  -  XYt-^'^ 

EqtuUion  (26)  gives  the  aymplex  current  amplitude  Am  of  the 
current  in  the  nUh  section.  X  and  Y  are  given  by  (21)  and  (22); 
X  is  given  by  (17);  *,  by  (10),  (11),  or  (12). 

268.  Analysis  of  the  Complex  Current  Amplitude  into  a  Sum- 
mationy  Exhibiting  the  Effects  of  Repeated  Reflection. — The  ex- 
pression (26)  for  Am  may  be  put  into  a  more  interesting  form  by 
expanding  one  of  the  factors  as  follows: 


1 


1  -  XYe-^-  "  ^  +  XYt-^-  +  X^YU'^^  +  X^Y^t'^-  + 


Introducing  this  into  (26)  we  obtain 

E 


(27) 


A«=  - 


6(€*-x) 


,-*■• 


+  y€-*(2'»-"»)+ jf  y^"*^^""*"*^ 


+  Jfyj^-*(4n-  m)   _|_  Jf2y2^-*(4ii  +m) 

+  }     (28) 

This  is  a  variarU  equation  for  i4«,  the  complex  current  ampli- 
tude in  the  mth  section  of  a  line  that  terminates  with  the  nth  section. 

In  equation  (28)  it  is  to  be  noticed  that  the  multipliers  of 
—  fc  in  the  exponents  of  the  successive  terms  are  as  follows: 


Term 

Multiplier 
Id  exponent 

Interpretation 

First 

m 

»  the  number  of  steps  to  the  mth  section  from 
e.m.f.  direct. 

Second 

2n  —  m 

s  the  number  of  steps  to  outer  end  and  back  to 
the  mth  section. 

Third 

2/1  +m 

—  the  number  of  steps  to  outer  end,  back  to  be- 
ginning end,  and  then  to  mth  section. 

Etc. 

eto. 

etc. 

These  several  exponential  terms  are  consistent  with  the  view  that 
the  first  term  is  due  to  direct  transmission  from  the  source^  while 
the  succeeding  terms  are  dv>e  to  successive  reflections  of  current  from 
the  terminals  of  the  line.  Each  step  from  section  to  section,  on  this 
theory,  multiplies  the  complex  current  amplitude  by  the  constant 
{complex)  factor  €-*. 
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To  account  for  the  midtipliera  X  and  Y  applied  succemvdy 
to  the  terms  after  the  first,  it  is  only  necessary  to  suppose  that  Y  is 
the  complex  reflection  coefficient  of  the  terminal  of  the  line  remote 
from  the  e.m.f.,  and  thai  X  is  the  complex  reflection  coeffUiefni  of 
the  terminal  at  the  e.m.f. 

269.  Complex  Current  Amplitude  in  the  mth  Section  of  an 
Infinite  Line  or  of  a  Line  with  Non-reflective  Output  Impedance. 
If  the  total  number  of  sections  n  is  infinite,  or  if  y  is  sero,  all 
the  exponentials  in  (28),  except  the  first,  disappear,  and  we  have 

E 
Aw  =  -- €-*•»,  forn  =  oc ,  or  y  =  0  (29) 

z 

where 

^  =  -  6  (€*  -  x)  (30) 

Equation  (29)  gives  the  complex  current  amplitude  A^  in  the 
mth  section  of  a  line  of  an  infinite  number  of  sections  or  of  a  line 
whose  reflection  coefficient  at  the  remote  end  is  y  =  0. 

260.  Input  Impedance,  or  Surge  Impedance,  of  an  Infinite 
Line  or  a  Line  with  Non-reflective  Output  Impedance. — The 
input  impedance,  or  as  it  is  sometimes  called  the  surge  impedance, 
of  a  line  is  the  impedance  by  which  the  whole  line  may  he  replaced 
withovl  changing  the  current  in  the  zeroth  section. 

For  the  purpose  of  this  discussion  the  impedance  Zo  represented 
as  inserted  in  the  zeroth  section  will  be  regarded  as  a  part  of  the 
impedance  of  the  input  apparatus,  and  not  a  part  of  the  line  itself. 
In  like  manner,  Zt  may  be  regarded  as  the  impedance  of  the 
output  apparatus  attached  to  the  line. 

For  an  infinite  line  or  a  line  of  zero  output  refiection  coeflBcient, 
we  can  get  the  current  in  the  zeroth  section  by  making  tn  =  0  in 
(29)  obtaining 

Ao  =  -  (31) 

z 

where  z  has  the  value  given  in  (30) ;  and  on  replacing  x  in  (30) 
by  its  value  from  (17)  we  obtain 

2  =  20  —  Zi/2  —  22  ■"  &€*  =  Zo  +  Zi  (say),  (32) 

where 

;2J.  =    -  &€*  -  2j  -  z,/2  (33) 

The  result  contained  in  (33)  may  be  otherwise  written  by  use  of 
(12)  and  (3)  and  becomes 

z,  =  ^E^MTV*  (34) 


I 
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It  is  to  be  noted  thai  Zi  as  given  by  (33),  or  (34),  is  theinpviim- 
pedance,  or  surge  impedance,  of  the  line  of  non-reflective  outptd 
impedance,  or  of  the  infinite  line,  for  by  (32)  and  (31)  Zi  is  the  im- 
pedance by  which  the  line  exdusively  of  Zq  may  be  replaced  withovJt 
changing  the  currerU  in  the  zeroth  section. 

261.  Complex  Reflection  Coefficient  at  the  Remote  End  (Out- 
put End)  of  the  Line. — We  have  seen  in  Art.  268  that  the  com- 
plex reflection  coefficient  at  the  remote  end  of  the  line  is  Y,  defined 
in  (22).    Replacing  y  in  (22)  by  its  value  from  (18),  we  have 

y  ^  _  feg"*  +  gi/2+  Zj  -  Zt  ,ok\ 

Now  by  (10)  and  (3) 

fee-*  =  —  6e*  —  2  =  ~  &€*  —  «i  —  2zt, 
Introducing  this  result  into  (35),  we  obtain 

V  —  —  ""^  ~  Za  ~  gy  —  Zi/2  .««. 

fe€*  +Z2-ZT  +  2i/2  ^"^^^ 

In  the  light  of  (33)  this  becomes 

Zi  -\-  Zt 

Equation  (36)  or  the  aUemative  equation  (37)  gives  the  complex 
reflection  coefficient  Y  at  the  remote  end  of  the  line.  In  (37)  Zi 
is  the  input  impedance,  or  surge  impedance,  of  an  infinite  line  made 
up  of  the  same  kind  of  sections,  and  Zt  is  the  complex  impedance 
of  the  output  terminal  apparatus. 

262.  Complex  Reflection  Coefficient  at  the  Input  End  of  the 
Line. — Since  X  differs  from  Y  only  in  having  za  in  place  of  Zt 
we  have  by  similarity  with  (36)  and  (37) 

V  _         ~'''^*  —  Zt  —  Zq—  Zi/2  .„gv 

^  ■"  ""5€*  +  22-;^o  +  2i/2  ^^^^ 

=  ?^'  (39) 

Zi  -r  Zq 

Equation  (38)  or  (39)  gives  the  complex  reflection  coefficient 
at  the  input  end  of  the  line.  In  (39)  2<  is  the  complex  input  im- 
pedance of  an  infinite  line  made  up  of  the  same  kind  of  sections, 
and  Zo  is  the  complex  impedance  of  the  input  terminal  apparatus. 

263.  Attenuation  Constant  per  Section  and  Phase  Lag  per 
Section  for  the  Current. — The  constant  k  that  enters  in  the 
various  exponential  quantities  is  called  the  complex  attenuation 
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constant  of  the  current  per  section  of  the  line.  The  value  of  A:  is 
given  in  (11),  from  which  it  is  seen  that  A:  is  in  general  a  complex 
quantity.  Let  us  indicate  its  real  and  imaginary  parts  by 
writing 

fc  =  a+jV  (40) 

where  a  and  <p  are  both  real  quantities  and  a  is  positive  by  note 
following  (13). 

We  have  seen  above  that  each  step  from  section  to  section 
of  the  line  multiplies  the  complex  amplitude  by  the  factor  e~^. 

Now 

€-*  =  €^€-^  (41) 

whence  it  appears  that 

a  =  the  real  attenuation  constant  of  the  current  introduced  per 

section  of  the  line,  and 
<p  =  retardation  angle  introduced  per  section  into  the  phase 

of  the  current. 

This  is  made  evident  as  follows: 

In  the  case  of  an  infinite  line  or  of  a  line  whose  reflection  coef- 
ficient at  the  remote  end  is  zero,  by  (29), 


R+jX 
in  which  the  complex  quantities  z  and  k  have  been  replaced  by 

2  =  B+iX(say) 
A;  =5  a  +  y^  as  in  (40) 

Now  by  Chapter  IV,  we  may  write 

~z^R+jX  =  Ze'®' 
where 

Z  =  Vk^  +  X*  and  tan  0'  =  X/R. 
Substituting  these  values  into  the  expression  for  A.,,  we  obtain 

E 

m 

whence  by  (1) 

i      —  _  ^-am  J(arf-e'-^m) 

"•    z 
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If  now  our  origmal  impressed  e.m.f.  e  is 

6  =  J?  sin  o)tf  instead  of  e  =  JBe*^, 

the  repression  for  i^  would  have  the  exponential  with  imagi- 
nary exponent  replaced  by  a  sine  function,  giving 

E 

im  =  =  €-*»«  sin  {(ot-e'  -  <lm]  (4ia) 

Z        t 

Equation  (41a)  gives  the  real  current  in  the  mth  section  of  a 
line  witiioiU  reflection  at  the  ovJtpvi  end,  and  ehowa  that  a  is  the 
aUenuation  constant  and  ^  the  retardation  angle  (of  current) 
'per  section  of  the  line. 

Determination  of  a  and  ^. — ^Let  us  now  determine  a  and  ^. 
In  the  expression  for  k,  equation  (11)  there  enters  the  complex 
quantity  —  z/h.    Let  us  explicitly  designate  this  complex  quantity 

-z/2h  ^P+jU  (42) 

where  P  and  U  are  both  real  quantities,  and  where 

P  =  the  real  part  of  —  2/26, 
and 

jU  =  the  imaginary  part  of  —  2/26. 
Then  by  (11) 

cosh  (a  +  jip)  ^P+jU  (43) 

Expanding  the  hyperbolic  cosine  into 

cosh  a  cos  ip  +  j  sinh  a  sin  <py 

and  equating  real  and  imaginary  parts  of  (43)  we  have 

cosh  a  cos  <p  =  P  (44) 

sinh  a  sin  ^  =  U  (45) 

These  equations  may  be  solved  for  a  and  <p  by  squaring  both 
sides  of  the  two  equations  and  replacing 

cos*^  by  1  —  sin'^ 
and 

cosh%  by  1  +  sinh^a, 
giving 

(1  +  sinh'a)  (1  -  sinV)  =  P' 
and 

sinh'a  sinV  =  U^- 
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Treating  these  last  two  equations  as  simultaneous,  and  elimina- 
tion so  as  to  solve  for  a  and  <p,  we  obtain 


-in-'|+^/±^/^^^7(^^^^^  +  i 


(46) 

-  U*  —  P*\ 

(47) 


Let  us  now  write  as  an  abbreviation 

V-- ^^— ^  (48) 

then 

a  =  sinh-M  +  \/±  VlP+Y^  -  V}  (49) 

<p  =  sin->  {  +  \/±  VlP  +  y'+V}  (50) 

Equaiiona  (46)  and  (47),  or  iAe  dUemative  equations  (49)  and  (50) 
^ive  a,  t&AicA  t«  ^Ae  reaZ  atteniuUian  constant  for  the  current  per 
section  of  the  line,  and  ^,  which  is  the  arigle  of  retardation  intra- 
duced  into  the  phase  of  the  current  per  section  of  the  line.  The 
value  of  V  is  given  in  (48).  The  values  of  U  and  P  are  to  be  ob- 
tained from  (42). 

In  regard  to  the  sign  before  the  inner  radical,  it  is  to  be  noted 
that  the  same  sign  is  to  be  used  in  the  equation  for  a  and  the  equation 
for  ip,  in  order  to  satisfy  (45),  and  that  this  sign  is  to  be  chosen 
so  as  to  make  a  and  <p  both  real  qu^antities. 

JL  RESISTANCELESS  LINES.    FILTER  ACTION 

264.  In  a  Resistanceless  Line  —  2;/2b  is  Real. — In  equations 
(3)  we  have  used  the  notation 

2  =  2i  +  2z2f  and  6  =  Mj<a  —  z^, 

where  zi  and  zt  are  respectively  the  complex  series  impedances 
and  the  complex  shunt  impedances  of  the  system,  as  illustrated 
in  Fig.  1.  If  we  suppose  that  the  resistances  are  zero,  these 
complex  impedances  may  be  replaced  by  j  times  the  reactances, 
so  that 
if 

Ri  =  0,  and  /?2  =  0  (51) 

then 

z  =  j{Xi  +  2X2)  and  b  =  jiMa>  -  Xt)  (52) 
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and  equation  (42)  becomes 

where  Po  is  seen  to  be  real,  and 

t/  =  0  (64) 
Let  us  note  now  that  (44)  and  (45)  become,  in  this  case, 

cosh  a  cos  (p  —  Po  (66) 

sinh  a  sin  ^  =  0  (56) 

In  case  the  series  and  shunt  elements  of  the  line  are  both  re- 
sistanceless,  the  quantities  a  and  <p  satisfy  (66)  and  (66),  and  are 
easily  determined  in  the  follamng  section. 

266.  Detennination  of  a  and  ^  f or  a  Resistanceless  Line. 
The  solution  of  (66)  and  (66)  are  seen  to  satisfy  one  or  the  other 
of  the  following  conditions: 

Either  sin  ^  =  0,  then  cos  <p  =  ±1,  and  cosh  a  —  ±  Po    (57) 

or 

sinh  a  =  0,  then  cosh  a  =  1,  and  cos  <p  =  Po         (58) 

We  can  distinguish  between  these  two  cases  and  can  also  de- 
termine the  sign  to  use  in  (57)  by  noting  that  since  a  and  <p 
are  real 

cosh  a>  1  (59) 

[cos  v>]  ^  1  (60) 

We  shall  need  to  distinguish  three  cases,  according  to  the 
numerical  value  of  Po,  as  follows 

Case  I.  -  1  ^  Po  ^  +  1, 

CaselL  +1  ^  Po, 

Case  m.  Po  ^  -  1. 

Equations  (57)  and  (58)  in  view  of  (69)  and  (60)  give  for  the 
three  cases  the  following  unique  results. 

CaseL     If  -  1  ^  Po  ^  +  1,  then 

a  =  0,     and  <p  =  cos"^  Po  (61) 
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Case  n.   If  +  1  ^  Po,  then 

<p  ^  0      and  a  =  cosh-^Po  (62) 

Casein.  If     Po  ^  -  1,  then 

^  =  T      and  a  =  cosh-^j-  Po}  (63) 

Equationa  (61),  (62),  and  (63)  give  the  values  of  a,  which  is 
the  real  aUenuatum  constant  per  secUon,  and  of  ^,  which  is  the 
retardation  introduced  into  the  phase  of  the  current  per  section  of 
the  line — in  the  case  of  a  resistanceless  line. 

266.  Filter  Action  of  the  Resistanceless  Line. — It  is  to  be  noted 
that  the  quantity  Po,  as  defined  in  (53)  is  determined  by  the  re- 
actances of  the  series  elements  and  of  the  shunt  elements  and 
by  the  mutual  inductance  between  adjacent  series  elements. 
These  reactances  and  the  mutual  inductance  term  as  it  enters 
into  (53)  in  general  involve  the  angular  velocity  of  the  impressed 
e.m.f . ;  that  is  to  say 

Po  =/(«), 
where 

€i>  =  angular  velocity  of  impressed  e.m.f. 

For  those  values  of  <a  that  bring  Po  into  the  range  of  values  of 
Po  specified  in  Case  I,  currents  are  produced  in  the  line  that  pass 
through  it  without  attenuation,  when  the  line  is  resistanceless, 
so  that  except  for  the  effects  of  reflections  the  current  in  the  nth 
section  has  the  same  amplitude  as  in  the  zeroth  section. 

On  the  other  hand,  for  those  values  of  <a  that  bring  Po  into  the 
ranges  specified  by  Case  II  and  Case  III,  the  attenuation  constant 
a  is  not  zero,  so  that  with  a  sufficiently  large  number  of  sections, 
different  for  the  different  frequencies,  any  given  frequency  in 
these  ranges  not  included  in  Case  I  will  produce  currents  that  are 
attenuated  to  any  desired  small  fraction  of  the  current  in  the 
zeroth  element. 

We  shall  now  examine  this  filter  action  with  respect  to  three 
special  types  of  Une. 

267.  Filter  Action  of  Three  Types  of  Resistanceless  Line. 
The  three  special  t3rpes  to  be  investigated  are  shown  in  Figs. 
2,  3,  and  4. 

In  Fig.  2,  which  we  shall  call  Type  I,  the  line  consists  of 
capacities  Ci  in  series  and  inductances  Ls  in  shunt.  The  end 
sections  in  order  to  be  sections  of  half  impedance  must  be  of 
capacity  2Ci. 
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In  Fig.  3  the  line,  which  we  shall  classify  as  Type  II,  consists 
of  inductance  Li  as  series  elements,  and  capacities  C«  as  shunt 
elements,  and  terminates  in  inductances  of  Li/2.  Both  Type  I 
and  Type  II  are  examples  of  what  is  called  a  line  of  n-sections. 


O, 


C. 


E-H5 


2Ct 


oL, 


<Lt 


>L, 


Ro.  2. — Line  of  Type  I. 
Lt/2  Li  Li  Li  Li/z 

U^'    U^«    U^.    U^« 


Pig.  3.— Line  of  Type  II. 


-Jf- 


'*^^' 


-£»i >•  -4 L^ ►  -< L^ 


*^i/£ 


E 


Mo.        Mc.        Mc,        \\c 


Fio.  4.— Line  of  Type  III. 

The  line  in  Pig.  4,  designated  Type  III,  is  similar  to  Tjrpe  II 
except  that  there  is  mutual  inductance  M  between  the  parts  of 
coils  common  to  two  loops.  The  condensers  C%  are  tapped  to 
the  mid  points  of  these  coils.  It  is  to  be  noted  that  while  the 
inductance  per  loop  is  L^,  this  is  not  the  inductance  per  coil. 
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The  inductance  per  coil  will  be  called  L,  in  Tjrpe  III.     The  line 
of  Type  III  is  caJled  a  line  of  T-sections. 

268.  Reference  to  Type  I. — We  shall  now  determine  Po  for 
Type  I.    In  this  case  the  reactances  are 

Zi  =  -  1/Cico,  Z,  =  Ljo),  M  =  0  (64) 

These  values  substituted  into  (53)  give 


Then  by  (61), 
provided 

that  is  provided 


^•  =  ^-2L;b  ^""^ 


a  =  0, 

^        ^  «  ^  «  (66) 


2VL2C1  "      " 
If  as  an  abbreviation  we  write 

1 


L2C1 
the  inequality  (66)  becomes 


=  a«  (67) 


Ul^-  (68) 

With  a  system  of  Type  I,  Fig.  2,  which  is  supposed  to  haoe  zero 
resistance,  the  attenuation  is  zero  for  all  currents  of  angular  ve- 
locity greater  than  12/2,  where  Q  has  the  definition  given  in  (67). 
On  the  other  hand,  for  aU  currents  of  angular  velocity  a>  less  than 
12/2,  it  is  seen  by  reference  to  (63)  that  the  attenuation  consiarU  is 


a  =  cosh~^ 


=  cosh 


-1 


2L2C1CU 

2<a 


This  type  of  circuit  lets  through  withoui  attenuation  frequencies 
higher  than  a  specified  value,  and  attenuates  frequencies  lower  than 
the  specified  volume,  and  attentuxtes  them  more  the  lower  their  frequencies. 

Computations  and  curves  will  be  given  later. 
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269.  Reference  to  Type  U. — In  case  of  the  resistanceless 
system  of  Tjrpe  II,  Fig.  3,  the  impedances  are 

Xi  =  Liw,    Xi  =  -l/Cw,    M  =  0  (70) 

so  that 

P.=  1  -  h^  (71) 

In  this  tjrpe  of  sjrstem,  we  shall  have,  by  (61), 

a  =  0  (72) 

provided 

_l^l_^^g  +  l  (73) 

that  IB,  provided 

2^^^0  (74) 

where  now 

a*  =  l/LiCt  (75) 

On  the  other  hand,  if 

^  >  2,  then  a  =  cosh-*  j^^  -  l) 


=  cosh~^ 


With  a  resistanceless  system  of  Type  II,  Fig.  3,  the  aUenuation 
is  zero  for  currents  of  ali  angular  velocities  co  less  than  2Q,  where 
Q  has  the  value  given  in  (75).  On  the  other  hand,  for  currents  of 
angular  velocities  greater  than  2Q  the  aUenuation  is  given  by  (76) 
and  increcLses  with  increasing  volume  of  the  angular  velocity. 

This  type  of  circuit  lets  through  frequencies  lower  than  the  speci- 
fied vdue  without  attenuation^  and  attenuated  currents  of  frequencies 
higher  than  the  spedjied  value. 

270.  Reference  to  Type  HI. — If  a  line  of  Type  III,  Fig.  4,  is 
made  up  of  elements  of  zero  resistance,  the  reactances  are 

Xi  =  Licu,    X,  =  -  l/Cjo),    M  =  M  (77) 

If  we  think  of  the  inductance  elements  as  made  up  of  coils, 
Bs  AB,  having  inductance  L  and  tapped  at  their  mid  points  for 
the  attachment  of  the  condensers,  it  is  to  be  noted  that  the  in- 
ductance Li  is  made  up  of  two  coils  in  series,  each  of  which  has  the 
inductance  of  a  half-coil  AB.    The  mutual  inductance  M  is 
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the  mutual  inductance  between  two  half  coils;  whence,  if  there 
is  no  magnetic  leakage, 

M  -  L,/?  (78) 

If  there  is  magnetic  leakage, 

M  <  Li/2  (79) 

Let  us  now  introduce  the  coefficient  of  coupling  r,  between 
two  adjacent  loops. 
Then 

whence 

r  =  M/Li  <  1/2  (80) 

* 

Now  introducing  (77)  into  (53)  we  obtain 

p    _        ^'""C;^        _      LrCt^*  -  2  .-,. 

Introducing  this  value  of  Po  into  (61),  we  obtain 

a  =  0, 
provided 

that  is,  provided 

-j==^=====  >  u)>0  (83) 

In  terms  of  r,  the  inequality  (83)  can  be  written 


4t 


VL1C2V1  -  2r 


^  «  ^  0  (84) 


Corollary, — If  the  coils,  as  Afi,  have  no  magnetic  leakage,  then 
by  (78),  equation  ^84)  becomes 

00  ^  w  ^  0  (85) 

With  a  line  of  Type  III,  Fig.  4,  hcmng  mviual  inductance  be- 
tween adjacerU  loops,  currents  are  transmitted  unattenuated  for 
aU  angular  velocities  given  by  (83);  or  (84).    If  the  coUs  have  zero 
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magnetic  leakage,  then  by  (85)  all  possible  frequencies  are  trans- 
mitted  wiOiout  aUenuation.  Such  a  line  is  not  a  good  filter,  but 
will  be  found  useful  for  its  retardation  properties  when  it  is  desired 
to  transmit  with  suitable  retardation  aU  frequencies. 

m.  RSSISTANCBLESS  LINES.     TBRMINAL  IMPBDANCB 

271.  Surge  Impedance  of  the  Three  Types  of  Resistanceless 
Lines. — ^In  order  to  adapt  a  line  to  its  terminal  conditions,  or  to 
adapt  the  terminal  conditions  to  the  line,  it  is  important  to  choose 
the  constants  so  that  the  Une  will  transmit  as  large  a  current 
as  possible  with  the  frequencies  that  it  is  desired  to  transmit. 
This  means  that  reflection  at  the  output  terminal  apparatus 
should  be  avoided  and  that  the  equivalent  impedance  of  the  whole 
line,  with  its  non-reflective  output  apparatus  should  be  adapted 
to  the  impedance  of  the  input  terminal  apparatus. 

This  requires  the  determination  of  the  quantity  that  we 
have  called  Zi,  where 

Zi  =  the  surge  impedance  ^  the  impedance  by  which  a  line 
of  an  infinite  number  of  sections,  or  of  a  finite  number  of 
sections  with  a  non-reflective  output  impedance,  can  be 
replaced  without  changing  the  current  in  the  zeroth 
section. 

We  have  found  a  general  expression  for  Z{  in  equation  (34), 
which  is  

,,  ,^(^.  +  ^-46^  ,^, 

We  shall  now  det.ermine  zt  for  the  three  types  of  resistanceless 
line  given  in  Figs.  2,  3,  and  4.  In  all  of  these  types,  since  the 
resistances  are  zero,  we  may  write 

zi  =  jXi,  Zi  =  jXt,  and  b  =  j{Mw  -  X,)  (87) 

Introducing  these  values  into  (86),  we  obtain 

Zi  =  ^V-  Xi*  -  4X1X2  +  4itf2a,2  -  SMwXt        (87a) 

for 

fii  =  0  =  fij 

Now  introducing  the  values  of  Xi,  Xj,  and  M  for  Types  I, 
II,  and  III  respectively,  as  given  in  (64),  (70),  and  (66),  we  obtain 
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For  Type  I, 

For  Type  II, 


,  -  ^Ip^*  m 


For  Type  III, 


^  =  ^k^M  +  (AMI -J^j^  (90) 

For   Type   III,  with   no   magnetic   leakage,  2M  =  Li,  and 

Zi  =  V2Li/C2-VL/C2  (91) 

where 

L  =  inductance  per  coil  of  Type  III,  Fig.  4. 

Equations  (88),  (89),  and  (90)  give  the  surge  impedance,  or 
equivalent  impedance  of  a  line  with  non-reflective  output  terminal 
apparatv^Sy  for  Type  /,  Type  11,  and  Type  III,  respectively. 

Equation  (91)  gives  the  corresponding  quaniity  for  Type  III 
if  the  coils  have  no  ma,gnetic  leakage.  In  this  case  it  is  seen  that  Zi 
is  of  the  character  of  a  pure  resistance  and  is  independent  of  the 
frequency. 

In  (88),  (89),  and  (90)  Zi  is  also  a  real  qtiantity,  and  is  of  the 
character  of  a  pure  resistance,  bui  in  general  this  equivalent  resist- 
ance involves  the  angular  velocity  and  is  different  for  currents  of 
different  frequencies.  It  mil  be  shown  later  that  by  choosing  the 
inductances  and  capacities  small,  while  keeping  their  ratios  large 
the  terms  involving  angular  velocity  can  be  made  negligible  over 
considerable  ranges  of  frequencies. 

272.  Condition  for  Non-reflectiye  Output. — In  (37),  we  have 
seen  that  the  complex  reflection  coefficient  Y  at  the  output  termi- 
nal of  the  line  is 

^         Zi  —  Zt 
Y    =    ; • 

Zi  -h  Zt 
This  is  zero,  if 

Zt  =  Zi  (92) 

Equation  (92)  shows  that  for  no  reflection  at  the  junction  of  the 
line  with  the  ouipui  apparatus  the  complex  impedance  of  the  otd- 
put  apparatus  Zt  must  be  equal  to  the  surge  impedance  Zi  of  the  line. 
This  is  true  whether  the  line  has  resistance  or  not 
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To  adapt  this  result  to  the  three  special  types  of  line  used  in 
the  illustration,  it  is  only  necessary  to  replace  z^  in  (92)  by  its 
known  values  for  the  three  t3rpes. 

273.  Condition  for  Non-reflection  at  the  Input  Terminal 
Apparatus. — :Likewise,  by  (39),  whether  the  line  is  resistanceless 
or  not,  we  can  make  the  complex  reflection  coefficient  X  at  the 
input  end  zero,  if  we  can  make 

00  =  Zi  (93) 

To  make  the  line  nan-reflective  at  the  input  terminal  apparaius 
it  is  necessary  to  make  Zo,  which  is  (he  impedance  of  the  inpid  appa^ 
rattis,  equal  to  the  surge  impedance  Zt  of  the  line.  This  is  true 
whether  the  line  is  resistanceless  or  not 


IV.  RBSISTANCBLBSS  LINES.    RETARDATION 

COMPUTATIONS 


274.  Retardation  per  Section  of  Resistanceless  Line. — In 
equations  (61),  (62)  and  (63)  we  have  found  that  if 

-1  ^  Po  ^  +  1,    a  =  0,         and        ^  =  cos-*Po     (94) 

if  Po  ^  +  1,    a  =  cosh-iPo,  ^  =  0  (95) 

if  Po  ^  -  1,     a  =  cosh-M-Po},    *?  =  t  (96) 

In  these  equations  <p  is  the  angle  of  lag  introduced  into  the 
current  by  each  section  of  the  line. 

It  is  seen  that  with  the  resistanceless  line,  for  the  range  of 
frequencies  within  which  Po  satisfies  the  inequality  in  (94),  the 
angle  of  lag  per  section  is  equal  to  the  anticosine  of  Po,  and  is  in 
general  a  complicated  function  of  the  frequency,  since  Po  is  a 
function  of  a>. 

Outside  of  this  range  of  frequencies  the  angle  of  lag  per  section 
is  a  constant  0,  under  condition  (95),  or  a  constant  ir,  under  con- 
dition (96). 

Before  discussing  further  the  lag  angle  fp,  let  us  introduce  tables 
giving  a  and  ^  for  the  three  types  of  lines  shown  in  Figs.  2, 3,  and  4. 

In  compiling  Tables  I,  II,  and  III,  arbitrary  values  were 
taken  for  the  quantities  in  the  first  column.  Corresponding 
to  these  arbitrary  quantities,  the  quantities  in  the  other  columns 
were  computed  by  equations  (94)  to  (96) .    In  the  second  columns 
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of  Tables  I  and  II  is  given  the  attenuation  constant  a  for  the 
current,  per  section  of  the  line.  This  quantity  for  Table  III 
is  not  given,  since  it  is  zero  throughout. 

Table  L — ^Resistanceless  Line  of  Type  I 

Atteniuition  Constant  a  and  Retardation  Angle  ^  of  Current  per  Seetion 
for  Different  Angular  Velocities  a>  of  the  Current 

Ls  a  Shunt  Inductance  per  Section 
Ci  »  Capacity  in  Series  per  Section 


ot^LtCi 

a 

^  radians 

^lu 

0.0 

.00 

1 

3.1416  =r 

0.00000 

0.2 

3.13 

3.1416  -IT 

0.00000+ 

0.3 

2.20 

3.1416  =ir 

0.00000+ 

0.4 

1.48 

3.1416  =ir 

0.00000+ 

0.45 

0.93 

3.1416  =ir 

0.00009 

0.46 

0.830 

3.1416  =ir 

0.0002 

0.47 

0.710 

3.1416  =ir 

0.0008 

0.48 

0.576 

3.1416  =ir 

0.0032 

0.405 

0.388 

3.1416  =ir 

0.021 

0.497 

0.220 

3.1416  =ir 

0.111 

0.499 

0.130 

3.1416  »ir 

0.273 

0.500* 

0.000 

3.1416  =ir 

1.00 

0.501 

0.000 

3.0524 

1.00 

0.503 

0.000 

2.9234 

1.00 

0.505 

0.000 

2.8606 

1.00 

0.6 

0.000 

1.971 

1.00 

0.7 

0.000 

1.591 

1.00 

0.8 

0.000 

1.360 

1.00 

0.9 

0.000 

1.178 

1.00 

1.0 

0.000 

1.047 

1.00 

2.0 

0.000 

0.605 

1.00 

3.0 

0.000 

0.335 

1.00 

4.0 

0.000 

0.260 

1.00 

00 

0.000 

0.000 

i.do 

• 

In  the  last  columns  of  Tables  I  and  II  there  is  compiled 
the  quantity  €~**^«,  which  is  obtained  on  the  supposition  of 
Une  of  ten  sections  or  more.  This  quantity  e"^^*"  is  the  ratio 
of  the  current  amplitude  in  the  tenth  section  to  the  current 
amplitude  in  the  zeroth  section,  and  shows  the  sharpness  with 
which  the  line  of  ten  sections  cuts  off  frequencies  near  the  linut 
of  frequencies  for  which  the  attenuation  is  zero.  As  an  example, 
if  we  take  Table  I,  ciurents  of  all  angular  velocities  from  « 
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equal  infinity  to  <a  equal  0.5/\/LsCI  are  transmitted  unattenu- 
ated;  while,  on  the  other  hand,  if  «  is  equal  to  0.497/ VX^ 
the  current  in  the  tenth  section  is  only  11  per  cent,  of  the  cur- 
rent in  the  zeroth  section,  and  if  a?  is  0.48/\/LsCi  the  current  in 
the  tenth  section  is  only  3/10  of  one  per  cent,  of  the  current  in 
the  zeroth  section.  In  a  similar  manner,  one  may  interpret  the 
values  in  the  last  column  of  Table  II. 


Table  EL — ^Resistanceless  Line  of  Type  n 

Attenuation  Constant  a,  Retardation  Angle  ^  in  Radiana,  Time  Lag  T 
in  Seconds — Bach  for  One  Section,  and  Having  Reference  to  Current 

Li  »  Series  Induction  per  Section 
Ct  »  Shunt  Capacity  per  Section 


WhiCt 

a 

radons       ^/Vl, 

Ct                            €-!•• 

0.00 

0.00 

0.000        1. 

000( 

)      1.000 

0.05 

0.00 

0.05000      1. 

000( 

)      1.000 

0.10 

0.00 

0.10007      1. 

0(^1 

r    1.000 

0.15 

0.00 

0.16025      1. 

0011 

r    1.000 

0.20 

0.00 

0.2004       1. 

002 

1.600 

0.25 

0.00 

0.2507       1. 

003 

1.000 

0.30 

0.00 

0.3011       1. 

004 

1.000 

0.35 

0.00 

0.3517       1. 

005 

1.000 

0.40 

0.00 

0.4029       1. 

007 

1.000 

0.50 

0.00 

0.5053       1. 

Oil 

1.000 

0.60 

0.00 

0.6095       1. 

016 

1.000 

0.70 

0.00 

0.7151       1. 

022 

1.000 

0.80 

0.00 

0.826        1. 

032 

1.000 

1.00 

0.00 

1.05        1. 

050 

1.000 

1.20 

0.00 

1.29        1. 

075 

1.000 

1.40 

0.00 

1.57        1. 

121 

1.000 

1.60 

0.00 

1.85        1. 

156 

1.000 

1.80 

0.00 

2.23        1. 

239 

1.000 

2.00 

0.00 

3.1416=ir     1. 

570 

1.000 

2.001 

0.06 

3.1416-ir 

.0.549 

2.002 

0.00 

3.1416=ir 

0.407 

2.003 

0.11 

3.1416=T 

0.333 

2.004 

0.13 

3.1416=ir 

0.273 

2.005 

0.15 

3.1416»ir 

0.223 

2.01 

0.20 

3.1416=T 

0.135 

2.02 

0.29 

3.1416=r 

0.055 

2.04 

0.40 

3.1416-T 

0.0183 

2  10 

0.63 

3.1416=ir 

0.00184 

2.20 

0.89 

3.1416=ir 

0.00014 
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Table  HI. — ^Resistanceless  Line  of  Type  m,  with  no  Iffagnetic  Leakage 

Retardation  Angle  ^  of  Current  per  Section,  and  Time  Lag  T  of  Ciurent 

per  Section.    The  Attenuation  Constant  is  Zero  Throughout 

Li  s  Series  Inductance  per  Loop 
L  »  Series  Inductance  per  Coils 
Cs  »  Shunt  Capacity  per  Coil 


uVLiCt 

uVLCt 

^  radianB 

T/y/LCt 

0.0000 

0.0000 

0.0000 

1.0000 

0.05 

0.07071 

0.07071 

1.0000 

0.10 

0.14142 

0.1411 

0.998 

0.15 

0.21213 

0.2117 

0.998 

0.20 

0.2S284 

0.2822 

0.9978 

0.26 

0.35361 

0.3503 

0.9906 

0.30 

0.4243 

0.4180 

0.985 

0.35 

0.4950 

0.4851 

0.980 

0.40 

0.5657 

0.5512 

0.975 

0.60 

0.8485 

0.8929 

0.947 

0.80 

1 . 1314 

1.0297 

0.910 

1.00 

1.4142 

1.2305 

0.870 

1.20 

1.6970 

1.4070 

0.829 

1.40 

1.9799 

1.5600 

0.788 

1.50 

2.1313 

1.6290 

0.768 

1.60 

2.2627 

1.7046 

0.753 

1.80 

2 . 5456 

1.7706 

0.695 

276,  Line  of  Constant  Time  Lag  per  Section  oyer  Significant 
Range  of  Frequencies. — The  tables  also  contain  values  of  the 
current-lag-angle  per  section  of  the  line  in  the  columns  headed  tp. 
A  related  quantity  is  the  quantity  T,  which  is  the  number  of 
seconds  by  which  the  current  in  any  section  lags  behind  the  cur- 
rent in  the  preceding  section.  The  quantity  T  is  related  to  tp 
by  the  equation 

^  =  wr  (97) 

obtained  as  follows:  If  the  angle  of  lag  is  ^  radians,  and  the 
angular  velocity  of  the  current  is  <a  radians  per  second,  the 
time  T  is  such  that  the  system  would  describe  an  angle  tp  in 
time  T  at  angular  velocity  w,  provided  ^  =  «r.  We  should  then 
be  able  to  tabulate  T  by  dividing  fp  by  w,  but  since  w  is  given 
only  as  a  factor  in  the  quantity  at  the  heading  of  the  first  column, 
we  have  divided  the  numbers  on  this  column  into  the  correspond- 
ing numbers  in  the  column  headed  <p,  obtaining 

-J=^.  =  ^L=  (98) 
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An  important  result  obtained  in  this  way  is  that  far  Line 
of  Type  II,  and  for  small  values  ofw/V^iC'2  the  time  lag  T  per 
section  is   approximately  constarU  and  equal  to  -y/LiCj. 

For  a  line  of  Type  III  {assumed  to  luwe  zero  magnetic  leakage 
in  the  coils,  and  for  smnll  values  of  uy/LCl,  ^  time  lag  T  per 
section  is  approximately  constant  and  equal  to  y/LC^  In  this 
latter  result  L  is  the  inductance  per  coil  and  not  the  inductance 
per  loop  of  Type  III,  which  is  the  system  containing  the  miUual 
inductance  between  the  loops.  The  inductance  per  loop  isL\  = 
L/2. 

We  have  thus  obtained  a  method,  using  systems  of  Type  II 
or  of  Type  III,  of  obtaining  per  section  of  Une  a  time  lag  of  cur- 
rent substantially  independent  of  frequency  over  a  significant 
range  of  frequencies. 

Apart  from  the  use  of  the  tables,  we  can  prove  this  result 
theoretically,  by  expanding  in  series  the  anticosine  of  Po  in 
equation  (94),  and  neglecting  certain  higher  powers  of  small 
quantities.  We  shall  perform  this  operation,  later,  in  connec- 
tion with  lines  of  sensible  resistance,  to  be  studied  in  the  next 
few  pages. 

V.  LINES  WITH  RESISTANCE.    TYPE  I 

276.  General  Equations.  Types  I  and  II. — To  determine  a 
and  ^,  when  the  line  has  resistance,  we  must  return  to  equations 
(49)  and  (50),  which  are  general.  In  order  to  get  U  and  V  for 
use  in  these  equations,  we  need  to  start  with  (42),  which  in 
view  of  (3)  becomes 


26     .  2(Zi  -  Mjo)) 

which  may  be  regarded  as  defining  the  real  quantities  P  and  U, 
In  lines  of  Types  I  and  II,  M  is  zero,  so  that  for  these  cases 

1  +  ~-^  -  P  +  it/        (Type  I,  or  Type  II)  (100) 

277.  Determination  of  a  and  0  for  Line  of  Type  I. — For  Type 
I,  if  we  take  account  of  the  resistance  in  the  inductance  coils, 
we  have 

Zi  =  — i/Ciw,     Z2  ^  Ri+  jLi(a  (101) 
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These  values  inserted  into  (100),  give  after  rationalizing,  and 
equating  real  and  imaginary  parts, 


P  =  1  - 


U  = 


2Cio){Ri^  +  LiW) 
— Ri 


2C,«(flt*  +  L,W) 
Then  by  the  use  of  (48),  we  obtain 

4L,Ci«*  -  1 


(102) 
(103) 


V  = 


(104) 


8CiW(Ri*  +  L,*«») 

These  values  of  U  and  V  can  be  put  into  a  form  in  which  the 
relative  size  of  terms  is  mbre  evident,  by  introducing  the 
abbreviations 

Vt  -  Rt/Ltia,    and  tf  =  L,Ci«*  (105) 

-then 

—lit 


U  = 


V  = 


29(1  +  vt') 

ie  -  1 


(106) 
(107) 


(108) 


(109) 


89^1  +  »?«') 
Introducing  these  values  into  (49)  and  (50),  we  have 
a  =  sinh"* 

^^y™^\fTVl66.V +ll^4^#+  (1  -  4tf) 
<t>  =  sin~^ 

Equaiitms  (108)  and  (109)  give  the  values  of  the  attenuation 
constant  a  and  the  retardation  angle  <p  per  section  of  the  line  of 
Type  I.  In  these  equaiions  17s  and  6  have  the  values  given  in  (105). 
Regarding  the  sign  before  the  inner  radical^  it  is  to  he  noted  that  the 
same  sign  is  to  be  used  in  both  equations^  and  this  sign  is  to  be 
selected  so  as  to  make  both  a  and  tp  real  quantities. 

278.  Determination  of  Surge  Impedance  for  Line  of  Type  I 
with  Resistance. — The  general  expression  for  surge  impedance 
is  given  in  (34),  which  in  view  of  (101)  and  (3)  gives 


Zi 


-J3 


-j/Ciw  +  2(«,  +  jL,<o)|»  ~  \R,+jLtu]* 


„  1    / 1 4ifi,       4L, 

2\      Ci*«*      Cx«   "^  Ci 
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whence 


'  ~yk  V  " 


jR> 


4LsCico^       Lfca 


(110) 


EqiuUion  (110)  gives  the  general  expression  for  the  surge  im- 
pedance of  a  line  of  Type  I  containing  resistance  in  the  inductance 
coils. 

279.  Approximate  Treatment  for  Small  Values  of  172  and  for 
40  not  too  Near  Unity* — We  may  obtain  simplified  expressions 
for  (108)  and  (109)  for  small  values  of  172'  and  for  40  greater  than 
and  not  too  near  unity  by  expanding  the  radicals  in  these  equa- 
tions and  neglecting  higher  terms.    Assuming,  to  begin,  that 

160*172*  <  (1  -  40)*, 

and  expanding  the  radicals,  we  obtain 
a  =  sinh~^ 

1  r  ^  n  _  Aa^  /i  a.  -S**"** 

2$  V'2(l  +  v**) 


[,„_«,  (i  +  j^ 


40)2 
ji2%+... )  +  (!-«)] 


a 


(111) 


and 

0  =  sin~^ 
1 


20  \/2(l  + 172*) 


'?^+...)-a-^»>] 


M 


(1  -  iey 


(112) 


In  order  to  make  a  and  <p  real  we  must  use  the  negative  sign 
in  the  bracket,  whenever  1  —  40  is  negative;  and  must  use  the 
positive  sign,  whenever  1  —  40  is  positive. 

Let  us  now  assume  that 

^72^/2  <  <  1,  and  7^^,^,  <  <  1  (113) 


(1  -40)2'^'^^ 
Under  these  conditions  we  have  by  (111)  and  (112) 

V2 


a  =  sinh~* 

and 

a  =  sinh""^ 


\/40  -  1 


Vl  -  40 
20 


,  and  fp  =  sin~^ 


\/40  -  1 
20 


,  for  40  >  1 

(114) 


,  and  ip  ==  sin~^ 


V2 


/ , ,  for  40  <  1 

Vi-^e\        (115) 
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In  case  the  ratio  of  the  resistance  of  the  coils  to  ikeir  inductive 
reactance  is  small  and  in  case  46  is  not  too  near  unity,  so  that  the 
conditions  (113)  are  fulfilled,  equaiion  (114)  gives  a  and  ip  for  B 
greater  than  1/4,  and  equation  (115)  gives  the  corresponding  vidues 
of  a  and  tpfor  6  less  than  1/4.     These  results  are  for  line  of  Type  L 

In  regard  to  the  attenuation  constant  it  should  be  noticed  from 
the  formulas  (114)  and  (115)  that  the  former  gives  the  case  of 
low  attenuation  and  the  latter  gives  the  case  of  high  attenuation. 
The  transition  point  is  somewhere  near  4^  =  1,  but  neither  of 
these  formulas  can  be  used  in  this  region  because  (113)  fails 
there.  We  must  go  back  to  (108)  and  (109)  if  4t6  is  nearly  equal 
to  unity.  It  is  seen  by  (108)  that  the  last  term  under  the  outer 
radical  changes  from  a  numerically  subtractive  term  to  a  nimieri- 
cally  additive  term  when  46  passes  from  values  greater  than  unity 
to  values  less  than  unity,  and  as  40  goes  on  decreasing,  a  increases 
rapidly.  We  shall  call  the  value  of  the  frequency  at  which  4^  =  1 
tlie  cutroff  frequency. 

It  will  be  understood  that  this  cut-off  frequency  is  not  a  point 
of  discontinuity  giving  a  sudden  change  of  the  attenuation  with 
change  of  frequency.  The  increase  of  attenuation  as  we  pass 
the  cut-off  frequency  and  pass  into  the  region  of  frequencies 
that  are  more  attenuated  is  rapid  for  low-resistance  coils,  and 
after  a  change  of  a  few  per  cent,  in  frequency  the  attenuation  for 
a  line  of  five  or  ten  sections  may  be  such  as  to  reduce  the  current 
to  less  than  one  per  cent,  of  its  value  at  the  cut-off  frequency. 
We  shall  later  show  this  by  numerical  computations. 

To  complete  the  approximate  treatment  of  this  type  of  line 
{Type  I)  let  us  note  that  under  conditions  (113),  equation  (110) 
for  the  surge  impedance  becomes 


Zi 


=  J^Jl^  __4_  (116) 


Introducing  into  this  equation,  the  value  of  6  given  in  (105),  we 
obtain 


Under  condition  (113)  the  surge  impedance  of  a  line  of  Type  I 
is  given  by  {117),  or  by  the  alternative  equation  (116).  This  surge 
impedance  is  real  and  of  the  nature  of  a  pure  resistance,  provided 
40  is  greater  than  unity,  and  is  imaginary,  and  therefore  of  ti^ 
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nature  of  a  reactance  if  46  is  less  than  unity.     These  equations  are 
not  to  he  used  for  46  too  near  to  unity  for  then  (113)  is  not  fulfilled. 
It  is  seen  by  (116)  that  the  surge  impedance  is  in  general  afuruiion 
of  the  angular  velocity  <a. 
If,  however, 

|-^«l;:thatis,if   8^,«1  (118) 

equation  (117)  becomes 

Zi  =  VL^i  (119) 

which  is  independent  of  the  frequency. 

With  a  line  of  Type  /,  in  case  the  conditions  (118)  and  (113) 
are  fulfiUed,  equation  (119)  gives  the  surge  impedance  Zi  of  the 
line.  This  is  in  the  nature  of  a  pure  resistance  independent  of 
the  frequency  of  transmitted  current. 

We  should  here  note  also,  for  future  use  that  by  (93)  the  condi- 
tion for  non-reflection  at  the  input  apparatus  is 

Zq  =  Zij 

and  the  condition  for  non-reflection  at  the  output  apparatus  is 


Zt  =  Zi 


»> 


where  2o  and  Zt  are  the  impedances  of  the  input  apparatus  and 
the  output  apparatus  respectively. 

VI.  LINES  WITH  RESISTANCE.    TYPE  H 

280.  Specific  Values  for  Type  U.— For  a  Line  of  Type  II, 
as  given  in  Fig.  3,  the  series  and  shunt  complex  impedances  have 
the  values 

«i  =  iii  +  jl/icu,         22  =  -  j/C,«  (120) 

where  now  the  coils  in  the  series  impedances  are  supposed* to 
have  resistance  Ri. 

Introducing  (120)  into  (100)  we  obtain 

If,  now  as  abbreviations,  we  write 

171  =  fii/Licu,  ^  =  LiCjcu^  (121) 
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substitute  these  values  into  the  preceding  equation,  and  sepa- 
rate the  result  into  real  and  imaginary  parts,  we  obtain 


P  =  1  -  */2 
U  =  ni'*/2 
and  by  the  definition  of  V  given  in  (48) 


(122) 


(123) 


These  values  of  U  and  V  introduced  into  (49)  and  (50)  give 


a  =  sinh-'Mg 
<p  =  sin-'Mg 


+ 


1- J(l+,.»)     -     i--(i+,it) 


'    I 


(124) 


yj±^jvl'+{l-lil  +  Vl*)]'+\l-Ti^^+V^') 


(125) 


EquoHona  (124)  and  (125)  give  the  values  of  aUenvati&n  eon- 
statu  a  and  retardation  angle  <p  per  section  of  the  line  for  a  Line 
of  Type  IL  The  abbreviations  employed  are  given  in  (12).  The 
same  sign  miist  be  employed  before  the  inner  radical  in  both  equa- 
tions, and  th(xt  sign  must  be  chosen  to  make  a  and  ip  both  red 
quantities. 

281. — ^Determination  of  Surge  Impedance  for  Line  of  Type  n 
with  Resistance. — When  Af  =  0,  equation  (3)  gives 

6    =    —  22. 

This  inserted  into  (34)  gives  the  surge  impedance 
Introducing  the  values  of  Zi  and  22  gives  in  (120),  we  obtain 


^i  =  HyJRi'  +  2ifliLico  -  L,W  «  ^  +  ^' 


whence 
z 


'  ^'wlV 


Ri^C^o)  _  LjC^^  -4-  V I R^^^  —  J?!  1  (125a) 


1     + 


4Lictf 


Lioi] 
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Equation  (125a)  gives  the  surge  impedance  of  a  line  of  Type  II 
with  resistance  in  the  inductance  coils. 

282.  Approximate  Treatment  for  Small  Values  of  riu  and  for 
Sk  Less  Than  and  not  too  Near  to  the  Value  4. — If  as  a  temporary 
abbreviatioD  we  put 

A  =  1  -  I  (1+  i,i«)  (126) 

and  assume 

we  may  expand  (124)  and  (125)  into 

-  -  •^"-{4^  4 + 2^  -It.  +  •  •  •)  -  '^  ]1  "^' 

and 

If  A  is  positive,  we  use  the  positive  sign,  and  if  A  is  negative 
we  use  the  negative  sign,  giving,  in  the  case  of  positive  A, 

a  =  8inh-{,x^^  ( 1  _  ll!  +  .   .  .)  j  A  >  0     (129) 
and  

^  =  8in->{^*A(l+^,-.   .  .)• 
Equations  (129)  and  (130)  reduce  to 

„  =  !^  =  ^^.  and  ^  =  u,Vl;c,  (131) 

provided 

^«l.and^*«l  (132) 

In  the  case  of  smdU  decrement  and  small  value  of  Lidfa*,  as 
stipulated  in  (132),  approximate  values  for  a  and  <p  for  a  line  of 
Type  II  are  given  in  (131).  Wfien  the  conditions  (132)  are  not 
fidfiUed,  the  exact  equations  (124)  and  (125)  are  to  be  u>sed. 

As  in  the  case  of  line  of  T3rpe  I,  other  approximations  to  suit 
other  conditions  wiU  be  apparent  to  the  reader. 

It  is  to  be  noted  also  that  under  conditions  (132),  the  equation 
(125a)  for  the  surge  impedance  becomes 

(133) 


A  >  0         (130) 
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With  a  line  of  Type  II,  in  case  conditions  (132)  are^satisfied, 
the  surge  impedance  of  the  line  is  given  approximately  by  (133), 
and  is  in  the  ncUureof  a  pureresisiance  independentof  the  frequency, 
so  long  as  (a  satisfies  (132). 

Vn.  LINES  WITH  RESISTANCE.    TYPE  m 

283.  Detenninatipii  of  a  and  tp  for  Tjrpe  in  with  Resistance. 

This  type  of  line  is  shown  diagrammatically  in  Fig.  4.     If  the  re- 
sistance per  loop  is  Ri,  and  if  there  is  no  magnetic  leakage,  we  have 

Z\  -  R\+  jLi<a,     Z2  =  —  i/Ci<a,     b  =  jMw  —  j/Ct<a      (134) 
By  (42),  in  view  of  (3) 

which  by  (134) 


Ki  +  ^")      2(^+3fco) 


We  can  make  a  simplification  in  this  equation  by  introducing 
the  inductance  L  of  each  of  the  whole  coils,  that  are  tapped  at 
the  middle.  Since  Li  is  twice  the  inductance  of  a  half  coil, 
and  Ri  is  twice  the  resistance  of  a  half  coil, 

L  =  Li  +  2ilf ,     and  R -=  Ri  (135) 

where  L  and  R  are  now  the  inductance  and  resistance  per  coil 
of  the  system.  Using  these  values,  and  equating  real  and 
imaginary  parts  of  the  equation  preceding  (135)  we  have 

p  —  1  —         LCqo)2  jj  _         RC^  .  rt«. 

^  *"  ^       2(1  +  MC^o^^y  2(1  +  MC^*)       ^     ^ 


We  may  now  find  V,  as  defined  in  (48),  which  is 


1       LCtu*      I      _        LC^' 


2  1  +  MCjo)'  I         4(1  +  MCtv*) 
Let  us  now  introduce  as  abbreviations 

V  =  R/La>,  and  Q  =  ^  ^  ^^^t  (138) 

then 

U  =  vQ/2,  ^  =  ^  I  1  -  i(l  +  "')  1  (139) 
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By  comparing  these  values  of  U  and  V  with  the  corresponding 
quantities  for  T3rpe  11,  as  given  in  equations  (122)  and  (123), 
we  see  that  the  values  of  U  and  V  are  analogues  for  the  two 
cases.  By  replacing  ^  and  171  in  (124)  and  (125)  by  Q  and  v 
respectively,  we  obtain  for  the  present  case 


(140) 


<p  =  sin"' 


l^l^/4•+^-'f('+'•)l'+^-1('+'•)l 


(141) 

Equations  (140)  and  (141)  give  the  values  of  the  attenuation  con- 
stant a  and  the  retardation  angle  ip  per  section  of  the  line  for  a  line 
of  Type  III.  The  abbreviations  employed  are  given  in  (138). 
The  same  sign  must  be  employed  before  the  inner  radical  in  both 
equations,  and  that  sign  must  be  selected  to  make  a  and  ip  both  real 
quaniities. 

284.  Surge  Impedance  for  a  Line  of  Type  m  with  Resistance. 
The  substitution  of  (134)  and  (135)  into  (34)  gives  for  the  surge 
impedance 


''  =  W,Y 


"^    4L«  8  "^•^12  L« 

(142) 

Equation  (142)  gives  the  exact  value  of  the  surge  impedance 
for  the  line  of  Type  III  with  resistance  in  the  inductance  coil, 
L  and  R  are  the  inductance  and  resistance  of  each  of  the  coils  to 
the  middle  of  which  the  capacities  C2  are  attached,  M  is  the 
mutual  indv/iance  between  the  two  halves  of  one  coil, 

286.  Approximations  for  Type  m. — Out  of  analogy  of  the 
equations  in  this  case  with  the  equations  for  Type  II,  and  by  an 
examination  of  the  constants  in  the  two  cases,  it  is  readily  seen 
that 

a  =  I  aS,  and  ^  =  ^VZA  (143) 

provided 

In  this  case,  (142)  becomes 

(145) 


'■"'^c. 


318  ELECTRIC  OSCILLATIONS         [Chap.  XVI 

In  case  of  small  decrement  and  small  value  of  LC^*,  as  stipyr 
laied  in  (144),  equations  (143)  give  the  attenuation  constant  of  the 
current  and  the  retardation  angle  of  the  current  per  section  of  line 
with  a  line  of  Type  III.  Under  (he  sam^  conditions  the  surge 
impedance  of  the  line  is  given  by  (145). 

Vm.  COMPUTATION  OF  APPARATUS 

286.  Design  of  a  Filter  to  Cut  Out  Frequencies  Below  a 
Specified  Value,  and  to  Operate  Between  Input  and  Output 
Terminal  Apparatus  of  Given  Resistance. — ^For  this  purpose 
we  require  a  line  of  Type  I.  The  coils  of  such  a  line  will  neces- 
sarily have  certain  resistance,  and  we  shall  take  account  of  the 
resistance  of  these  coils  in  the  computation.  The  equation  for 
the  attenuation  constant  is  (108).  This  expression  for  a  begins 
to  increase  rapidly  in  the  neighborhood  of  the  value  of  S  at  which 
1—4^  becomes  negative,  with  increasing  $. 

We  shall  call  the  value  of  «  at  which 

4^  =  1  (146) 

the  cut-off  value  of  angular  velocity. 
Now  in  general 

6  =  LaCico^  (147) 

Let  «o  =  angular  velocity  below  which  the  filter  is  to  give 
high  attenuation. 

Then  by  (147)  and  (146),  we  must  make  Li  and  Ci  such  that 

0)0  =  — ^=  (148) 

2VL2C1 

Equation  (148)  gives  one  relation  for  determining  L%  and  Ci 
to  comply  with  the  cut-off  requirement. 

We  shall  next  find  another  relation  determined  by  the  re- 
sistance of  the  terminal  apparatus.  To  avoid  reflection  the 
complex  impedance  Zq  of  the  input  apparatus  and  the  complex 
impedance  Zt  of  the  output  apparatus  shall  each  equal  the  surge 
impedance  of  the  line,  which  is  zt;  that  is 

zo  =  Zj,  sz  Zi  (149) 

Now  the  value  of  Zi  for  this  type  of  line  is  given  in  (110), 
and  is  a  complicated  function  of  the  frequency.  We  cannot  in 
general  make  Zi  equal  to  zq  and  zt  for  all  values  of  the  frequency. 
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Let  it  be  supposed  that  while  we  wish  to  cut  off  all  frequencies 
of  angular  velocity  less  than  wo,  we  are  also  interested  in  trans- 
mitting especially  the  high  frequencies  for  which  the  conditions 
(1 18)  are  satisfied.    For  these  frequencies 

Zi  =  VUjCi  (150) 

and  is  in  the  nature  of  a  pure  resistance  independent  of  the 
frequency.  We  should  need  to  make  our  terminal  apparatus 
as  nearly  as  possible  a  pure  resistance,  of  value 

/Jo  =  VU/C[  (161) 

where 

Ra  —  resistance  of  input  apparatus  and  of  output  appa- 
ratus, which  are  to  be  nearly  pure  resistances. 

Equation  (151)  is  another  relation  for  determining  L2  and  Ci, 
and  is  obtained  on  the  assumption  that  the  line  is  to  he  non-reflective 
at  the  terminal  apparatus  for  high  frequencies. 

Elimination  between  (151)  and  (48)  gives  as  the  required  con- 
stants of  the  line 

Li  =  -Ko/2«o,    and  Ci  =  l/2i2owo  (152) 

Equations  (152)  give  the  value  of  the  inductance  and  capacity 
dements  of  the  line  to  cut  off  angular  velocities  above  ojo  and  to  operate 
between  an  input  terminal  apparatus  of  resistance  Ro  {induetanceless) 
and  an  output  terminal  resistance  of  the  same  resistance. 

Now  as  to  the  resistance  of  the  inductance  coils  used  in  the  line, 
it  is  desirable  to  have  this  resistance  R\  as  low  as  possible,  con- 
sistent with  space  available  and  cost.  Let  us  suppose  that  the 
coils  are  wound  of  wire  of  such  size  as  to  give 

Ri/Li  =  2 A  (say)  (153) 

Assuming  this  value,  and  making  preparation  to  employ  (108) 
to  determine  the  performance  of  the  computed  filter,  let  us  note 

that  by  (106) 

2A  cjo 


^2  =  /^2/^jw  = 

CO 

e  = 


2  ""^   "  (154) 


4wo' 

As  soon  as  we  specify  the  ratio  of  A  to  o^oy  we  can  compute  a 
and  ip  by  (108)  and  (109)  for  various  ratios  of  «  to  wo. 
Let  us  now  compute  a  numerical  example,  given 

2A  =  250  and  «o  =  5000  (166) 
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This  means  that  the  coils  La  have  250  ohms  per  henry,  and 
that  we  wish  to  cut  off  angular  velocities  below  5000  radians  per 
second. 

The  results  are  given  in  Table  IV. 

Table  IV. — Performance  of  a  Filter  Computed  to  Cut  Off  all  Angnlar 
Velocities  Less  Than  a>o  »=  5000.     Given  Ra/Lt  =  260 


m/cm 

a 

^  (radians) 

,-io« 

0.2 

4.61 

0.250 

0.00000000000000000001 

0.4 

3.22 

0.136 

0.00000000000002 

0.6 

2.42 

0.104 

0.00000000003 

0.8 

1.386 

0.104 

0.000002 

0.9 

0.956 

0.127 

0.000068 

0.95 

0.661 

0.164 

0.00136 

1.00 

*  0.311 

0.322 

0.044 

1.05 

0.138 

0.583 

0.25 

1.10 

0.0981 

0.868 

0.374 

1.20 

0.0644 

1.175 

0.525 

1.40 

0.0364 

1.546 

0.694 

1.60 

0.0250 

1.351 

0.778 

2.00 

0.0144 

1.047 

0.865 

2.50 

0.00873 

0.823 

0.916 

3.00 

0 . 00589 

0.680 

0.942 

4.00 

0.00323 

0.505 

0.967 

287.  Design  of  a  Compensator  to  Give  a  Retardation  Time 
of  a  Constant  Amount  T  Seconds  per  Section  Substantially 
Independent  of  the  Frequency  over  a  Significant  Range  of  Fre- 
quencies, and  to  Operate  with  Terminal  Apparatus  of  Giveo 
Resistance. — For.  this  purpose  we  shall  use  a  line  of  Tjrpe  II. 
In  equation  (131)  it  is  shown  that  for  ranges  of  o)  for  which  (132) 
is  fulfilled,  the  angle  of  retardation  per  section  is 

fp  =  (ay/LiCt, 
whence 

T  =  iplu>^  VL^i  (156) 

where 

T  =  time  lag  in  seconds  per  section  of  the  line  intro- 
duced into  the  current  by  the  hne. 

The  discussion  of  T  is  found  in  equation  (97)  and  thereabouts. 

The  value  of  T  given  in  (165)  is  correct  only  provided  w  is 
sufficiently  removed  from  the  cut-oflf  frequency  which  we  shall 
specify  as  having  the  angular  velocity  «o. 


u 


Chap.  XVI]  LINES  AND  FILTERS  321 

The  angular  velocity  of  the  cut-off  frequency  is  the  value  of 
<jj  at  which  the  last  brace  under  the  outer  radical  of  (124)  changes 
sign.     This  is  approximately  the  value  of  o)  at  which 

^  =  4  (157) 

or  by  (121)  

coo  =  2/\/LiC2  (158) 

where 

coo  =  angular  velocity  of  cut-off  frequency, 
which  is  the  angular  velocity  above  which 
the  currents  are  highly  attenuated. 

It  is  to  be  noted  that  we  can  determine  the  product  of  L\Ct  either 
by  specifying  the  desired  time  lag  T  per  section  and  using  (156), 
or  by  specifying  the  cutroff  angular  velocity  w©  and  using  (158). 
//  we  proceed  by  specifying  T,  we  must  make  T  small  enough  to 
raise  the  angular  velocity  of  the  cutroff  frequency  to  give  the  operating 
range  of  frequency  required  of  the  apparatus. 

The  next  step  in  setthng  upon  the  essential  constants  of  the' 
compensator  is  the  choice  of  the  impedance  of  the  terminal 
apparatus.  The  imi>edance  of  the  input  apparatus  zq,  the  im- 
pedance of  the  output  terminal  apparatus  Zt  and  the  surge  im- 
pedance Zt  of  the  line  must  be  equal  to  avoid  reflections  in  the 
line,  and  to  obtain  a  maximum  transfer  of  energy  to  the  output 
apparatus.  If  we  operate  the  line  in  the  region  of  frequencies  in 
which  (166)  holds,  then  by  (133) 

Zi  =  y\^-^  =  Zq  =  Zt  =  Ro  (say)  (159) 

The  several  impedances  in  (159)  being  equal  to  the  radical 
expression  are  real  quantities  independent  of  the  frequency,  and 
must  be  of  the  nature  of  pure  resistances. 

m 

Ro  =  resistance  of  the  input  apparatus  and  of  the  output 
apparatus,  which  must  be  both  inductanceless  to  avoid  reflection. 

It  may  not  be  possible  to  utilize  terminal  apparatus  of  the 
nature  of  pure  resistances  and  attain  the  results  desired.  In 
that  case,  we  can  not  avoid  reflections  at  the  junction  of  the 
line  with  the  terminal  apparatus,  and  we  shall  sometimes  need 
to  make  a  compromise  in  practice.  We  shall  not  here  enter  into 
'the  nature  of  a  profitable  compromise,  but  shall  proceed  on  the 
assmnption  that  (159)  may  be  fulfilled. 

Now  eliminating  between  (159)  and  (156),  we  obtain 

Li  =  RoT,     C2  =  T/Ro  (160) 

21 
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Equations  (160)  give  the  indxjLctance  and  capacity  per  section 
of  a  line  of  Type  II ^  designed  to  give  a  time-retardation  of  current 
by  the  amount  T  seconds  per  section,  and  designed  to  operate  between 
non-inductive  inpvJt  apparatus  of  resistance  Ro  and  non^ndudioe 
ouJtpvi  apparatus  of  the  same  resistance. 

By  equation  (148)  this  line,  if  its  elements  have  suflSciently  low 
resistance,  will  let  through  with  small  attenuation  all  frequencies 
of  angular  velocity  less  than 

wo  =  — i=  =  —  (161) 

2VX^       2T 

To  compute  the  performance  of  «uch  a  line  we  need  to  specify 
T  and  also  to  specify  the  resistance  R\  of  the  inductance  coils, 
but  this  need  be  done  merely  by  specifying  the  ratio  of  Ri  to  Li. 
We  give  in  Table  V,  the  computation  of  the  performance 
of  such  a  compensator  with  the  specific  values. 

R 
T  =  6.6  X  10-«  seconds,  and  ^  =  250. 

Table  V. — ^Performance  of  a  Compensator  Computed  to  Give  a  Time-lag  of 
T  "  6.6  X  10~*  Seconds  per  Section.    Given  Ri/Li  »  260 


w 

n 

a 

V 

T 
Beoonda 

•-»•• 

770 

123 

0.00802 

0.0505 

6.55X10-* 

0.923 

1,540 

245 

0.00812 

0.100 

6.50 

0.922 

3,080 

490 

0.00812 

0.201 

6.52 

0.922 

.  6,100 

980 

0.00825 

0.403 

6.55 

0.921 

9,240 

1,470 

0.0085 

0.607 

6.60 

0.920 

12,320 

1,960 

0.0088 

0.825 

6.75 

0.916 

15,400 

2,451 

0.0098 

1.06 

6.88 

0.906 

18,500 

2,944 

0.0101 

1.29 

6.97 

0.903 

21,600 

3,438 

0.0114 

1.54 

7.14 

0.892 

24,640 

3,922 

0.0135 

1.86 

7.54 

0.873 

27,720 

4,412 

0.0185 

2.25 

8.04 

0.831 

29,300 

4,660 

0.0258 

2.54 

8.70 

0.773 

30,800 

4,902 

0.127 

3.01 

9.80 

0.281 

30,954 

4,927 

0.133 

3.02 

9.80 

0.264 

31,108 

4,951 

0.171 

3.05 

9.80 

0.180 

31,416 

5,000 

0.216 

3.07 

9.80 

0.115 

33,880 

5,392 

0.339 

3.09 

9.15 

0.033 

36,960 

5,883 

0.487 

3.10 

8.40 

0.007 

38,500 

6,128 

0.837 

3.12 

8.05 

0.0002 

In  th^  first  column  of  Table  V  is  the  angular  velocity  of  the 
current,  which  is  determined  by  the  angular  velocity  of  the 


L 


Chap.  XVI]  LINES  AND  FILTERS  323 

impressed  e.m.f.  The  second  column  contains  the  frequency 
n  corresponding  to  the  given  values  of  o).  The  third  column  con- 
tains the  attenuation  constant  per  section. .  The  fourth  column 
contains  the  retardation  angle  per  section.  The  fifth  column 
contains  the  time-retardation  per  section  of  the  line.  The  last 
column  contains  the  ratio  of  the  current  in  the  tenth  section 
to  the  current  in  the  zeroth  section. 

Notice  that  the  time-retardation  per  section  changes  only 
about  one  per  cent,  in  the  range  of  frequencies  between  n  = 
123  and  n  =  1470.  Over  this  range  of  frequencies  the  line  can 
be  used  to  introduce  known  amounts  of  time-lag  by  introducing 
various  numbers  of  sections  of  the  line.  The  attenuation  for 
ten  sections  of  the  line  in  this  range  is  slight  since  over  90  per 
cent,  of  the  current  gets  through. 

As  we  pass  up  to  higher  frequencies,  the  time-lag  per  section 
changes  considerably. 

At  n  ^  4902  the  cutting  off  effect  of  the  line  begins  to  make  its 
appearance,  and  at  n  =  5883,  the  current  in  the  tenth  section 
is  lees  than  one  per  cent,  of  the  current  in  the  zeroth  section. 

It  is  to  be  noted  that  by  making  T  smaller,  the  time-lag  per 
section  can  be  made  nearly  constant  for  higher  frequencies  than 
those  given  in  this  table.  In  fact  by  making  T  sufficiently  small 
this  compensator  action,  by  which  is  meant  the  introduction  of 
time-retardation  substantially  independent  of  the  frequency, 
can  be  made  applicable  to  the  ordinary  ranges  of  radio  frequency. 
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CHAPTER  XVII 

ELECTRIC  WAVES  ON  WIRES  IN  A  STEADY  STATE 

288.  Two  Methods. — There  are  two  possible  methods  of 
treating  the  propagation  of  electric  currents  along  wires;  namely: 

I.  By  considering  the  wires  as  a  limiting  case  of  an  electrical 
S3rstem  with  recurrent  similar  sections,^  utilizing  the  facts 
obtained  in  Chapter  XVI; 

II.  By  building  up  directly  the  differential  equations  for 
the  currents  on  the  wires  and  solving  the  equations  anew.' 

We  shall  employ  the  former  of  these  methods.  We  shall  treat 
the  problem  only  for  the  steady-state  condition. 

289.  Diagramy  Notatioiiy  and  Impedances. — Referring  to 
Fig.  1,  suppose  that  we  have  two  parallel  wires,  with  a  source 
of  e.m.f .  at  e,  having  a  complex  impedance  zo,  and  with  an  output 
apparatus  at  T,  having  a  complex  impedance  Zt,  let  it  be  re- 
quired to  find  the  current  t  at  any  time  t  and  at  any  distance 
X  from  the  e.m.f. 

The  wires  have  certain  resistance,  and  inductance,  per 
element  of  length,  and  they  have  a  certain  capacity  per  element 
of  length. 

Let  there  be  a  certain  current  i  flowing  out  through  the  top 
wire  at  a  distance  x  from  the  e.m.f.,  and,  on  account  of  sym- 
metry, let  there  be  an  equal  current  in  the  opposite  direction 
in  the  lower  wire  at  the  same  distance  x  from  the  e.m.f. 

As  in  Fig.  2,  let  us  divide  the  wire  into  lengths  Ax,  and  for 
each  length  Ax  let  us  suppose  a  capacity  d  between  the  wires. 

^  For  an  infinite  line  this  method  was  employed  by  £.  P.  Adams,  Proc. 
Am,  Philosophical  Soc,,  49,  1910. 

'  This  method  was  employed  in  a  special  case  by  Sir  William  Thomson 
(Lord  Kelvin)  in  an  examination  of  the  feasibility  of  the  Atlantic  Cable  in 
1855,  published  in  Proc.  Roy.  Soc.,  May,  1855.  The  general  problem  of 
waves  on  wires  was  first  treated  by  Kirchhoff,  Pogg,  Ann.j  100,  1857. 
Further  extensive  work  on  the  subject  was  done  by  Heaviside.  Phil,  Mag-i 
1876,  and  Electrical  Papers,  Vol.  1,  p.  53. 
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The  wire  is  thus  divided  into  elemental  sections  of  length  Ax, 
The  shunt  capacity  per  section  is  then, 

C,  =  CAx  (1) 

where  C  =  capacity  per  unit  of  length  of  the  wires. 


Fio.  1. — Two  parallel  wires.     Fio.  2. — Resolution  of  two  parallel  wires  into  a 

system  of  elemental  sections. 

Assuming  that  there  is  no  current  leakage  between  the  wires, 
and  designating  the  complex  shunt  impedance  per  section  of  the 
system  as  Zt,  we  have 

;j,  =  _  j/6a)Ax  (2) 


Q 


I 
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Fio.  3. — The  mth  section  of  two  parallel  wires. 

Treating  the  line  as  made  up  of  sections  of  length  Ax,  equation 
(2)  gives  the  complex  shunt  impedance  per  section,  provided  there 
is  no  current  leakage  between  the  wires. 

Let  us  consider  next  the  series  impedance  in  each  of  the  sec- 
tions.    A  typical  section  is  shown  in  Fig.  3.     If  we  call  this 
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section  the  mth  section,  a  current  im  flows  in  the  parts  of  this 
section  not  common  to  the  next  sections;  that  is  to  say,  this 
current  flows  in  each  of  the  wires,  as  shown  in  Fig.  3. 
The  complex  series  impedance  of  this  section  is 

zi  =  RAx  +  jLoiAx  (3) 

where 

R  ^  resistance  per  loop  imit  of  length  =  the  resistance 
per  unit  length  of  outgoing  conductor  +  resistance 
per  unit  of  length  of  return  conductor; 
L  =  inductance  per  loop  unit  of  length  =  inductance 
of  the  two  wires  per  unit  length  of  the  duplex  83rstem, 
when  one  of  the  wires  is  a  return  conductor  for  the 
other. 

EquaUon  (3)  gives  the  complex  series  impedance  per  ftedion 
of  length  Ax, 

Here  we  may  note  one  other  simple  relation.  If  z  is  the 
distance  from  the  e.m.f.  to  the  mih  section,  then 

X  =  mAx  (4) 

290.  Attenuation  Constant  and  Retardation  Angle  per  Loop 
Unit  of  Length  of  the  Wires. — The  system  of  Fig.  2  is  an  example 
of  a  line  of  Type  II  of  Chapter  XVI,  and  has  the  attenuation 
constant  and  retardation  angle  per  section  (that  is-,  per  length  Ax) 
given  in  (124)  and  (125),  Chapter  XVI,  in  which  by  (121), 
Chapter  XVI,  and  (3)  and  (2)  of  the  present  chapter, 

171  =  /e/Lw,         ^  =  LCco*(Aa:)2  (5) 

Introducing  these  values  into  (124)  and  (126)  of  Chapter  XVI, 
and  calling  the  resultant  quantities  Aa  and  A^,  since  they  are 
values  per  length  Ax,  we  obtain 


ILC    I   [R^ 


]' 


Aa  =   sinh-i    wAx  J-^-  \\  rw-i  +  1  -  If  (6) 


A(p  —  sin 


In  deriving  these  equations,  we  have  omitted  within  the  radi- 
cal terms  added  to  unity  and  having  a  factor  Ax,  because  we  are 
going  to  make  Ax  approach  zero,  and  such  terms  would  ultimately 
disappear.    The  external  multipUer  Ax  we  keep,  because  the 
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quantities  Aa  and  A<p  which  appear  on  the  left-hand  sides  of  the 
equations  are  increments  of  the  same  order  as  Ax. 

If  we  now  look  at  equation  (28),  Chapter  XVI,  we  shall  notice 
that  the  complex  current  amplitude  in  the  mth  section  contains 
factors  of  the  form  €'*"•,  where  by  (40)  of  Chapter  XVI 

k  -  a  +  jip  =  Aa  +  jA<p, 

in  the  present  case  of  small  sections.    Hence,  employing  (4), 
we  obtain 

where 

«  =  A^'  ^  =  Ai  (®^ 

in  which  for  continuous  values  of  Xy  we  must  take  the  limit  of 
(9)  and  (8)  as  Ax  approaches  zero,  giving 

dx  dx  ^     ^ 

Equations  (10)  give  the  attenuation  constant  a  and  the  angle 
of  retardation  ip  per  unit  length  of  ihe  wires. 

In  terms  of  these  quantities  €"*"*  taken  for  a  continuous  line 
the  form  given  in  (8),  where  x  is  the  length  from  the  e.m./.  along 
(he  wires  to  the  section  of  the  wires  under  consideration. 

We  may  now  obtain  values  of  a  and  /5  from  (6)  and  (7)  by 
dividing  by  Ax  and  taking  the  limit  as  Ax  approaches  zero,  noting 
that  the  antihyperbolic  sine  and  the  antisine  approach  their 
moduli  as  Ax  approaches  zero.    By  this  operation  we  obtain 


+  1-1  (11) 


^  =  ^\/?\'>/^^+^  +  ^  (12) 

Equations  (11)  and  (12)  give  respectively  the  attenuation  constant 
and  the  retardation  angle  per  unit  length  of  the  pair  of  wires.  <a 
is  ihe  angular  velocity  of  the  impressed  e.m.f.  R,  L,  and  C  are  re- 
spectively the  Resistance,  Inductance,  and  Capacity  per  loop  unit 
of  leng^. 

291.*  Approximate  Determination  of  a  and  fi  in  Special  Cases. 

I.  In  the  range  of  frequencies  in  which 

/e/Lco  <  1  (13) 
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we  may  expand  the  radicals  obtaining 

R   ICj.         R*     ,     R*  iH 

II.  In  the  range  of  frequencies  in  which 

R^/SLW  <  <  1  (16) 

equations  (14)  and  (15)  become 

p  =  (^VLC  (17) 

III.  In  the  range  of  frequencies  in  which 

R/L(a  >  1  (18) 

we  may  expand  the  radicals  in  (11)  and  (12)  and  obtain 

IV.  In  the  range  of  frequencies  in  which 

^R«  1  (21) 

Equations  (14)  and  (15)  give  respectively  the  attenuation  constant 
a  per  unit  length  of  the  line  and  the  retardation  angle  fi  per  unit 
length  of  the  line,  provided  {13)  is  satisfied. 

If  (16)  18  satisfied,  the  corresponding  values  of  a  and  fi  are  given 
by  (17).  Ur^der  conditions  (18),  a  and  P  are  given  by  (19)  and 
(20)  respectively.  Under  conditions  (21);  these  quantities  are  given 
by  (22). 

In  these  equaiions  R,  L,  and  C  are  respectively  the  Resistance, 
Inductance,  and  Capacity  per  loop  unit  of  length. 

292.  Surge  Impedance  of  the  Line. — If  in  (125a)  of  Chapter 
XVI,  we  replace  Ri  and  Li  by  R^  and  L^x  respectively  and 
neglect  terms  involving  (Ax)^  in  comparison  with  unity,  we  shall 
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have  for  the  surge  impedance  Zi  of  the  continuous  line,  the  value 

Equation  (23)  is  the  exact  expression  for  ihe  surge  impedance 
of  the  amtinuous  line  in  which  R,  L,  and  C  are  respectively  the  Re- 
sistance, Inductance,  and  Capacity  per  loop  unit  of  length  of  the 
line. 

This  becomes  '^ 


Zi  =  J^,  provided  R^/2LW  <  <  1  (24) 


It  becomes 


Zi  =  v^  J^^  provided  L^c»>y2R^  <  <  1 


(25) 


293.  Reflection  Coefficients.     Condition  for  No  Reflection. 

The  complex  reflection  Coefficient  X  at  the  input  apparatus 
by  (39),  Chapter  XVI,  is 

^  X  =  ^^^  (26) 

Zi  +  Zq 

where  zo  =  impedance  of  input  apparatus. 

Likewise  the  complex  reflection  coefficient  Y  at  the  output  ap- 
paratus is 

Y  =  ^^-^  (27) 

Zi  -V  Zt 

where  zt  —  impedance  of  output  terminal  apparatus. 

294.  General  Expression  for  the  Complex  Current  Amplitude 
at  a  Distance  x  from  the  Impressed  e.mi..  When  the  Length 
of  the  Parallel  Wires  from  Input  Apparatus  to  Output  Apparatus 
is  1. — ^To  obtain  this  value,  we  shall  use  the  general  equation 
(28),  Chapter XVI,  with  proper  transformation  to  suit  the  smooth 
line  problem. 

We  have  already  found  in  (8)  of  the  present  chapter  that 

-km  __      -ax  -j fix 

c  ~^    c  c  « 

In  this  we  have  made  the  mth  section  a  distance  x  from  the 
e.m.f.  The  total  length  of  the  present  line  is  to  be  I,  and  the 
total  number  of  sections  of  the  discrete  line  of  equation  (28), 
Chapter  XVI,  was  n,  so  that  if  we  replace  m  by  n  and  x  by  Z, 
we  have  by  the  equation  next  above 

^.,n    ^    ^-al^-m  ^28) 
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Also  in  Chapter  XVI,  equations  (30)  and  (32),  we  have 

-  6(€^  -  a?)  -^  Zo  +  Zi  (29) 

Substituting  these  several  values  into  (28),  Chapter  XVI, 
and  designating  the  resulting  value  of  A «  by  the  A,,  we  have 

E 

ZQ  +  Zi 


(30) 


^    jfy^-«(22+*)^-y^(2f+*) 

+ } 

In  deriving  this  equation  we  have  assumed  that  the  impressed 
e.m.f .  is 

e  =  E^"^  (31) 

The  complex  current  at  a;  is 

i,  =  Aj^  (32) 

and  is  valid  only  in  the  steady  state. 

Equation  (30)  is  a  general  expression  far  the  complex  current 
amplitude  A  gat  a  distance  x  from  the  impressed  e.m.f,  y  for  the  case 
of  two  parallel  wires  each  of  length  I,  terminated  by  an  output  appa- 
ratus of  impedance  Zt  connecting  the  two  wires  together  ai  their 
outer  end.  The  input  apparatus  has  impedance  zo  and  connects 
the  wires  together  at  their  input  end.  The  values  of  Zi,  X,  and  Y 
are  given  in  (23),  (26),  and  (27). 

296.  Real  Current  for  an  Infinite  Smooth  Line  or  a  Line  with 
Non-reflective  Output  Impedance.  Velocity  of  Propagation. 
Phase  Change  by  Reflection. — If  the  line  is  infinite,  or  if  F  =0, 
aU  of  the  terms  after  the  first  in  (30)  disappear,  and  if  we  make 
the  impressed  e.m.f. 

6  =  £  sin  <at  (33) 

and  take  1/j  times  the  imaginary  part  of  (32),  in  which  A«  has 
been  replaced  by  its  value  from  (30),  with  all  the  terms  of  (30) 
after  the  first  set  equal  to  zero,  we  obtain 

t.  =  I  ,'ax  sin  {^(t  _  ^)  _  e']  (34) 


where 


Z-Vr^  +  X'^     (?'  =  tan-M|}  (35) 
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The  values  of  R  and  X  are  resistance  and  reactance,  respec- 
tively of  Zo  +  Zt-;  that  is, 

zo  +  Zi  =  R+jX  (36) 

Equation  (34)  gives  the  current  at  distance  x  from  the  source  of 
e.m.f.  for  two  parallel  wires  infinite  in  extent^  or  with  a  non-re^ 
flective  output  impedance. 

The  expression  (34)  may  be  looked  upon  as  made  up  of  the 
product  of  three  factors  as  follows : 

E 

=  =  amplitude  of  current  at  a;  =  0. 

Z 


€""*"  =  attenuation  factor, 

by  which  the  current-amplitude  at  x  =  0  is  to  be  multiplied  to 
get  the  current-amplitude  B.tx  —  x, 

Bin{w(i— /3x/«)— ^0  =  the  periodic  factor,  which  is  periodic  in 
t  and  periodic  in  x. 

It  may  be  noted  that  in  the  periodic  factor 

d'     =  lag  of  current  behind  e.m.f.  at  a;  =  0. 
Px    =  lag  of  current  at  x  =  x  behind  current  at 
X  =  0. 

We  may  now  obtain  the  velocity  of  propagation  by  noting  that 
the  periodic  term  sXt^t^  and  x  ^  x^  will  have  the  same  value 
that  it  has  at  ^  =  ^i  and  x  =  Xi,  provided 

h  -  /8X2/W  =  <i  -  pxi/(a  (37) 

whence 

X2  ~~  Xi 


<2   ~   ^l 


=  w/jS  =  velocity  of  propagation  (38) 


The  quantity  on  the  left  of  (38)  is  seen  to  be  the  velocity  of 
propagation,  because  ^2  ~-  ti  is  the  time  that  must  elapse  for  a 
given  phase  of  the  disturbance  to  travel  from  Xi  to  Xj,  and  what- 
ever the  values  of  Xi  and  Xt  the  ratio  of  the  distance  to  time  is 
independent  of  the  distance. 

Equation  (38)  shows  that  the  velocity  of  propagation  of  the  dis- 
turbance along  the  wires  is 

V  =  co//?  (39) 

where  fi  is  given  exactly  by  equation  (12),  and  is  further  given 
in  approximate  form  for  special  cases  in  (15),  (17),  (20)  and  (22). 
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AUhotigh  we  derived  v  an  the  assumption  of  a  non^ejUdioe  lint 
the  result  is  correct  for  any  line,  for  the  terms  after  the  first  in  (30) 
give  the  same  velocity  v  for  each  term.  We  must,  hoxoever,  when 
X  and  Y  are  complex  quantities  attrilmte  to  the  reflected  wme%  a 
change  of  phase  at  refledion,  which  is 

,  t coefficient  of  j  in  the  imaginary  part  of  F ,    ,.^. 

'^'•  =  **°     I real  part  of  X' T'    ^^^ 

and 

-  t  coefficient  of  j  in  the  imaginary  part  of  X »     .... 

*«=**°^ real  part  ofX '    ^^^^ 

Equations  (40)  and  (41)  give  the  angle  by  which  the  reflected 
current  lags  behind  the  incident  current  at  the  output  impedance 
and  the  input  impedance  respectively. 

296.  Velocity  and  Attenuation  of  High-frequency  Waves  on 
Parallel  Wires  or  on  Two  Concentric  Tubes. — The  velocity  of  a 
sinusoidal  current  in  the  steady  state  on  two  parallel  wires  is 

By  reference  to  the  value  of  P  given  in  (12)  it  is  seen  that  v 
is  in  general  a  function  of  the  frequency.  But  by  (16)  and  (17) 
it  iis  seen  that  if  a  is  sufficiently  large  to  make 

R^SLW  <  <  1,    then  v  =  1/VlC  (42) 

Equation  (42)  gives  the  velocity  v  of  propagation  along  two 
parallel  wires.  The  same  equation  evidently  holds  for  propagation 
along  two  tubes,  one  inside  of  the  other  and  coaxial  with  it.  In 
(42)  L  and  C  are  inductance  and  capacity  per  loop  unit  of  lengthy 
arul  the  unit  of  length  must  be  the  same  as  the  unit  of  length  occurring 
in  the  velocity. 

The  inductance  capacity  and  velocity  must  be  measured  in  some 
consistent  set  of  units. 

Formulas  for  the  inductance  and  capacity  of  parallel  n^ires 
and  of  concentric  tubes  are  well  known  as  follows: 

For  two  parallel  wires  in  which  the  current  is  flowing  only  on 
the  outside  siu^face,  one  being  a  return  wire, 

4m  log.^  c.g.s.  electrostatic  uruts  per  centimeter  of  .^. 
L  = J —     length  of  wires 

=  4m  log,  —  c.g.s.  electromagnetic  units  per  /^^ 

centimeter  of  length  of  wires 


tai 
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^M  log.  - 
=  — r^r^ —  henries  per  cm.  length  (45) 

in  which 

L  =  inductance  per  centimeter  (loop)  of  length, 
r  =  radius  of  one  wire, 
d  —  axial  distance  between  wires, 
M  »  magnetic  permeability  of  the  medium  between  the 

wires, 
c   =  ratio  of  electromagnetic  unit  of  quantity  to  electro- 
static unit  of  quantity  =  3  X  10^®  cm./sec. 

In  the  same  case  the  capacity  is 

k 
—7  c.g.s.  electrostatic  units  per  loop  .  ^. 

4  iQg^  ?L     centimeter  of  length  of  wires  '^"^ 


C  = 

41oK. 
r 


k 
= -7  c.g.s.  electromagnetic  units  per  loop        . , «.   • 

4c*logt—    centimeter  of  length  of  wires  ^^'^ 

= -T  farads  per  loop  centimeter  ... 

4c'  log.  --    of  length  of  wires  ^^^^ 

where 

C  =  capacity  per  loop  centimeter  of  length  of  wires, 
k  =  dielectric  constant  of  the  medium  between  wires, 
c   =  ratio  of  units  =  3  X  10*®  cm./sec. 

In  like  manner  for  two  coaxial  tubes  with  the  current  only 
on  the  adjacent  surfaces 

e.s.u.  e.m.u.  henries 

2Mlog.|-*                  ^       2m  log  I?  P«^^P°P,         (49) 
T  _        ^Ri  _n  I      R*  _ Ri  centimeter      ^     ' 

^ 7»  2'*'°«* ft, l05~"of  length 

e.s.u.  e.m.u.  farads 

r  —        fe       _         k         _       klO^      per  loop  ..^v 

oi       *a  ~o  «i       ^2      o2i^     ^2  centimeter 

in  which 

Ri  =  inner  radius  of  outer  cylinder, 
Ri  =  outer  radius  of  inner  cylinder. 
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By  taking  the  square  root  of  the  product  of  L  and  C  in  any 
one  of  the  sets  of  units,  for  the  case  of  the  parallel  wires  or  for 
the  case  of  the  coaxial  tubes,  we  obtain  by  (42) 


V  =  c/y/kix,  provided  BVSL^w^  <  <  1 


(51) 


Equation  (51)  gives  the  velocity  cf  propagation  of  high-frequency 
uxwes  on  tv>o  parallel  wires  or  on  ttvo  coaxial  tubes.  In  this  equation 
c,  which  is  the  ratio  of  the  etectromagrhetic  unit  of  quantity  to  the 
electrostatic  unit  of  quantity,  has  been  shown  by  experiment  to 
be  equal  to  the  velocity  of  light.  If  the  medium  between  the  wires 
is  a  vacuum  k  ^  n  ^  l,  and 

V  =  c  (52) 

that  is,  the  velocity  of  the  high-frequency  waves  on  parallel  wires 
or  coaxial  tubes  is  equal  to  the  velocity  of  light,  when  the  medium 
around  the  wires  or  between  the  tubes  has  dielectric  constant  and 
permeability  unity. ^ 

As  to  the  attenuation  constant  in  this  case  of  high-frequency 
waves,  a  substitution  of  C  in  farads  and  L  in  henries  per  unit 
length  into  (17)  for  a  gives 


R   Ik 


1201og,^ 


for  parallel  wires 


(53) 


'  Direct  experimental  determinations  of  the  velocity  of  high-frequency 
waved  on  wires  have  been  made  as  follows: 


Observer 


Velocity  in 
centimeters  per  second 


Published  in 


Blondlot 

Trowbridge    and 
Duane 

Saunders 


2.930X101'' 
12.980 
2.980 
3.003 
2.954 
2.994 
2.998 
2.998 
2.995 
2.999 


Comp.  Rend.,  117,  p.  543,  1893. 
Am.  Joum.  of  Sci.,  49,  p.  297,  1895. 


Phys.  Rev.,  4,  p.  81,  1896. 


For  best  determinations  of  the  velocity  of  light  see  Book  II,  Chapter  Vf, 
Art.  42. 
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and 

a  =  -jr-v/ 5-  for  coaxial  tubes  (54) 

■ 

where  k,  /x,  d,  /J,  Ri  and  Rt  have  values  given  above. 
'  Equations  (53)  and  (54)  give  the  attenuation  constants  per  loop 
unit  of  length  for  two  paralld  wires  and  for  two  coaxial  tubes 
respectively.  In  these  equations  R  is  the  resistance  in  ohms  per 
loop  unit  of  lengthy  u^ng  the  same  unit  of  length  that  is  applied 
to  the  aUenuation  constant. 

These  equations  apply  only  to  cases  of  sufficiently  high  frequency 
to  make  R^/SL*co^  negligible  in  comparison  with  unity. 

297.  Stationary  Hifi^-frequency  Waves  on  Two  Parallel 
Wires  Open-ended  at  Outer  End  and  Non-reflective  at  Input 
Bnd. — Reference  is  made  to  Fig.  4.    Let  the  length  of  one  wire 

1 ^ 


-fl^ 


■Hx 


(56) 


Fig.  4. — Showing  direct  and  reflected  distanceB. 

from  the  e.m.f .  to  the  open  end  be  I.    The  open  end  is  equivalent 
to  an  infinite  terminal  resistance.    Therefore  by  (27) 

F=  -1  (55) 

We   shall   now   make   the   input   impedance   non-reflective, 
which  by  (26)  and  (24)  gives 

X  =  0;  2o  -  «<  =  VA/C, 
provided 

ieV2L W  <  <  1 
Also  referring  to  (35)  and  (36)  we  have 

Z  =  2\/l7C,  and  ^'  =  0  (57) 

If  now 

6  =  B  sin  u)t  (58) 

and  we  take  the  sine  part  of  (30),  with  attention  to  (55),  (56) 
and  (57),  we  obtain 

— ^{€-«8in  [a>(<-a:/t;)l-€-«<2«-.)  gin  [«(<-(2J-a;)/t;)]} 

(59) 


i»  = 
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where 

V  =  c/VkJA  (60) 

k  and  /x  »  dielectric  constant  and  permeability  of  medium  around 
the  wires,  and  where 


R  fC 


(61) 


Equation  (59)  gives  the  steady-state  current  at  the  distance  x 
from  the  e,m,f,  for  the  case  of  high-frequency  waves  on  tvH)  paraUd 
wires  of  length  I  open-ended  at  the  outer  end  and  non-reflecttve  at 
the  input  end.  The  current  is  seen  to  be  the  resultant  of  two  wave- 
systems  — one  passing  direct  from  the  source  of  e.m.f.,  and  the 
other  reflected  with  a  reversal  of  sign  from  the  open  end  of  the  system. 
The  out-going  wave  has  traveled  a  distance  x  and  the  reflected  wave 
has  traveled  a  distance  I  +  I  —  x. 

It  is  to  be  noted  that  at  the  outer  end  of  the  wires,  where 
X  =  If  equation  (59)  gives  i  =  0. 

On  the  other  hand,  at  x  =  0,  the  current  is 

to  =        £— (sin  co<  -  c-2«'  sin «(«  -  2l/v)}  (62) 

Equation  (62)  gives  the  current  at  the  input  end  of  a  line  with 
non-reflective  input  impedance  and  vnth  outer  end  of  the  line  open. 

From  equation  (62)  it  may  be  noted  that  if  €~*"'  is  nearly 
equal  to  unity,  we  shall  get  the  largest  value  of  to,  if  we  make 
the  length  of  the  line  such  that  the  second  term  is  brought  into 
phase  with  the  first  term;  that  is,  if 

2(d/v  =  V,  3ir,  57r,   .    .    .  (63) 

If  we  multiply  numerator  and  denominator  of  (63)  by  T,  the 
period  of  the  e.m.f.,  and  note  that 

coT  =  27r,  and  vT  =  Xi 

where  Xi  =  the  wavelength  of  the  waves  on  the  wires,  we  have, 
as  the  condition  for  a  maximum  value  of  io, 

I  =  Xi/4,  3X,/4,  5Xi/4,*  ...  (64) 

When  the  attenuation  factor  €"*"'  is  nearly  equal  to  unity, 
we  obtain  a  maximum  amplitude  of  current  at  the  input  end  when 
the  length  of  each  of  the  wires  is  an  odd  number  of  half  v)avelengths 
of  the  waves  on  wires;  provided  the  outer  end  of  the  system  is  open- 
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endedy  and  provided  the  input  impedance  is  non^eflective  and  is 
excited  by  a  high-frequency  sinusoidal  e.mj. 

298.  Stationary  High-frequency  Waves  on  Two  Parallel  Wires 
Non-reflective  at  the  Input  End  and  Terminated  by  a  Con- 
denser C  at  Outer  End. — Reference  is  made  to  Fig.  5. 

The  output  terminal  impedance  in  this  case  is 

zj. j/C'o)  (65) 

The  input  impedance  and  the  surge  impedance  of  the  line  are 

«o  =  2i  =  y/LjC  =  fto  (say)  (66) 

where  L  and  C  are  [inductance  and  capacity  per  loop  unit  of 
length  of  the  wires.  Equation  (66)  in  the  condition  for  non- 
reflection  at  input  end. 


■f 


Uc 


-»- 


FiO.  5. — Parallel  wires  connected  at  outer  end  through  a  condenser  C. 

Introducing  (65)  and  (66)  into  (27)  we  have  for  the  reflection 
coefficient  at  the  outer  end  of  the  line 

Rq  —  i/C'oi 

The  last  step  is  taken  by  the  principles  of  Chapter  IV.    In- 
troducing these  values  into  (30)  and  passing  to  the  case  of 

e  =  jP  sin  (at  (68) 

we  have 

E 


1.  = 


— |€-«*8in«(<  -  x/v)  + 

,— (2r-x)  sin  |^^(^  _  (21  -  x)/v)  +  2  tan~i  ^^j  [        (69) 

Equation  (69)  gives  the  current  at  x  uthder  the  conditions  stipulated 

in  the  caption. 

If  we  make  x  =  0,  we  obtain  for  the  current 

E 


*"  "  2Ro 

22 


j  sin  «t  +  6-2-'  sin  [u>{t  -  2l/v)  +  2  tan"^  ^-^]  j    (70) 
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We  may  call  the  system  resonant  with  the  angular  velocity 
«,  when  the  length  of  the  wires  or  when  the  capacity  C  is  so 
adjusted  as  to  give  a  maximum  amplitude  of  the  current  tV 
•  When  €"^*'  is  nearly  unity,  z©  is  a  maximiun  if 

-2tan-i^-^+^  =  0,2ir,4ir,6ir,   .    .    .  (71) 

Equation  (71)  gives  a  series  of  relations  among  C,  Z,  and  w, 
which  are  proper  relations  to  make  to  a  maximum  toith  the  system 
of  circuits  shown  in  Fig.  5,  consisting  of  two  parallel  wires  terminated 
at  their  outer  end  by  a  bridging  condenser  C  and  having  the  e.mj. 
applied  through  an  impedance  that  is  non^eflective  with  resped 
to  the  line. 

299.  Examination  of  the  Resonant  Fundamental  System  of 
the  Type  of  Fig,  5.— As  an  introduction  to  the  general  subject  of 
distributed  capacity  in  coils,  we  shall  examine  further  the  system 
shown  in  Fig.  5  with  reference  to  its  adjustment  tor  fundamental 
resonance  with  the  impressed  e.m.f.  By  fundamental  resonance 
we  shall  mean  the  resonance  that  gives  a  maximum  amplitude 
of  current  at  x  ==  0  without  any  other  maximum  amplitude  of 
current  along  the  wires.  This  is  to  be  distinguished  from  har- 
monic resonance  in  which  there  will  be  a  series  of  current  maxima 
between  the  e.m.f.  and  the  condenser. 

At  fundamental  resonance,  the  quantities  satisfy  (71)  with  the 
right-hand  side  set  equal  to  zero,  so  that 


=  tan" 

V 


Taking  the  tangent  of  both  sides  of  this  equation,  and  re- 
placing Rq  by  its  value  from  (66)  into  which  v  is  introduced 

from  (42),  we  obtain 

,      ici)  C  Cv  /-ox 

tan—  =  ^7 — >     :  =  y^r-  v^' 

V       C'ooy/LC       C"(o 

whence 

1<A)    ,  l(t)  CI  fmi\ 

-  tan  -  =  7^  /4) 

V  V       C 

Equation  (74)  gives  the  relation  between  the  attached  condenser 
C'f  the  length  of  the  parallel  wires  I,  and  the  impressed  angvkr 
velocity  «  that  must  be  fulfilled  to  give  the  maximum  current  ampli- 
tude at  the  e.m.f,  for  the  fundamental  adjustment  of  a  system  of 
the  form  of  Fig.  6,  actuated  by  a  high-frequency  e.m.f. 


I 
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As  an  approximation,  let  us  expand  the  tangent  by  the  formula 

.2- 


and  take  the  reciprocal  of  (74)  obtaining 

1 


b'<'i\ 


C  =Cl 


V' 


=  CI 


^, -i},  provided  j|5(^)*«l 


(75) 


If  now  we  wish  to  express  this  result  in  terms  of  the  wave- 
length X  in  free  space  of  a  wave  of  angular  velocity  o),  we  may 
write 

^^  (76) 


CD    = 


'xt 


Fig.  6. — LineBr  relation  of  x*  to  C. 


whence  (75)  becomes 


By  transposition,  and  replacing  C»*  by  1/L,  we  obtain 

'l*LCy 


provided 


X»  =  4tV(ILC")  +  4t'c*  r-j^) 


i|^^T«> 


(77) 


(78) 


Equations  (77)  and  the  inequality  (78)  may  also  be  written 
\'  -  Xo*  =  B*C',  provided  i  (^)  '<  <  1  (79) 


where 


B'  =  4^VIL,    and  Xo*  =  BHC/Z 


(80) 
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Equation  (79)  gives  the  capacity  C  that  musl  he  placed  at  the 
outer  end  of  two  parallel  wires  each  of  length  2,  to  bring  the  system 
to  resonance  with  an  impressed  e.m.f.  whose  wavelength  in  free 
spa>ce  is  X.  This  equation  applies  accurately  provided  the  condition 
stipulated  in  (79)  is  met,  ,  If  various  values  of  X*  and  the  corre'- 
sponding  values  of  C  with  fixed  value  of  I  are  plotted  the  result  is 
a  straight  line  of  the  form  of  Fig.  6. 

300.  Approximate  Application  to  a  Coil  of  Distributed  Capacity. 
The  result  obtained  in  the  form  of  (79)  for  the  condition  under 
wliich  a  system  of  two  parallel  wires  with  a  condenser  at  the  outer 
end  is  resonant  to  an  impressed  e.m.f.,  is  found  by  experiment' 
to  hold  approximately  for  a  coil  attached  to  a  condenser  as  in 
Fig.  7. 


B.M.F.  of 
wave  leofftb.  X 

impresBed  here 


C 


Fia.  7. — Coil  and  condenser. 

If  we  apply  to  the  coil  an  e.m.f.  near  its  middle  section,  as 
may  be  done  by  induction  from  another  oscillating  circuit,  and 
if  we  give  to  the  impressed  e.m.f.  various  wavelengths  X,  and 
resonate  by  giving  the  condenser  C  various  values  of  capacity, 
it  is  found  that  an  approximate  relation  in  the  form  of  (79)  holds, 
in  that  X^  minus  a  constant  Xo^  is  proportional  to  C,  and  the  plot 
of  the  result  is  similar  to  Fig.  6. 

This  result  can  be  accounted  for  by  attributing  to  the  coil 
a  capacity  per  unit  length  and  an  inductance  per  unit  length 
(of  wire  or  of  axial  length)  provided  the  product  of  these  quan- 
tities is  constant  for  different  sections  of  length.  It  is  not  be- 
lieved that  this  is  exactly  the  case,  but  is  true  to  the  degree  of 
approximation  to  which  the  linear  relation  of  X*  to  C  is  true. 


^  J.  C.  Hubbard,  "On  the  Effect  of  Distributed  Capacity  in  Single  lAy^r 
Solenoids,"  Phya,  Rev.,  9,  p.  529-541,  1917. 
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301.  Difference  of  Potential  Between  Two  Parallel  Wires 
in  Relation  to  Current  Distribution  Along  the  Wires. — Returning 
now  to  thie  general  problem  of  the  transmission  of  electric  dis- 
turbances along  two  parallel  wires,  we  may  note  the  following 
general  relations  that  are  true  whatever  the  terminal  conditions 
of  the  wires  and  whether  the  currents  are  in  a  steady  state  or  not. 

We  omit  only  from  consideration  the  cases  in  which  there  is 
leakage  of  current  across  front  one  wire  to  the  other  in  the  region 
of  length  under  consideration. 

Reference  is  made  to  Fig.  8.  Let  a;  be  a  distance  along  the 
wires  measured  from  some  arbitrary  origin.  Let  Ao;  be  an  ele- 
ment of  length  at  x.    Let  i  be  the  current  flowing  into  the  ele- 


''  J 


*^  ^^ 


n 


LA 


V 

I 

I 

I 
^  I 

! 

I 


«>^ AiB- 


Fio.  8. — Used  to  obtBin  relation  of  «  to  t. 

ment  Ax  at  any  time  t,  where  i  is  some  function  of  x  and  t;  that  is 

i  =  i(x,  t)  (81) 

where  the  i  on  the  right-hand  side  indicates  a  functional  relation. 

Equation  (81)  is  a  formal  expression  for  the  current  flowing  into 
the  section  Ax  at  x  and  t. 

To  get  an  expression  for  the  current  flowing  out  of  Ac,  we  need 
merely  note  that  this  current  is  at  a  distance  x  +  Ax  from  the 
origin,  and  write 

i'  =  i{x  +  Ax,  t)f 

which  expanded  by  Taylor's  Theorem  gives 

i'  =  i  +  ^Ax+    .    .    .  (82) 

where  the  dots  represent  terms  of  higher  order  in  Ar, 

Equaiion  (82)  is  a  formal  expression  for  the  current  flowing  out 
of  Ax, 
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If  now  we  let  e  be  the  average  excess  of  the  potential  of  the 
top  wire  over  the  potential  of  the  bottom  wire  and  note  that  the 
capacity  of  a  length  Ax  of  the  top  wire  is  CAx,  we  have  for  the 
charge  on  the  top  wire  in  the  element  of  length  Ax  the  value 

Aq  =  eCAz  (83) 

Now  by  Kirchhoff's  current  law  the  excess  of  current  flowing 
into  Ax  over  the  current  flowing  out  is  the  time  rate  of  increase 
of  charge  of  Ax;  that  is 

i  -  ^'  =  ^  (84) 

The  substitution  of  (81),  (82)  and  (83)  into  (84)  gives 

-  ^  Ax  +   .    .    .    =  CAx  — • 
ax  dt 

Dividing  this  equation  by  Ax  and  taking  the  limit  as  Ax 
approaches  zero,  and  noting  that  the  terms  of  higher  order  in 
Ax  disappear,  and  that  the  average  value  of  6  in  the  region  ap- 
proaches the  actual  value  e  at  x,  we  obtain 

Equation  (85)  is  an  important  differential  equation  connecting 
the  current  i  at  any  distance  x  at  any  time  t  with  the  difference  of 
potential  e  between  the  wires  at  the  same  x  and  L 

By  continuing  this  process  or  reasoning,  and  appl3ring  also 
Kirchhoff's  e.m.f .  law  to  the  element  of  length  Ax  of  both  wires, 
we  can  build  up  completely  the  proper  differential  equations  for 
the  waves  on  wire  and  obtain  all  of  the  results  obtained  above  by 
the  other  method.  We  shall  not  do  tMs,  but  shall  merely  make 
application  of  equation  (85)  to  a  single  case. 

302.  Distribution  of  Current  and  Potential  Along  Two  Parallel 
Wires,  with  the  Outer  End  Open,  and  with  a  Non-reflective 
Input  Impedance,  Assuming  Negligible  Attenuation. — Circuits 
for  this  case  are  given  in  Fig.  4.  If  the  attenuation  constant  a  is 
negligible,  the  current  may  be  obtained  from  (59)  by  replacing 
the  exponentials  by  unity.    This  gives 

i  =  — ^.=  {sin  u>{t  -  x/v)  -  sin  co[<  -  {21  -  x)/v]]     (86) 
2vL/C 
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Substituting  this  value  of  i  into  (85),  we  obtain 

• 

de l^di_ 

di  ~        C  dx 
1   <a        E 


C  V  2VL/C 


{cos  (a[t  —  x/v]  +  cos  w[<  —  (21  —  x)/vW. 


Integrating  this  equation  with  respect  to  i  and  replacing  v 
by  its  value  l/VXC,  we  obtain 

E 

e  =  -{sin  Jit  -  x/v]  +  sin  <a[i  -  {21  -  x)/v\\  (87) 

Equations  (86)  and  (87)  are  the  vdluee  of  current  and  potential 
at  distance  x  from  the  origin  at  time  t,  vrUh  the  electrical  system 
shown  in  Fig.  4. 

Let  us  next  take  the  special  case  in  which  the  amplitude  of 
current  on  the  wires  is  a  maximum.  By  (63)  and  (64)  this  is  the 
case  in  which  the  length  of  wires  I  satisfies  the  equation 


I  =  Xi/4,     3Xi/4,     5Xi/4,  .   .   ., 
or 

wl/v  =  7r/2,       3ir/2,       57r/2,  .    .    . 

In  this  case  (86)  and  (87)  become 


(88) 


E 

i  =  — y        {sin  «(<  —  x/v)  +  sin  w(<  +  x/v)\  (89) 

E 
e=  ^  {sin  (a{t  —  x/v)  —  sin  o){t  +  x/v)\  (90) 

By  expanding  the  sines  of  the  sum  and  difference  terms  and 
collecting,  these  equations  become 

E       .  <ax  .^  . 

%  =  — ,        sill  cot  cos  —  (91) 

VL/C  V 


and 


e—  —  E  cos  (Jit  sm  —  (92) 

v 


Equations  (91)  ar^  (92)  give  the  current  and  potential  along  two 
parallel  wires  of  length  an  odd  number  of  times  the  quarter  wavelength 
of  the  waves  on  the  wires ,  provided  the  outer  end  of  the  wires  is  open, 
and  provided  the  e.m.f.  is  impressed  through  a  non-reflective  im- 
pedance at  the  input  end.  The  current  and  potential  are  out  of 
phase  with  each  other  in  time  and  space. 
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Fig.  9. — Stationary  waves  on  wires. 
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303.  Plot  of  Stationary  Current  and  Potential  Waves  on 
Wires  of  §302. — A  plot  of  equations  (91)  and  (92)  for  two  different 
cases  is  given  in  Fig.  9.  In  this  figure  (a)  represents  the  wires; 
(6)  represents  the  current  distribution  along  the  wires  if  the  wires 
are  3^  wavelength  long;  (c)  represents  the  potential  distribution 
in  that  case.  The  curves  (d)  and  (e)  show  respectively  the  cur- 
rent distribution  and  the  potential  distribution  if  the  length  of 
each  of  the  wires  is  54  of  a  wavelength. 

In  each  of  the  diagrams  the  different  curves  correspond  to  dif- 
ferent times.  For  example,  in  (6)  and  (c)  these  curves  are  num- 
bered 0  to  11.  The  curves  numbered  0  in  the  two  diagrams  are 
respectively  the  current  and  potential  at  ^  =  0.  The  curves 
numbered  1,  2,3  .  .  ,  show  the  values  of  current  and  potential  at 
times  equal  to  K2>  ^2*  K2  ...  of  a  whole  period  after  (  =  0. 


BOOK  II 

ELECTRIC  WAVES 

CHAPTER  I 

ELECTROSTATICS    AND    MAGNETOSTATICS 

1.  Electric  Intensity. — In  a  field  of  electric  force  the  force  is 
said  to  have  at  every  point  a  certain  intensity,  which  is  defined 
as  the  force  with  which  a  unit  positive  charge  of  electricity  would 
be  impelled  if  introduced  at  the  point  without  changing  the  ex- 
isting distribution  of  force.  In  order  not  to  change  the  existing 
distribution  the  exploring  charged  body  must  be  a  very  small 
body  with  a  very  feeble  charge,  and  the  force  per  unit  charge  is 
obtained  by  dividing  the  force  by  the  charge. 

The  electric  intensity  is  a  vector,  which  we  shall  designate  by 
E  in  Clarendon  Type.  Throughout  this  volume  all  vectors  shall 
be  designated  by  heavy-faced,  or  Clarendon,  type;  all  scalars 
by  light-faced  type.  The  vector  components  of  E  in  the  direc- 
tions X,  y,  z  shall  be  designated  by  E^,  Ey,  and  E..  The  scalar 
magnitude  of  E  shall  be  designated  by  E  with  components  Eg, 
Eyj  and  En]  unit  vectors  along  the  axes  of  x,  y,  z,  shall  be  desig- 
nated by  iy  j,  k,  respectively. 

A  plus  or  minus  sign  between  vectors  means  a  vector  sum  or 
difference.    For  example, 

E  =  E,  +  Ey  +  E.  =  ^J  +  Ey}  +  EiL 

means  that  E  is  the  vector  sum  of  its  components;  that  is,  E 
is  in  magnitude  and  direction  the  diagonal  of  the  rectangular 
parallelopiped  with  E.,  Ey,  and  E«  as  adjacent  edges.  The 
magnitude  of  £  is  seen  to  be  given  by  the  scalar  equation 

E^  =  £.«  +  Ey«  +  En\ 

in  which  the  plus  sign  indicates  ordinary  addition. 

2.  No  Simple  Method  of  Computing  E. — In  the  most  general 
case  in  which  there  are  various  conductors  and  insulators 
aggregated  into  a  system  there  is  no  simple  method  of  computing 
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the  electric  intensity  E.  We  shall  be  able  to  arrive  at  the  laws 
governing  such  a  system  only  by  successive  generalizations 
from  simpler  systems.  The  generalizations  made  will  involve 
the  introduction  from  time  to  time  of  new  assumptions  which 
may  not  have  been  submitted  to  immediate  experimental  t^ts. 
Instead  of  resting  on  direct  tests  of  the  assumptions  themselves, 
the  validity  of  the  assumptions  may  require  to  be  established  by 
tests  made  on  the  consequences  of  the  assumptions. 

3.  Electrical  Intensity  Due  to  a  Single  Point  Charge  in  an 
Infinite  Vacuum. — In  this  simple  case  where  there  is  a  single 
point  charge  in  an  infinite  vacuum  the  electric  intensity  at  any 
point  distant  r  from  the  charge  has  the  magnitude 

E  =  q/r^  (1) 

The  direction  of  this  intensity  is  the  direction  of  r,  so  that  the 
magnitude  and  direction  of  E  is  expressible  in  the  vector  equation 

E  =  :^U,  (2) 


r 
In  these  equations 

E    =  electric  intensity  at  P  in  dynes  per  electrostatic 

unit  charge, 
q     =  electric  charge  at  0  in  electrostatic  units, 
r     =  distance  from  0  to  P  in  centimeters, 
Ur  =  a  unit-vector  in  direction  of  r  from  0  to  P. 

The  inversensquare  law^  for  electric  intensity,  as  expressed  in 
equations  (1)  and  (2),  has  been  put  into  an  integrated  form  and 
submitted  to  rigid  experimental  tests  by  Cavendish.^ 

4.  Effect  of  Dielectric  on  Electric  Intensity. — If  into  the  field 
surrounding  the  point  charge  various  dielectrics  are  introduced, 
the  intensity  is  in  general  changed  in  a  very  complicated  way. 
These  various  dielectrics  are  said  to  have  different  values  of 
inductivity^  or  dielectric  constant^ 

The  inductivity,  or  dielectric  constant,  of  the  medium  at  any 
point  will  be  designated  by  «,  which  is  in  general  a  function  of  the 
coordinates  x,  y,  z,  and  in  some  media  (those  of  a  crystalline 
character)  the  inductivity  is  also  different  in  different  directions. 

//  the  medium  is  infinite  in  extent  and  is  everywhere  of  the  same 

*  Due  to  Coulomb. 

'  Left  in  manuscript  published  by  Maxwell  in  1879. 
'  Attributed  by  Faraday  to  a  "certain  polarized  state  of  the  particles;" 
ExpenmerUal  Researches,  1295,  1298,  and  1304  (1837). 
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inductivilyy  the  electric  intensity  is  inversely  proportional  to  the 
inductivity  of  the  medium,  and  the  law  of  force  is  given  correctly 
by  the  equation 

with'  magnitude 


E  =  -^U,  (3) 


E  =  ii  (4) 

where  q  =  intrinsic  charge  (defined  in  next  section). 

This  proposition  is  proved  by  the  fact  that  it  gives  the  proper 
value  for  the  capacity  of  a  condenser  with  homogeneous  dielectric. 

6.  Definition  of  Intrinsic  Charge. — In  the  statement  of  the 
law  of  force  immediately  preceding,  the  charge  q  is  designated 
as  intrinsic  charge.  An  Intrinsic  Charge  is  a  charge  whose  time 
derivative  within  a  region  gives  the  ordinary  electric  current 
flowing  into  the  region.  A  body  which  contains  an  intrinsic 
charge  will  suffer  a  translation  if  placed  unsupported  in  a  uniform 
electric  field.  Intrinsic  charges  are  to  be  distinguished  from  the 
induced  charges,  that  are  sometimes  supposed  to  exist  in  dielec- 
trics, in  the  form  of  a  union  of  positive  and  negative  charges  capa- 
ble of  being  oriented  under  the  action  of  a  uniform  field,  but 
undergoing  ho  translation  in  such  a  field. 

In  modern  electron  theory,  intrinsic  charges  are  supposed 
to  be  duetto  free  electrons;  and  induced  charges  due  to  bound 
electrons.  The  motions  of  the  free  electrons  throughout  conduct- 
ors constitute  the  ordinary  conduction  currents  of  electricity. 
This  subject  will  be  considered  later,  but  for  the  present  the  only 
charges  referred  to  shall  be  the  intrinsic  charges. 

6.  Electric*-  ynriiicti^n. — Related  to  electric  intensity  it  is 
convenient  to  employ  a  second  vector  called  Electric  Induction, 
which  we  shall  designate  by  D,  with  components  D«,  Dy,  and  D«. 
Whether  the  medium  is  homogeneous  or  not  the  Electric  In- 
duction at  any  point  is  defined  as  the  product  of  the  electric 
intensity  at  the  point  by  the  inductivity  €  of  the  medium  at  the 
point.  In  a  non-crystalline,  or  isotropic,  medium  the  dielectric 
constant  is  the  same  in  all  directions,  and 


(5) 


D 

>«E 

D. 

=  cE. 

D, 

=  eEy 

D. 

=  «E. 
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On  the  other  hand,  if  the  medium  is  crystalline  (anisotropic) 
the  dielectric  constant  at  a  given  point  has  different  values  in 
different  directions,  and,  in  general, 


Dg    =    €gxEx    +    C«y£y   +    €aBEt 
Dy    =     tyzEx    +    ^yyEy    +    €ys£f 

Dz    =  U»Ex   +  ^MyEy   +  taiEn 


(6) 


7.  Definition  of  Flux  of  Induction. — ^At  any  point  P  in  a  given 
field  of  force  the  electric  induction  has  magnitude  and  direction 
that  are  functions  of  the  coordinates  of  P.  Suppose  an  element 
of  surface  dS  to  be  drawn  at  P,  and  let  the  normal  to  dS  have 

the  direction  N,  Fig.  1.  If  the  induction 
at  P  is  Dy  ^  flux  of  induction  through  dS 
is  defined  as  the  product  of  dS  by  the  normal 
component  of  D ;  that  is, 

d4>D  =  DdS  cos  (D,  N)  (7) 

where 

d4>D  =  the  flux  of  induction  through 
dS, 
D  =  magnitude  of  D, 
cos  (Dy  N)  =  cosine  of  the  angle  between 

D  and  N. 


Fio.  1. 


The  flux  of  induction  through  any  ex- 
tended smface  S  is  obtained  by  integrating 
e{0D  over  the  entire  surface: 


0  =  fDdS  cos  (D,  N) 


(8) 


8.  Proof  of  Gauss's  Theorem  for  a  Homogeneous  Dielectric. 

We  come  now  to  an  important  proposition  due  to  Gauss,  concern- 
ing the  flux  of  induction  through  a  closed  surface.  Let  us  suppose 
that  we  have  throughout  a  certain  region  a  homogeneous  di- 
electric of  dielectric  constant  c  and  that  there  is  an  intrinsic 
charge  q  of  electricity  concentrated  at  a  point  within  the  region, 
and  let  us  draw  within  the  homogeneous  region  any  closed  surface 
S  completely  enclosing  the  charge  q,  Pig.  2.  At  any  point  P  on 
the  surface  the  electric  induction  is  in  the  direction  of  r  and  has, 
by  equations  (4)  and  (5),  the  magnitude 


D  =  q/r^ 


(9) 
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The  total  flux  of  induction  outward  through  the  closed  surface  is 

4>D  »  fDdS  cos  0  (10) 

where  9  is  the  angle  between  D  and  N. 

Now  if  dQ  is  the  soUd  angle  subtended  at  q  by  dS,  it  is  seen  by 
the  geometry  of  the  figure  that 

dS  cos  e  =  r^Q  (11) 

whence^  by  substitution  of  (9)  and  (11)  in  (10), 

4>D  =  q  fdO,  =  Arq        (12) 
where 

^D  =  flux  of  induction  outward 
through  the  closed  surface. 

It  thus  appears  that  in  a  homo- 
geneous medium  the  flux  of  induc- 
tion outward  through  any  closed 
surface  is  independent  of  the  posi- 
tion of  q  within  the  enclosure.  The 
limitation  that  9  is  to  be  concen- 
trated at  a  point  may  hence  be 
removed,  and  the  charge  q  may  he 
distribiUed  in  any  manner  whatever 
within  the  enclosure. 

If  on  the  other  hand  we  have  a  charge  90  within  the  homogeneous 
medium  but  outside  of  the  enclosure,  Fig.  3,  and  if  we  draw  a 
solid  angle  c2Q  at  90,  intercepting,  from  the  closed  surface,  ele- 
ments dS\y  dSiy  etc.,  it  will  be  seen  that  at  every  element  dSi 
where  the  direction  of  r  is  into  the  enclosure,  cos  (r,  N)  is  negative ; 
therefore, 

dg.cos(B.N)^_^^. 

and  at  every  element  dS2  at  which  r  points  out  from  the  enclo- 
sure, cos  (r,  N)  is  positive;  therefore. 


Fia.  2. 


dS,  C08  (D,  N)  ^  _^  ^^. 


and  that  there  are  as  many  positive  elements  as  negative  ele- 
ments; hence  the  flux  of  induction  outward  through  all  the  ele- 
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ments  intercepted  by  dQ  is  zero.  Therefore,  the  total  flux 
of  induction  through  a  dosed  surface  due  to  a  charge  ouiside  of 
the  enclosure  is  zero. 

For  charges  both  inside  and  out^  the  result  may  be  summed  up 
as  follows: 

Gauss's  Theorem. — The  total  flux  of  electric  induction  outward 
through  any  closed  surface  due  to  charges  partly  within  the  endo^ 
sure  and  partly  outside  of  it  is  4t  times  the  quantity  of  intrinsic 
electricity  within  the  endosures. 


Fig.  3. 

9.  Limitation  Under  Which  Gauss's  Theorem  has  been  De- 
duced.— In  the  preceding  section  we  have  started  with  a  very- 
limited  experimental  result  that  the  electric  intensity  due  to  a 
point  charge  in  a  uniform  medium  is  that  given  by  equation  (4). 
To  this  we  have  added  the  definition  of  induction  given  in  equa- 
tion (5).  From  this  limited  material  we  have  deduced  Gauss's 
equation 

0i>  =  4^q 

which  is  rigorously  established  for  a  uniform  medium 

The  derived  result  is  less  definitive  of  D  than  the  original 
equation  (4).  This  is  evident  from  the  consideration  that  with  a 
given  distribution  of  intrinsic  charges  the  elementary  equation 
(4)  would  determine  one  and  only  one  value  of  the  induction 
1^1  (say)  at  a  given  point;  whereas  Gauss's  equation  would  be 
satisfied  by  Di  plus  any  other  vector  Do  such  that  the  surface 
integral  of  Do  over  the  closed  surface  is  zero. 

10.  Assumption  that  Gauss's  Theorem  is  Perfectiy  General. 
Equation  (12),  Gauss's  Theorem,  is  in  accord  with  the  equation 
(4)  and  the  definition  (6)  when  the  dielectric  is  uniform,  and  is 
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therefore  in  accord  with  experiments  performed  on  uniform  di- 
electrics; for  example,  experiments  on  the  capacity  of  condensers. 
As  the  next  step  in  our  search  for  general  laws  of  the  electric 
field,  we  are  going  to  assume  that  Gauss's  Theorem  without 
any  modification  whatever  is  perfectly  general  for  every  possible 
distribution  of  charges,  conductors,  and  dielectrics  at  rest.  The 
justification  of  this  assumption  is  to  be  sought  in  a  comparison 
of  experimental  results  with  deductions  from  the  assumption. 

11.  Gauss's  Theorem  Expressed  in  Terms  of  a  Point  Relation. 
We  shall  next  express  Gauss's  Theorem  in  terms  of  a  point- 
relation.  Let  us  take  a  point  whose  coordinates  are  x,  y,  and  z, 
and  for  our  closed  surface,  let  us  take  the  surface  of  the  elemental 
volume 

At  =  AxAyAz  (^13) 

Let  p  be  the  intrinsic  density  of  electricity  at  the  point  x,  y,  z, 
and  let  p  be  the  average  density  in  the  elemental  volume;  then 
the  total  intrinsic  quantity  of  electricity  in  the  volume  is 

A^  =  PAxAyAz 

=  '^At  (14) 

whence  by  Gauss's  Theorem,  equation  (12),  the  flux  of  induction 
is 

A0D  =  4irpAr  (15) 

or  taking  the  limit  as  At  approaches  zero 

-l^=  4.P  (16) 

The  left-hand  side  of  this  equation  is  seen  to  be  the  Umit  as 
the  volume  approaches  zero  of  the  flux  outward  of  D  from  a  small 
volume  divided  by  the  volume.  This  quantity  is  called  the 
divergence  of  D.  There  follows  a  digression  in  which  the  diver- 
gence of  a  vector  is  obtained  in  a  different  form. 

12.  Digression  on  the  Divergence  of  a  Vector. — ^Let  4>a  be 
the  surface  integral  of  the  outward  normal  component  of  any 
vector  A  over  a  closed  surface,  and  let  it  be  required  to  find  an 
anal3rtical  expression  for  the  Umit  of  the  ratio  of  the  surface 
integral  to  the  volume  as  this  volume  approaches  zero. 

In  Fig.  4  is  represented  the  element  of  volume  AxAyAz  with 
one  of  its  corners  at  the  point  x,  y,  z.  Let  A  be  a  vector  whose 
components  are  analjrtic  functions  of  the  coordinates  x,  y,  z. 
Let  As  be  the  average  value  of  the  x-component  of  A  over  the 

23 
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surface  (1).     This  quantity  is  in  the  direction  of  the  normal 

inward  to  the  surface.     The  average  value  over  the  opposite 

-       dUx 
surface  (2)  is,  by  Taylor's  Theorem,  A.+  -T-^Aa;  +   .    .    .,  and 

is  seen  to  be  outward. 
Likewise  the  average  normal  component  of  A  at  the  surface 

-jX 

(3)  is  A„  inward,  and  that  at  the  surface  (4)  is  A»  +  "t^  Ay  +  .   .  . 

ay 

outward.     Similarly  for  the  other  two  faces  of  the  element,  which 

are  perpendicular  to  the  ;^-axis,  the  average  normal  components 

of  the  vector  are  respectively  A.-  inward  and  At  +-^  Az  +  ,    ,    , 

oz 

outward. 


IAaj+-^Aa? 


Fio.  4. 

Giving  a  minus  sign  to  the  normal  vectors  that  are  inward, 
and  multipl3dng  the  magnitude  of  each  of  the  normal  terms  by  the 
corresponding  area  of  the  face  of  the  element  through  which  it 
acts,  we  have,  as  the  total  outward  normal  surface  integral,  the 
equation 

jAndS  =  0^  =  -  A»^y^  +  Az  + 


—  AiA^^  +\Av  + 


dx 
^A^j.      , 


Ay^ 


dy 


—  A,AxAy  + 


dz 


AxAz 


AxAy 


(17) 


Dividing  by  AxA^Ae  =  Ar  and  taking  the  limit  as  Ar  approaches 
zero  we  have 


Lim.    Vj^Aj^dSl  ^  d<t>A  ^  dA^ 
Ar=  oL         Ar   J        dr  dz   "*" 


dA  y       dAt^ 
dy  dz 


(18) 
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« 

where  the  derivative  with  respect  to  r  fs  a  partial  derivative 
because  ^^  may  be  regarded  as  a  function  of  x,  y,  z  and  r; 
so  that  the  partial  derivative  with  respect  to  r  means  the  deriva- 
tive at  a  fixed  point  x,  y,  z. 

Equation  (18)  may  be  briefly  written 

Lim.  \SAniSr\      d^x       ,.  ^  .  f.^^ 

At  =  0  L~a7~J       ~dr~  =  ^"'^^ ^  ^*®^ 

where 

r/^  divergence  of  a  vector  A  i^  ^6  /Zux  of  the  vector  outward  from 
a  small  volume  divided  by  the  volume.  It  is  a  scalar  quantity, 
has  in  general  different  values  at  different  points,  and  may  be 
obtained  directly  by  performing  the  operation  indicated  in  equation 
(20).^ 

13.  Poisson's  Equation. — In  view  of  equation  (20)  we  may  now 
express  equation  (16)  as  follows: 

div.  D  =  4irp  (21) 

wherever  p  is  finite. 

The  divergence  of  electrical  induction  at  any  point  where  p  is 
finite  is  4ir  times  the  intrinsic  charge  density  p  aJt  the  point. 
Equation  (21)  is  known  as  Poisson's  equation. 

At  all  points  in  space  where  there  is  zero  intrinsic  charge 
density 

div.  D  =  0  (22) 

14.  Gauss's  Theorem  Applied  to  a  Surface  Distribution.  Sur- 
face Divergence. — Suppose  that  there  is  an  intrinsic  charge 
distributed  over  a  surface,  with  a  surface  density  <r.  At  a  point 
in  such  a  surface  p  is  no  longer  finite,  so  that  Gauss's  Theorem 
cannot  be  reduced  to  the  divergence  equation  (21),  but  is  pref- 
erably reduced  to  a  new  point  relation  as  follows: 

^  Assumptions  have  been  made  in  sections  10  and  11  as  follows: 

1.  In  passing  to  the  limit  in  deriving  (16)  it  was  assumed  that  the  in- 
trinsic charge  density  p  at  the  point  x,  y^  z,iB  spatially  continuous  in  such  a 
way  that  for  a  sufficiently  small  region  about  x^  y^  z  the  average  density  differs 
from  the  density  at  the  point  by  an  amount  less  than  any  predetermined 
quantity. 

2.  It  was  assumed  that  D  is  a  function  of  x,  y,  2  of  a  form  capable  of 
being  developed  by  Taylor's  theorem. 
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At  any  required  point  on  the  surface  (Fig.  5)  let  us  mark  out  an 
element  of  surface  AjS,  and  through  the  periphery  of  AS,  draw 
lines  in  the  direction  of  the  electric  induction.  These  lines 
bound  a  short  tube  of  induction,  which  we  shall  suppose  to  be 
terminated  by  the  surface  elements  A^i  and  ASt  parallel  to  AS. 
Let  h  be  the  distance  between  A^Si  and  ASi.  Over  the  convex 
surface  of  the  tube  the  normal  component  of  induction  is  every- 
where zero,  since  the  induction  is  in  the  direction  of  the  convex 
surface.  Over  the  ends  of  the  tube,  let  the  average  component 
of  induction  away  from  AS  be  Dui  and  Z>i»2.  Then  by  Gauss's 
Theorem 

DiniASi  +  DiniASi  =  AiraAS  (23) 

If  now  we  allow  A,  the  height  of  the  tube,  to  approach  zero, 
A^i  and  AjSi  both  approach  A5  as  a  Umit;  whence 

Dmi  +  D2n2  =  4xa  (24) 


Agr:^ 


Dsns 


T 


I 


Fio.  6. 

If  now  we  allow  the  surface  AS  to  shrink  toward  a  point  P  on 
the  charged  surface,  the  average  values  in  (24)  may  be  replaced 
by  their  true  values  at  the  point,  giving 

Z>lnl  +   Z>2n2    =    ^TiT  (25) 

in  which  Dini  and  I>in2  are  both  drawn  away  from  the  charged 
surface.  The  sum  of  the  two  normal  components  thus  drawn  is 
called  by  Abraham  and  Foppl^  the  surface  divergence  of  the 
vector  D.    The  result  (25)  may  be  stated  as  follows: 

The  surface  divergence  of  induction  at  any  point  is  4t  times  the 
intrinsic  surface  charge  density  at  the  point. 

As  a  corollary,  the  surface  divergence  of  induction  is  zero 
at  all  points  where  there  is  no  intrinsic  surface  charge. 

If  instead  of  drawing  the  two  normals  both  away  from  the 
surface  under  consideration,  one  of  them  be  reversed  so  that  they 

^Abraham  und  Foppl:  Theorie  der  Elektricitat,  Vol.  1,  p.  77,  1907. 
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point  in  the  same  sense  through  the  surface,  equation  (25) 
becomes 

Dini  —  Dini  =  4xa 
or  (26) 

Z>2n2   —   Dini    =   4T(r 

that  is,  there  is  a  discontinuity  in  the  magnitude  of  the  normal 
component  of  D  amounting  to  4^<t,  where  <t  is  the  intrinsic  surface 
clensity. 

16.  Analogous  Treatment  of  Magnetic  Field. — In  a  field 
of  magnetic  force,  the  force  at  any  point  per  unit  magnetic 
pole  is  called  the  Magnetic  Intensity  and  is  designated  by  H. 
The  unit  magnetic  pole  is  a  pole  that  will  repel  an  equal  pole 
at  a  distance  of  one  centimeter  with  a  force  of  one  dyne  in  vacuo. 
The  product  of  the  magnetic  intensity  by  the  permeabiUty  of 
the  medium  at  the  point  is  called  Magnetic  Induction,  and  is 
designated  by  B. 

B  =  A^ 

B.  =  mH.   [  (27) 

By     =     f(Hy 

B,  =  /iHa 

where 

M  =  magnetic  permeability. 

The  question  whether  there  is  or  is  not  any  intrinsic  volume 
density  of  magnetism  is  open  to  disputation.  It  is  proposed 
to  limit  the  discussion  in  the  present  work  to  cases  where  this 
volume  density  is  zero;  so  that  reasoning  similar  to  that  used 
in  the  discussion  of  electrical  quantities  in  the  preceding  para- 
^aphs  gives  from  the  inverse  square  law  for  a  uniform  magnetic 
medium  the  result 

div.  B  =  0  (28) 

and  this  is  assumed  to  be  universally  true. 

Also  in  all  cases  that  will  come  under  our  observation 

surf.  div.  B  =  0  (29) 


CHAPTER  II 

MAXWELL^S  EQUATIONS 

16.  Summary  of  Chapter  I. — The  important  results  obtained 
in  the  preceding  chapter  are  contained  in  the  following  equations^ 
which  are  taken  with  their  original  numerical  designations: 

div.  D  =  4tp,  wherever  p  is  finite,  (21),  Ch.  I. 

surf.  div.  D  =  4T<r,  (25),  Ch.  I. 

div.  B  =  0,  (28),  Ch.  I. 

surf.  div.  B  =  0,  (29),  Ch.  I. 

where  D  and  B  are  respectively  electric  and  magnetic  induction 
at  any  point,  p  is  intrinsic  volume  density  of  electric  charge,  and 
0-  is  intrinsic  surface  density  of  electric  charge  at  the  point. 

The  electric  intensity  E  can  be  obtained  by  dividing  D  by  the 
dielectric  constant  c;  the  magnetic  intensity  H  can  be  obtained 
by  dividing  B  by  the  permeability  jjl. 

The  above  equations  are  not  sufiSicient  to  determine  D  and  B. 

17.  Note  as  to  Additional  Requirements. — In  addition  to  the 
divergence  of  a  vector  we  need  also  its  curl,  which  is  a  related 
vector  to  be  later  defined.  These  two  quantities,  divergence  and 
curl,  together  with  certain  boundary  conditions,  are  sufficient  to 
determine  a  required  vector. 

In  electrostatics,  where  there  are  assiuned  to  be  no*  electric 
currents  or  motions  of  electric  charges  and  no  variations  of 
D  and  B  with  the  time,  it  can  be  shown  that  the  curl  of  D  and 
the  curl  of  B  are  both  zero.  It  can  then  be  shown  that  a  scalar 
potential  function  exists,  and  famiUar  methods  are  at  hand  for 
completely  determining  D,  B|  E,  and  H  in  cases  where  proper 
boundary  conditions  are  given. 

When,  however,  we  leave  the  field  of  electrostatics  and  enter 
upon  the  general  problem,  the  curls  of  D  and  B  are  no  longer  zero, 
the  scalar  potential  functions  for  these  vectors  have  no  existence, 
and  the  older  theoretical  investigations  of  Laplace  and  of  Poisson 
are  insufficient  to  describe  the  characteristics  of  the  electro- 
magnetic field. 
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The  way  to  proceed  under  these  more  difficult  conditions  was 
pointed  out  by  Maxwell  in  1865-6,  in  a  mathematical  research 
which  contained  a  prediction  of  the  existence  of  electric  waves, 
determined  the  velocity  of  propagation  of  the  waves,  and  ex- 
plained the  nature  of  light. 

18.  Further  Experimental  Relations  for  the  Electromagnetic 
Field. — In  developing  the  theory  of  electric  waves,  we  may 
make  use  of  the  following  experimental  laws: 

/.  THE  M.MI'.  EQUATION.— The  work  done  by  the 
magnetic  field  in  carrying  a  unit  magnetic  pole  once  around  a 
closed  path,  Fig.  1,  linking  positively  with  a  closed  circuit  carry- 
ing a  steady  current  /  is 

Tr«4Tj  (1) 

in  which  W  is  work  in  ergs  per  unit 
pole,  and  J  is  ciurent  in  absolute 
c.g.s.  electromagnetic  units  of  cur- 
rent (absamperes). 

Throughout  this  volume,  in  order 
to  obtain  synmietrical  results,  we 
shall  measure  all  electrical  quantities 
in  absolute  c.g.s.  electrostatic  units, 
and  all  magnetic  quantities  in  abso-        Fio-  i.— Arrows  marked  w 

,,  1    ±^  _x*  "xau      ^^^  ^  point  in  the  direction  of 

lute  C.g.s.  electromcLgnetic  umts.   bucn    positive  linkage. 

a  composite  system  of  units  is  called 

the  Gaussian  syBtem.    In  Gaussian  units,  equation  (1)  becomes 

TF=5^  (2) 

c 

in  which 

c  «  the   number  of  electrostatic   units   of  quantity   of 

electricity  in  one  electromagnetic  unit.^ 

//•  THE  EMJF.  EQUATION.— The  electromotive  force  pro- 
duced in  a  closed  circuit.  Fig.  2,  by  varying  the  flux  of  magnetic 
induction  linking  with  it  positively  is 

V  =  -i^  (3) 

in  which  T  is  in  electromagnetic  units  (ab volts).     If  we  put  V 

^  It  18  a  characteristic  of  the  Gauzisian  units  that  e  always  enters  along 
with  tf  whether  t  is  expressed  as  in  (4)  or  implied  as  in  (2) — ^implied  in 
that  the  current  I  is  quantity  per  unit  time. 
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into  electrostatic  units  so  as  to  conform  with  the  Gaussian  system 
as  above  specified,  we  have 


7=  -- 
c 


1  3«j 


dt 


(4) 


The  direction  of  positive  linkage  is  shown  in  the  diagrams 
of  Figs.  1  and  2. 

Equations  (2)  and  (4)  are  called  respectively  the  magneto- 
motive force  equation  and  the 
electromotive  force  equation,  ab- 
breviated M.M.P.  and  E.M.P. 

They  are  now  to  be  transformed 
into  point  relations.  For  this 
purpose  a  system  of  rectangular 
axes  is  chosen  as  follows. 

^    ^     ^  ,  J  Tr     J «      19-  Choice   of  Axes. — ^FoUow- 

FiG.  2. — Arrows  marked  F  and  B  .  i         r 

point  in  direction  of  positive  linkage,  mg    what    nOW  seemS    tO    be   the 

prevalent  usage  in  electromagnetic 
theory,  we  shall  adopt  as  our  system  of  rectangular  axes  the 
system  shown  in  Fig.  3,  in  which  z  points  out  from  the  plane  of 
the  paper  toward  the  reader,  when  a;  is  to  the  right  and  y  is  up- 
ward in  the  plane  of  the  paper.  This  rule  merely  gives  the 
relative  orientation  of  the  axes,  and  it  is  evident  that  the 
scheme  of  Fig.  4  is  the  same  system  of  axes. 


y 


y  (in) 


■^-x 


-x 


z  Cout) 

Fig.  3. —  Positive  set     Fig.  4. — Also  positive 
of  axes.  set  of  axes. 

20.  Transformation  of  Magnetomotive  Force  Equation  into  a 
Point  Relation. — ^Let  us  take  any  extended  region  (for  example, 
the  room  of  a  building)  and  suppose  that  there  are  electric  cur- 
rents flowing  in  conducting  masses  within  the  room,  and  let  the 
current  density  at  any  point  x,  y,  z  he  n  with  components  u,, 
Uy,  and  Us,  along  the  three  axes  respectively.  As  a  special  case 
u  may  be  zero  at  some  or  all  points. 
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Let  us  now  consider  the  magnetomotive  force  around  a  rec- 
tangle AyAZf  Fig.  5,  drawn  with  one  corner  at  the  point  x,  y,  z. 
The  component  of  current  density  at  the  point  x,  y,  z  perpen- 
dicular to  the  area  AyAz  is  u^.  The  other  components  of  current 
density,  those  in  the  directions  y  and  2,  contribute  nothing  to  the 
M.M.F.  around  the  area. 

Now  the  average  value  of  u.  over  the  area  is  different  from  u« 
at  Xy  y,  z^  and  we  shall  designate  this  average  value  by  u«. 

The  current  through  the  area  is  then 


/  =  UsAyAz 


(5) 


5; 


Fio.  5. 


whence  by  equation  (2)  the  M.M.F.  around  the  area  is 


(6) 


Let  us  now  get  a  second  expression  for  this  M.M.F.,  TT,  by 
estimating  directly  from  the  geometry  of  the  problem  the  work 
done  by  the  magnetic  forces  in  driving  a  unit  magnetic  pole 
around  the  area  AyAz.  The  magnetic  force  on  a  unit  pole  at  the 
point  Xfy,ziB  H,  with  components  H«,  Hy,  and  H« along  the  three 
axes.  The  magnetic  force  and  its  components  are  different  for 
different  points  of  the  region. 

Since  the  work  by  a  force  in  displacing  its  point  of  application 
is  the  magnitude  of  the  force  times  the  displacement  in  the 
direction  of  the  force,  we  shall  have  for  the  work  of  carrjdng  a 
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unit  magnetic  pole  in  the  positive  direction  around  the  rectangle 
the  equation 

W  =  Hy^y  +  H'Ji  z-  WAV  "  Hn^  (7) 

in  which  Hy  is  the  average  value  of  Hy  along  the  side  (1),  H'»  is 
the  average  value  of  Hm  along  the  side  (2),  etc. 

Now  Tly  is  a  function  of  x,  y,  z,  and  Ay,  and  may  be  written 

Hy  =  Hy{x,yyZ,Ay), 
Also  we  may  write 

H'y  =  Hy{x,  y,  z  +  A2,  Ay) 

which  is  the  same  function  with  z+  Az  substituted  for  z; 

whence  by  Taylor's  Theorem,  assuming  proper  continuity  and 
writing  only  first  order  terms,  _ 

Fv  =  tfv  +  ^'Az  (8) 

In  like  manner, 

Taking  the  right-hand  side  of  (6)  and  equating  it  to  the  right- 
hand  side  of  (7)  after  replacing  H'y  and  H'b  by  their  values 
from  (8)  and  (9),  we  have 

__  AyAz  =  (^_  _  _ j  AyAz  (10) 

Dividing  through  by  AyAz  and  taking  the  limit  as  Ay  and  Az 
approach  zero,  we  have 


c 

dH, 

dy 

dHy^ 

dz  ' 

and  by  similar  reasoning. 

4:irUy  _ 

dH, 

dH, 

c 

dz 

dx 

AtUm 

dHy 

dHs 

c 

dx 

dy     J 

or  briefly  the  vector  equation 

47ru 

-  curl  H 

(11) 


(12) 
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where  curl  H  is  a  vector,  the  magnitude  of  whose  x,  y,  and 
z  components^  are  respectively 

dliM       dH^ 


curl,  H  = 


curly  m  = 


curl,  H  = 


dy  dz 

dz         dz 
dHy       dHg 


(13) 


dx         dy 
and  where 

curl  H  =  i  curl,  H  +  j  curl,  H  +  k  curl,  H        (14) 

The  vector  equation  (12)  or  the  equivalent  Cartesian  equations 
(11)  give  a  relation*  between  the  electric  current  density  at  a  point 
{in  electrostatic  units)  and  the  magnetic  intensity  at  the  same  point 
{in  electromagnetic  units)  derived  under  the  limitcUions: 

I.  That  the  vectors  u  and  H  are  continuous  functions  of  the 

« 

coordinates  of  the  point;  and 

II.  That  the  current  is  of  such  a  character  that  the  original 
M.M.F.  equation  (2)  is  true. 

21.  Tiansfonnation  of  the  Electromotiye  Force  Equation  into 
a  Point  Relation. — ^We  shall  now  transform  the  other  funda- 
mental equation  (4)  into  a  form  analogous  to  (12),  and  obtain 
a  second  set  of  Maxwell's  equations.  We  can  do  this  by  the 
similarity  of  the  equations  (2)  and  (4),  without  going  again 
through  the  details  of  a  demonstration  like  the  preceding. 

It  is  to  be  noted  that  W  of  (2)  is  a  Une  integral  of  the  magnetic 
intensity  H  aroimd  a  closed  curve.  likewisOi  in  (4)  the  electro- 
motive force  Vy  defined  as  the  work  by  the  field  in  driving  a 
unit  charge  around  a  closed  circuit,  is  a  line  integral  of  the  electric 
intensity  B  aroimd  the  circuit.  Also  the  magnetic  induction  B 
is  related  to  the  flux  of  induction  <f>B  in  the  same  way  that  current 

^  From  the  above  analysis  it  is  seen  that  the  method  of  obtaining  the 
component  of  curl  H  in  any  particular  direction  N  at  any  particular  point 
P  is  as  follows: 

Surround  P  by  a  closed  curve  S  in  &  plane  perpendicular  to  N.  Let 
AiS  be  the  area  within  the  curve,  then 

curl.H-As"^'"ry«'i.co8(H,S) 


r*^  r  fHd*  C08  (H,  s)i . 

-°L AS J' 


that  is,  curlifR  is  the  line  integral  of  H  around  the  periphery  cf  a  smaU  area 
perpendicular  to  N  dimded  by  the  small  area, 
*  Maxwell:  ''EUectricity  and  Magnetism/'  Vol.  II. 
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density  u  is  related  to  current  /.  This  shows  that  by  going 
through  a  process  similar  to  that  employed  in  transforming 
(2),  we  should  obtain  from  (4)  the  equations 

IdBg,    ^    dE,  dEy 

c    ^' 


dt 
IdB 
c 


1    0£>y 


dt 

c     dt 


dy 

dEs 
dz 

dE. 


_.  ^^v  


dx 


^  dz 
dEu 

dx 

dE, 


(15) 


or,  briefly,  in  vectorial  notation, 

IdB 


c  dt 


=  curl  E 


(16) 


The  vector  equation  (16),  or  the  equivalent  Cartesian  equations 
(15),  gives  a  relation^  between  the  time  derivative  of  the  magnetic 
induction  at  a  point  and  the  electric  intensity  at  the  same  point 
derived  under  (he  limitations: 

I.  That  the  vectors  B  and  E  are  continuous  functions  of  x,  y,  z, 
and^;  and 

II.  That  the  original  electromotive  force  equation  (4)  is  a 
correct  experimental  law. 

Equations  (15)  or  (16)  may  be  called  MaxwdVs  Magnetic 
InduAMon  Equations. 

22.  Further  Examination  of  the  Two  Curl-equations. — In 
the  preceding  sections  we  have  derived  the  equations 

^"^  '  -  (12)   §20 


c 

IdB 
c  dt 


=  curl  H 


=  curlE 


(16)  §21 


which  may  be  called  respectively  the  "current-density  equation" 
and  the  "magnetic  induction  equation." 

These  equations  were  derived  subject  to  the  assumption  that  the 
M.M,F.  law  (2)  and  the  E,M.F.  law  (4)  are  correct  and  general. 

We  shall  now  show  that  the  current-density  equation  (12) 
of  §20  cannot  be  true  in  general ;  for  the  reason  that  the  divergence 
of  any  curl  (e.g.,  div.  curl  A)  is  zero,  while  the  divergence  of  u 
is  not  zero  except  in  a  special  case  in  which  the  quantity  of  elec- 
tricity flowing  out  of  a  given  region  in  a  given  time  is  equal  to  the 

*  Maxwell:  "Electricity  and  Magnetism,"  Vol.  II. 


U 


Chap.  II]  MAXWELL'S  EQUATIONS  365 

quantity  flowing  in.    The  separate  steps  of  this  demonstration 
will  now  be  given. 
23.  Theorem.    Div.  Curl  A  »  0. — ^Proof : 

AAA 

div.  curl  A  =  T--(curl,  A)  +  —(curl.  A)  +  ^(curl.  A) 

ox  oy  dz 


d_ 

dx 


dA,      dA 


V 


dy         dz 


1 


\  ^  dy\  dz        dx  I  ^ 

^idAy  _  dA^ 
dz\  dx         dy 
=  0  (17) 

The  last  step  is  conditioned  on  the  equality  of  such  quantities 
as 

A /Mi\  and  — /^— "^ 

dx\dy  /^^   dy\dx  /  ,^  ^^,,^ 

These  quantities  are  equal  provided  it  is  permissible  to  change  '.  -^  /. 
the  order  of  differentiation,  and  this  is  permissible  provided 
the  second  order  derivatives  so  obtained  all  exist.  The  conclu- 
sion then  is  that  the  divergence  of  the  curl  of  any  vector  A  is 
zero,  provided  A  is  of  such  a  character  that  the  several  second  order 
derivatives  of  each  of  its  components  all  exist. 

24.  Application  of  This  Theorem  to  (12)  and  (16). — ^Taking 
the  divergence  of  both  sides  of  the  current-density  equation 
(12)  and  the  magnetic-induction  equation  (16),  we  have, 
respectively 

div.  u  =  0  (18) 

|(div.B)=0  (19) 

Now  (19)  is  true,  for  by  §16  div.  B  =  0.  There  is,  hence,  no 
inconsistency  in  the  magnetic-induction  equation  (16). 

On  the  other  hand,  we  shall  now  show  that  (18)  div.  u  =  0  is 
sometimes  true  and  sometimes  not  true;  to  wit,  div.  u  =  0  is 
true  when  and  where  there  is  no  changing  intrinsic  charge 
density;  but  div.  u  does  not  equal  zero  when  and  where  there  is  a 
changing  intrinsic  chaise  density.  Let  lis  proceed  to  a  critical 
examination  of  div.  u. 

26.  Examination  of  Div.  u. — If  we  take  any  small  volume  At 
surrounding  a  given  point  P,  the  quantity  of  electricity  per  second 
flowing  out  of  At  is  the  surface  integral  of  the  outward  normal 
component  of  u  over  the  closed  surface  bounding  At,     This 
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quantity  flowing  out  is  also  the  time  rate  of  decrease  of  the 
quantity  of  electricity  within  Ar.  Equating  these  two  expressions 
we  have 

Dividing  by  Ar  and  taking  the  limit  as  Ar  approaches  zero,  we 
have 


Limit  ry  WndSl dp 

^T  =  o[    Ar    J  ■"     di 


Ar 

but  by  definition  of  divergence,  equation  (19),  Art.  12,  the  left- 
hand  side  is  the  divergence  of  u,  hence 

div.  u  =  -  ^  (20) 

A  similar  treatment  shows  that  at  any  point  in  a  charged 
surface 

surf.  div.  u  ==  —  ^T-  (21) 

ot 

These  equations  (20)  and  (21)  express  the  fact  that  the  quan- 
tity of  electricity  flowing  out  from  a  small  region  in  a  given  time 
is  equal  to  the  decrease  of  the  quantity  of  intrinsic  electricity 
within  the  region;  that  is,  these  equations  are  a  statement  of  the 
law  of  the  conservation  of  electricity. 

We  have  thus  a  proof  of  the  lack  of  generality  of  the  current- 
density  equation  (12),  and  hence  a  lack  of  generality  in  the 
original  M.M.F.  equation  (2). 

The  conclusion  is  that  the  original  equation 

C 

and  the  derived  equation 

47ru  ,  •. 

=  curl  H 

c 

•» 

can  he  true  only  when  the  electric  current  is  such  that  -rr  =  0: 

at 

that  is,  such  ihat  there  is  no  flu^uating  accumulaiion  of  dectricity. 

26.  Condensive  and  Non-condensive  Flow. — If  wie  have  a 

conductor  of  electricity  in  Fig.  6,  with  an  electric  current   / 

flowing  in  it,  and  if  P  is  any  point  on  or  within  the  conductor, 

and  if  we  enclose  a  small  region  around  P,  and  if  J  is  var3dng  with 

the  time,  the  small  region  around  P  will  have  a  small  electro- 
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static  capacity,  and  will  in  general  variously  charge  and  discharge 
with  the  time.  We  may  call  such  a  flow  of  electricity  a  Canden- 
sive  Flow,  since  there  is  an  action  similar  to  that  of  a  condenser 
at  P.  If  on  the  other  hand,  the  current  is  in  a  steady  state, 
there  is  no  such  fluctuation  of  charge  at  P,  and  the  amount  of 
electricity  flowing  out  of  the  small  region  is  at  any  time  equal  to 
the  amount  of  electricity  flowing  in.  This  may  be  called  a 
Nan-Hxmdenaive  Flow. 

For  a  non-condensive  flow  div.  u  =  0; 
For  a  condensive  flow  div.  u  ^  0. 


Fio.  6. — Illuatrating  condensive  and  non-condensive  flow. 

27.  Maxwell's  Displacement  Assumption. — We  have  shown 
that  the  equation 

*^  =  curlH 
c 

ean  be  true  only  in  those  cases  where 

div.  u  =  0; 

that  is,  in  a  non-condensive  flow.  In  such  a  non-condensive 
flow  the  current  density  u  at  a  point  P  may  be  said  to  have 
associated  with  it  a  magnetic  field  of  intensity  H  at  the  point,  and 
the  relation  of  u  to  H  is  that  given  above. 

On  the  other  hand,  in  the  general  case  where  the  flow  may 
be  condensive  or  non-condensive,  we  must  replace  w,  the  ordinary 
intrinsic  density,  by  some  other  quantity  u',  such  that 

div.  u'  =  0. 

A  vector  whose  divergence  is  zero  is  called  a  solenoidal  vector. 
Maxwell  made  the  assumption  that  the  appropriate  solenoidal 
vector  u'  by  which  the  non-solenoidal  vector  u  should  be  re- 
placed is 

u'  =  u  +  —  —  (22) 
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It  is  very  apparent  that  the  quantity  here  added  to  u  is  just 
sufficient  to  make  the  sum  u'  solenoidal;  for  by  (20)  and  (21), 

div.  u  =  — ->  surf.  div.  u  =  — -f 

dt  dt 

and  by  Art.  13,  equations  (21)  and  (25)  (their  time  derivatives) 

1  dDl        dp  .   ,.     f  1  dD 


div. 


\   =    -f        surf.  div.  {  - — — -  \  =  --— • 

\       dt  I4ir  an       dt 


4t  dt 
Summing  these  quantities,  we  have 

div.  u'  =  0,  surf.  div.  u'  =  0  (23) 

MaxweWs  Assumption  is  the  assumption  that  in  reaped   to 

1    dD 
the  Magnetic  Field  the  quantity-^ — at^^^  ^  ^  density  of  current^ 

which  he  called  displacement  current,  and  which  must  be  added 
to  conduction  current  density  u  to  give  complete  current  density  u'. 

28.  The  Generalized  Current  Density  Equation. — With  this 

assumption  the  current  density  equation  (12)  may  be  generalized 

into 

47ru  ,   1  dD  -  --  ,^^^ 

rr  =  curl  H  (24) 

c         c  dt  ^     ^ 

which  may  be  called  MaxweWs  Generalized  Current-density 
Equation,  The  addition  of  the  first  two  terms  is  a  vector  addition. 
It  is  apparent  that  there  is  no  mathematical  inconsistency 
in  Maxwell's  method  of  generalizing  the  conception  of  an  electric 
current,  in  respect  to  its  effect  in  producing  or  responding  to  a 
magnetic  field.  Whether  or  not  this  generalized  current  is 
related  to  the  magnetic  field  intensity  by  an  equation  of  the 
form  of  (24)  is  a  question  for  experimental  determination. 
The  experimental  test  has  never  been  adequately  made  on  the 
assumption  directly.  The  validity  of  Maxwell's  Assumption 
rests  on  his  prediction  from  it  of  the  existence  of  electric  waves, 
and  on  his  prediction  of  the  electromagnetic  character  of  light. 
These  predictions  have  been  amply  verified. 

29.  At  any  Surface  of  Electric  or  Magnetic  Discontinuity 
the  Tangential  Components  of  E  and  H  are  Continuous. — We 
need  the  proposition  here  stated,  for  the  solution  of  problems 
pertaining  to  surfaces  of  discontinuity.  It  may  be  proved  as 
fdUows:  Referring  to  Fig.  7,  at  any  surface  of  discontinuity  in 
conductivity,  dielectric  constant  or  permeability,  let  us  draw  a 
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small  elongated  rectangle  with  its  length  a  parallel  to  the  surface 
of  discontinuity,  and  let  b  be  the  width  of  the  rectangle.  Let 
EiT,  EiT,  E»,  and  £«  be  the  average  values  of  the  electric  intensity 
along  the  four  sides  of  the  rectangle;  and  let  B  be  the  average 
value  of  magnetic  induction  perpendicular  to  the  rectangle; 
then  we  have  by  the  E.M.F.  equation  (3)  the  result 


1    d 

'  c  dt 


(Ba6)  = 


-  ^ira  +  E^  +  'EtTa  -  S46 


If  now  we  assume  that  B  and  E  are  everywhere  finite,  and  let 
b  approach  zero,  the  left-hand  side  of  the 
equation  approaches  zero;  also  ^t&  and 
21  «&  approach  zero;  hence 

[ffira  =  Eira],  for  6  =  0 

and  if  we  let  a  also  approach  zero,  the 
average  values  of  E  along  the  sides  a  ap- 
proach the  actual  values  at  a  point  on  the 
surface;  whence 

ff,r  =  Ew  (25) 

Hence  ihe  tangential  component  of  E  is 
CDerywhere  continuous. 

In  like  manner,  if  the  current  density 
U  is  everywhere  finite,  it  can  be  shown  * 
from  the  M,M.F.  equation  of  the  form  of 
(2),  with  I  replaced  by  a  surface  integral  of  u  and  with  u'  re- 
placing u  to  give  the  equation  generality,  that  the  tangential 
component  of  H  ia  everywhere  continuous. 


CHAPTER  III 

ENERGY  OF  THE  ELECTROMAGNETIC  FIELD.    POTNT- 

ING'S  VECTOR 

30.  Summary  of  Chapters  I  and  n. — The  important  results 
obtained  in  the  preceding  chapters  may  be  summarized  in  the 
following  equations  (in  which  partial  derivative  with  respect  to 
time  is  indicated  by  a  dot  over  a  symbol) : 

^  +  ^  =  curlH  (A) 

c         c 

• 

-  5  ==  curl  E  (B) 

c 

div.     D  =  Arp  (C) 

div.    B  =  0  (D) 

D  =  €E  {E) 

B  =  mH  (F) 

To  these  may  be  added  an  expression  for*  the  current  density 
u  (derived  from  Ohm's  Law) 

u  =  7E  ] 

where  >  {Gr) 

y  =  specific  conductivity.  J 

We  have  also  derived  the  following  surface  relations  that  hold 
at  surfaces  of  discontinuity 

surf.  div.  D  =  4iro-  {H) 

surf.  div.  B  =  0  (/) 

E\T  =  E%T  (J) 

HiT=  HiT  (K) 

These  equations  will  hereafter  be  designated  by  the  letters 
ascribed  after  them  respectively,  instead  of  by  the  accidental 
numerical  designations  with  which  they  first  appeared. 
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In  the  present  chapter  we  shall  treat  certain  general  proposi- 
tions regarding  the  energy  of  the  field.  For  this  purpose  we  need 
at  the  outset  a  few  theorems  in  vector  analysis. 

31.  Scalar  and  Vector  Product — ^Let  A  and  B  be  any  two  vec- 
tors drawn  away  from  a  common  point.  Fig.  1.  These  vectors 
may  be  written 


A  =  A  J.  +  A  J  +  AM 


(1) 
(2) 


where  i,  j»  and  k  are  unit  vectors  along  the  three  axes  respectively. 


If  now  we  introduce  the  convention  that 


aAxB-ABs1d(A.3) 


;2 


=  r=  k«  =  1, 


ij    =  -ji   =  k, 
jk  =  -kj  =  i, 
ki  =  -  ik  =  j, 

and  take  the  product  of  A  and  B  term 
by  term,  we  obtain 


>-\ 


Fig.  1. — ^^lUuBtrating  vec- 
tor product  of  A  and  B. 


AB     =    il,B,   +    AyBy    +    A,Bm  + 

(AyB,''A,By)i+  {A;B^-A:^,)i  +  (A.B,,-A^B,)k  (3) 

We  may  call  AB  the  complete  product  of  A  by  B.  It  is  seen  to 
consist  of  two  parts,  one  of  which,  consisting  of  the  sum  of  the 
first  three  terms,  is  scalar;  and  the  other,  consisting  of  the  sum 
of  three  vector  components,  is  vector.  These  two  parts  are  called 
respectively  the  scalar  productj  to  be  designated  by  A'B  (read 
** A  dot  B  ") ,  and  the  vector  product^  to  be  designated  by  AxB  (read 
**A  cross  B").     Then 

A-B  =  A,Bx  +  AyBy  +  A,B,  (4) 

AxB  =  {AyB,-  A,By)i  +  {A*B,-  A^B,))  +  (A^By-  AyB^)^    (5) 

It  is  seen  that 

A'B  =  AB  {cos  (A,  x)  cos  (B,  z)  +  cos  (A,  y)  cos  (B,  y)  + 

cos  (A,  z)  cos  (B,  z) }  (6) 

=  AB  cos  (A,  B) 

The  scalar  prodwA  of  two  vectors  is  the  product  of  their  magni- 
tudes by  the  cosine  of  the  angle  between  them. 
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To  find  the  meaning  of  the  vector  product  AxB,  let  us  designate 
by  i,  w,  n  the  direction  cosines  of  A,  and  by  Z',  m',  n'  the  direc- 
tion cosines  of  B.  Then  the  square  of  the  magnitude  of  AxB 
is  the  sum  of  the  squares  of  the  i,  j,  and  k  components;  that  is 

[AxB]«=  {{mn'  -  nm'Y  +  (nZ'  -In'Y  +  (Zm'  -  wl'Y\A''B^ 

2(mm'nn'  +  U'nn'  +  mm'lV)}A^B\ 

Now  1  =  J*  +  m*  +  n*  =  r«  +  m'«  +  n'«, 

whence  the  preceding  equation  becomes 

[AxB]2  =  A^BMl  -  {W  +  mm'  +  nnOM 

=  A2J5M1  -  cosHA,B)} 

=  A»J5«  sin*  (A,  B) 
therefore, 

[AxB]  =  AB  sin  (A,  B)  (7) 

This  gives  the  magnitude  of  the  vector  product.  Let  us  next 
determine  its  direction.  This  can  be  done  by  taking  the  scalar 
product  of  A  and  AxB,  which  by  (4)  may  be  written 

A-(AxB)  =  AMvBm  -  AsBy)  + 

Ay{A,B,  -  A,B,)  + 
A,{A,By  -  AyB,) 
=  0. 

In  like  manner  it  can  be  shown  that 

B-(AxB)  =  0 

Hence  by  (6)  the  vector  product  AxB  is  perpendicular  to  A  and 
to  B.  By  the  convention  ij  =  k,  etc.,  this  perpendicular  is 
to  be  drawn  with  respect  to  A  and  B  so  that  a  positive  rotation 
about  the  product  vector  will  turn  A  into  the  direction  of  B. 

Hence,  the  vector  yroduct  AxB  is  a  vector  whose  magnitude  is 
the  product  of  the  magnitudes  of  A  and  B  by  the  sine  of  the  angle 
between  them^  and  whose  direction  is  the  positive  perpendicular 
to  the  plane  of  A  and  B. 

The  product  BxA  has  the  opposite  direction,  so  that 

BxA  =  -AxB'  (8) 


\ 
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If  we  make  B  and  A  identical,  equations  (7)  and  (6)  show  that 

.AxA  =  0  (9) 

and 

A-A  =  A«  (10) 

32.  The  Divergence  of  a  Vector  Product. — The  divergence 
of  AxB  may  be  found  directly  as  follows: 

div.  AxB  ^  ^{AyBn-  A^y)    + 


^  (A^.  -  A^.) 


=  A 


BB,^^^BA 


»  dx 
BB, 


V  _4,^_B 


dx 
By    '      '  dy  dy 


dx 


-J5. 


dAj, 


A^^  +  B,^^' 


-A,^--J5, 


^2/ 


+ 


dz    '   "'  dz  '  daj        "'^  dz 

=  Bx  curlx  A  +  By  curly  A  +  B.  curl,  A  — 

Ag  curl^B  —  Ay  curlyB  —  Ag  curl3 
=  B-  curl  A  —  A-  curl  B 


(11) 


33.  Energy  and  Radiation. — We  shall  now  treat  a  very  im- 
portant general  proposition  with  respect 
to  the  energy  and  radiation  of  energy 
in  the  electromagnetic  field.  Let  us 
take  any  point  z,  y,  2,  Fig.  2,  and  de- 
scribe at  X|  2/;  z  an  element  of  volume 

At  =  AzAyAz, 

Suppose  that  there  are  current  density 
u  and  electric  and  magnetic  intensities 
E  and  H  at  z,  y,  z.  Let  us  study  the 
energy  transformations  taking  place  in  the  volume  Ar.  The 
electromotive  force  between  the  two  opposite  At/Az-faces  of  the 
volume  element  is  the  average  electric  intensity  Ex  times  the 
distance  Ax.  The  current  flowing  between  these  faces  is  the 
average  normal  current-density  u*  times  the  area  of  one  of  these 
faces  AyAz.    Whence  the  electrical  power  (energy  per  second) 
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converted  into  heat  or  other  form  of  power  by  the  current  in  the 
oKlirection  is  ExU«  AxAyi\z,  Likewise,  the  power  expended  by 
currents  in  the  y  and  2-directions  is  iyU^^Ay^  and  fitUrAxAyA? 
respectively. 

Adding  these  three  quantities  we  have  for  the  electrical  power 
converted  into  other  forms  of  power  in  the  element  the  value 


AP  =  (E*u,  +  E„u»  +  E.u,)Ar  (12) 

Dividing  by  At  and  taking  the  hmit  as  Ar  approaches  zero, 
we  have,  for  the  power  converted  per  unit  volume  at  x,  y,  z,  the 
quantity 

dP 

-^  =  E,u,  +  E,,u,  +  E,u, 
=  E-u. 

Let  us  now  replace  u  by  its  value  from  Maxwell's  equation 
{A),  obtaining 

|^=:^E-curlH  -^E'6  (13) 

or        4ir  4ir 

Now  by  the  theorem  expressed  in  equation  (11) 

div.  ExH  =  H-  curl  E  -  E  •  curl  H. 

Substituting  the  value  of  E  -  curl  H  from  this  equation  into  (13), 
we  obtain 

^  =:^  HcurlE  -^  div.  ExH  -  ^E-b. 

or        4ir  4ir  4ir 

Replacing  curl  E  by  its  value  from  Maxwell's  equation  (B), 
we  have 

^=  -:^H-B-:^ED  -;^div.ExH. 

or  4ir  4ir  4ir 

SiAce  €  and  ju  are  independent  of  the  time,  B  =  mH,  D  =  ^E 
and  the  first  two  terms  may  be  written  as  derivatives  of  squares; 
and  the  last  term,  when  multiplied  by  dr  becomes  by  (19),  Chap- 
ter I,  a  surface  integral  over  the  surface  of  the  voliune  dr;  so  that 

^^  =  -  aT  (£  ^'  +  i  ^*)  ^  -  ^  /(ExH),dS      (14) 

In  this  equation  (ExH)„  is  the  outward  normal  component 
of  the  vector  ExH,  and  the  integration  contemplated  in  the 
last  term  of  the  equation  is  an  integration  extended  aver  the  sur- 
face of  the  volume. 
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In  order  to  give  an  interpretation  to  the  equation  let  ns  write, 
as  abbreviations, 


and 


8  =  ^ExH.  (16) 

Then  equation  (14)  becomes 

dP  =  "Udr-  fsndS  (17) 

in  which  dP  is  the  power,  or  energy  per  second,  converted  into 
heat  or  other  form  of  energy  within  the  element  dr.  This  power 
is  the  sum  of  two  terms,  both  with  negative  signs.  We,  there- 
fore, naturally  look  to  these  terms  as  the  source  of  supply  of  the 
power  that  is  converted.  One  of  the  terms  is  a  volume  term  and, 
taken  with  its  negative  sign,  it  may  be  regarded  as  the  time  rate 
of  decrease  of  the  magnetic  and  electrical  energy  in  the  element 
of  volume,  so  that 

U  =  energy  per  unit  volume. 

The  other  term  is  a  surface  term,  and  taken  with  its  negative 
sign,  it  is  the  time  rate  at  which  energy  flows  into  the  element 
through  its  surface.  Then  SndS  is  the  quantity  of  energy  per 
second  flowing  through  dS  in  the  direction  of  the  outward  nor- 
mal, that  is, 

8  »  energy  per  second  flowing  in  the  direction  of  s  per 
unit  area  perpendicular  to  s. 

This  vector  s,  defined  in  equation  (16)  is  called  Poynting^s 
Radiation  Vector,  and  was  discovered  by  Professor  J.  H. 
Poynting.^ 

The  equation  (15)  for  the  energy  density  in  an  electromagnetic 
field,  and  the  equation  (16)  for  the  flow  of  electromagnetic 
energy  per  second  per  unit  cross  section  of  the  energy  beam 
are  very  important  quantities  in  the  theory  of  electric  waves. 

Although  we  have  employed  in  the  above  derivation  the  general 
case  in  which  there  is  an  electric  current  of  density  u  at  the  point 
z,  y,  z,  it  is  seen  that  the  whole  demonstration  holds  when  u  =  0. 

>  J.  H,  Foynting,  PhU,  Trans,,  2,  p.  343,  1884. 
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We  should  then  have  dP  =  0,  and 

Udr  ^  -  fsndS  (18) 

This  means  that  in  this  special  case  that  the  rate  of  gain  of 
electrical  and  magnetic  energy  within  the  region  is  equal  to  the 
rate  at  which  electromagnetic  energy  flows  in  through  the  surface. 


CHAPTER  IV 

WAVE  EQUATIONS.    PLANE  WAVE  SOLUTION 

34.  Digression  to  Find  Curl  Curl  A. — In  proper  combinations 
of  Maxwell's  equations  the  work  may  be  simplified  by  the  use 
of  a  proposition  in  vector  analysis  concerning  the  curl  of  the 
curl  of  a  vector.  Let  us  designate  the  vector  by  A.  Then  let 
us  perform  elementary  operations  as  follows: 

curl,  curl  A  =  ^-r-  curl,  A  —  -r-  curly  A 

dy  az 


dy  \dx  dy  /       dz\  dz         dx  / 

=  -  ^lAf  _  ^'4^       a  (dAy       dA,\ 
dy^        ~dz*'^dx\dy   "^   dz)' 


Subtracting  and  adding  -^-f*  ^®  have 

curl,  curl  A  =  -  VU.  +  ^  (div.  A)         '  (1) 

0X 

where  as  an  abbreviation  we  have  written  the  Laplacian  operator 

In  like  manner, 

ourl,  curl  A  =  -  VU,  +  ^  (div.  A)  (3) 

oy 

curl,  curl  A  =  -  VU.  +  ^  (div.  A)  (4) 

dz 

These  three  curl  curl  components  may  be  collected  into  a  single 
vector  equation  by  multipl3dng  respectively  by  i,  j,  and  k  and 
adding,  with  the  result 

curl  curl  A  =  —  V*A  +  grad.  div.  A  (5) 

where  if  ^  is  any  scalar  quantity,  and  if  i,  ji  k  are  unit  vectors 
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along  the  three  axes,  then  gradient  ^i  which  is  abbreviated 
"grad  ^, "  is  defined  by  the  equation 

and  triangle  square  of  a  vector  A  is  defined  by 

V«A  =  VU  J  +  VU  J  +  VU.k 

=  V«A.  +  V*Ay  +  V«A.  (7) 


35,  Elimination  Among  the  Electromagnetic  Field  Equations 
for  a  Homogeneous  Isotropic  Medium. — In  a  homogeneous  me- 
dium 6,  fjL,  and  7  are  constants.  If  the  medium  is  isotropic,  these 
quantities  are  also  independent  of  direction.  Under  these  con- 
ditions, Maxwell's  Equations  {A)  and  (B),  Art.  30  may  be  written 

l^  +  ^='curlH  (8) 


c  c 

mH 


=  curl  E  (9) 


If  now  we  take  the  curl  of  both  sides  of  (8),  we  have 

^^  curl  E  -h  -  -^  (curl  E)  =  curl  curl  H. 
c  c  at 

Replacing  in  this  equation  curl  E  by  its  value  from  (9),  and  re- 
placing curl  curl  H  by  its  value  from  (6),  we  have,  since  div.  H  =  0, 

Now  starting  with  the  other  Maxwellian  Ekjuation  (9)  and 
taking  the  curl  of  both  sides  of  it,  we  obtain 

—  -  -^  (curl  H)  =  curl  curl  E 

from  which  by  (8)  and  (5)  we  obtain 

4ir7M  dE        €M  d«E  _  4ir 

The  equations  (10)  and  (11)  are  vector  equations  and  are 
true  for  each  of  the  components  of  H  or  E,  in  a  homogeneous 
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isotropic  medium.  For  example,  taking  the  x-components  we 
have,  after  dividing  by  i,  the  scalar  relations 

4x^7  dE,  .  <M  d*^.  _  _,p       4t  dp 

Similar  expressions  for  the  other  components  may  be  had  by 
advancing  the  letters.  Each  component  is  thus  obtainable  in 
a  differential  equation  not  involving  the  other  components,  so 
that  the  problem  may  be  completely  solved  in  any  cases  in  which 
the  differential  equation  of  the  type  of  (12)  or  (13)  can  be  solved. 
We  shall  not  at  present  enter  into  the  discussion  of  the  general 
equations  but  shall  consider  certain  important  special  cases. 

36.  Special  Case  in  Which  the  Hxmiogeneous  Medium  is  an 
Insulating  Medium  Uncharged. — In  this  case  the  conductivity 
7  is  zero  and  the  intrinsic  charge  density  p  is  also  zero,  so  that 
each  component  of  electric  and  magnetic  intensity  £«,  Ey^  Et, 
Hxt  Hy,  Hm  satisfies  an  equation  of  the  form 

f  ^  -  VW  (14) 

where  JIf  is  a  generic  expression  for  either  of  the  components  of 
electric  or  magnetic  intensity.  This  equation. is  of  a  type  known 
In  elasticity  theory  as  the  wave  equations, 

37.  Special  Case  of  a  Plane  Wave  in  an  Tt^gniatitig  Homogene- 
ous Uncharged  Medium. — The  equation  (14)  applies  to  this  case, 
but  this  equation  is  to  be  stiU  further  specialized  by  making 
M  a  function  of  s  and  t  alone, 

M  =  /(«,  t)  (15) 

where 

8  =  Ix  +  my  +  m  (16) 

where    I,  w,  n  are  the  direction  cosines  of  «;  so  that 


I  =  COS.  of  angle  between  8  and  x 
m  =  COS.  of  angle  between  8  and  y 
n  =  COS.  of  angle  between  s  and  z 
1  «  Z«  +  m*  +  n« 


(17) 


Equation  (16)  is  the  equation  of  all  points  x,  ^,  2  on  a  plane  PQ 
(Fig.  1)  perpendicular  to  8  at  its  end ;  so  that  s  is  the  perpendicular 
distance  from  the  origin  0  to  the  plane. 
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For  a  fixed  value  of  8,  and  at  a  fixed  time,  the  value  of  M  (15) 
is  the  same  at  all  points  of  the  plane.  JIf  is  a  generic  symbol 
for  each  component  of  electric  or  magnetic  intensity,  so  that  each 
of  these  intensities  is  the  same  all  over  the  plane  s  at  a  given  time. 
As  the  time  changes,  these  values  of  intensity  in  the  plane 
change  but  remain  of  uniform  value  over  the  plane. 

If  on  the  other  hand,  the  time  is  considered  fixed,  and  different 
values  are  given  to  «,  each  of  the  diflferent  values  of  «  will  repre- 
sent a  different  one  of  a  series  of  parallel  planes  perpendicular  to 
8,  and  over  each  of  these  different  planes  the  intensity  will  be 
uniform  but  different  from  plane  to  plane. 


X.VyZ 


Fxo.  1. — Every  point  x,  y,  t,  of  the  plane  Q  P  satisfies  equation  (16) ,  in  which  t  ib 
the  length  of  the  perpendicular  from  O  to  the  plane. 


The  field  of  electric  and  magnetic  intensity  may  thus  be  called 
a  plane  field. 

In  the  case  of  the  plane  field  the  wave  equation  (14)  reduces  to 
a  simpler  form  if  we  express  V*Af  in  terms  of  «  thus: 

dM      dM  ds^  ^     dM 


likewise, 


dx 

am 


d8  dx 


d8' 


=  t 


2 


=  m^ 


=  n« 


aw  1 

68^ 

d8^ 


(18) 


■ 
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Whence  (14)  becomes 

Each  component  of  electric  and  magnetic  intensity  in  the  plane 
field  satisfies  an  equation  of  the  form  of  (19).  This  equation, 
for  reasons  that  we  shall  soon  see,  is  called  the  Plane-^ave 
Equation. 

38.  Classification  of  Solutions  of  the  Plane-wave  Equation. 
Let  us  now  undertake  a  solution  of  the  plane-wave  equation  (19), 
in  which  JIf  is  a  generic  symbol  for  any  of  the  electric  or  magnetic 
intensities. 

Two  classes  of  solutions  will  appear.  These  we  shall  call 
Class  I  and  Class  II,  described  as  follows: 

Class  I.  All  solutions  that  reduce  both  sides  of  (19)  to  zero; 

Class  II.  All  solutions  that  reduce  the  two  sides  of  (19)  to 
equality  but  not  to  zero. 

We  shall  find  that  only  solutions  of  Class  II  are  important  for 
electric  wave  theory,  but  both  classes  will  now  be  considered. 

39.  Solutions  of  Class  i: — ^Let  P  be  any  solution  of  (19)  of 
Class  I.    Then  by  definition  of  this  class 

a^  =  o  (20) 

h  =  <>  (21) 

An  integration  of  these  equations  as  simultaneous  gives 

P  =  A  +  Bt  +  Cs  +  Dst  (22) 

in  which  A,  B,  C,  D  are  constants  of  integration.  In  all  cases  in 
which  the  intensities  are  restricted  to  finite  values  B=  C  =  D  =  0, 
and 

P  ^  A  (23) 

This  constant  A  is  also  zero  in  all  cases  in  which  only  fluctuating 
quantities  enter  into  consideration. 

40.  Solutions  of  Class  II. — Returning  now  to  the  plane-wave 
equation  (19),  let  us  seek  for  solutions  of  Class  II;  that  is,  for 
solutions  that  do  not  reduce  the  two  sides  of  the  equation  to 
zero. 

Any  f imction  of  8  + at  (if  a  has  the  proper  value)  is  a  solution 
of  (19),  as  may  be  seen  by  direct  substitution  as  follows: 
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Let 

M  =  G(.+ad  (24) 

where  6  is  a  s3rmbol  for  ''function/'  and  let  us  take  the  second 
derivatives  of  G  with  respect  to  8  and  t.  For  this  purpose,  let 
us  designate  the  first  and  second  derivatives  of  G  with  respect  to 
its  argument  («  +  at)  by  G'  and  G"  respectively.    Then 

^  =  oG',  ^  =  G', 

dt  '  d8  ' 

whence,  equation  (19)  becomes 


M€ 


c 


2 


aV  =  G"  (25) 


This  equation  is  satisfied  by  G"  =  0,  which  has  already  been 
treated  in  Class  I.  It  is  also  satisfied  by  any  function  G  what- 
ever, provided 


That  is. 


or 


«=+->.  (26) 

c 

It  thus  appears  that  in  our  attempt  to  find  one  functional 
solution  of  (19)  we  have  found  two;  namely, 


and 


Vita 


M=G 


where  F  and  G  are  any  functions  of  their  respective  arguments. 
Now  since  equation  (19)  is  Unear  and  homogeneous,  the  sum 
of  the  several  solutions  is  a  solution;  that  is 

M=F        .  ^  +  <?^  ^   .       +P  (27) 

(» 7=  ^  («  +  -7=  0 

This  solution  is  the  complete  integral  of  equation  (19);  for 
the  term  P  includes  all  solutions  that  satisfy  (19)  by  reducing 
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both  sides  to  zero,  and  the  terms  F  and  O  being  two  arbitrary 
functions  include  all  other  solutions  of  the  second-order  partial 
differential  equation  with  two  independent  variables. 

If  we  omit  the  P  solution,  which  as  we  have  shown  in  Art. 
39,  is  of  no  importance  where  only  fluctuating  intensities  enter 
into  consideration,  we  shall  have  only  the  F  and  G  solutions  of  (27). 

41.  Examination  of  the  Plane-wave  Solution.  Velocity. — 
In  equation  (27)  is  given  the  complete  solution  of  the  plane- 
wave  equation  (19).  In  this  solution  M  is  any  one  of  the  com- 
ponents of  electric  or  magnetic  intensity.  The  functions  F  and 
G  may  be  different  for  the  different  components,  but  the  argu- 
ments of  these  two  functions  remain  always  the  same  two 
arguments. 

The  several  functions  are  interrelated  by  Maxwell's  equations 
and  are  further  delimited  by  the  boundary  conditions  at  the 
source  of  the  disturbance  and  at  any  surfaces  of  discontinuity 
that  exist  between  different  media. 

Without  at  present  entering  into  these  interrelations  and  limita- 
tions, we  can  discover  certain  interesting  properties  of  the  field 
by  examining  the  general  solution  (27).  We  can,  for  example, 
obtain  the  result  that  the  F  and  G  parts  of  the  field  are  disturb- 
ances that  move  with  a  finite  velocity,  and  we  can  determine 
the  velocity  as  follows: 

Let  us  confine  our  attention  at  first  to  the  function  F,  and  write 


(•-^'•) 


We  see  that,  whatever  value  M  may  happen  to  have  all  over 
the  plane  at  the  distance  si  from  the  origin  at  the  time  U,  it  will 
have  the  same  value  all  over  the  plane  Si  at  the  time  t%,  provided 

c  c 

«i y=  h  =  82 7=  ti  (28) 

for  then 

That  is,  the  time  at  which  a  given  condition  exists  at  two  dif- 
ferent distances  are  related  to  the  distances  by  the  equation 
(28)  or 

82—81  c 

fe  —  <i      Vaw 
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The  distance  traveled  «2  —  Si  divided  by  the  time  to  travel  it 
{h  —  ^i)  gives  the  velocity;  whence 

^  =  -7=  (29) 

is  the  velocity  with  which  the  condition  at  81  moves  in  the  direction 
of  increasing  8. 

In  a  similar  way  it  may  be  shown  that  the  equation 

« 

represents  a  condition  moving  in  the  opposite  direction  (the 
direction  of  decreasing  s)  with  the  same  velocity. 

From  the  above  discussion  it  appears  that  if  we  have  an  electro- 
magnetic field  in  which  all  of  the  components  of  electric  and 
magnetic  intensity  are  functions  of  8  and  t  alone,  where  s  is  the 
perpendicular  distance  from  an  arbitrary  origin,  and  if  the 
intensities  are  supposed  to  remain  everywhere  and  at  all  times 
finite,  and  if  there  are  no  constant  components  of  intensity, 
the  quantity  P  becomes  0,  and  each  component  of  intensity 
consists  in  general  of  two  superposed  disturbances,  or  waves, 
moving  in  opposite  directions  along  the  axis  of  8  with  the  velocity 
given  in  (29). 

The  form  of  the  functions  F  and  G  will  depend  upon  the  manner 
of  the  origination  of  the  disturbance  and  upon  the  conditions 
at  certain  surfaces  of  discontinuity  bounding  the  homogeneous 
region  under  consideration.  In  particular  cases  one  of  the  func- 
tions (r,  say,  may  be  everywhere  zero,  and  the  whole  field  will 
move  forward  in  one  direction  with  the  velocity  v.  In  other 
particular  cases,  as  when  we  have  a  reflection  of  waves,  both  the 
forward-moving  wave  and  the  backward-moving  wave  will 
coexist  and  give  an  interference  system.  The  importance  of 
having  the  two  functions  in  the  solution  is  precisely  this — 
that  it  enables  us  to  give  a  description  of  the  phenomena  of 
reflection  when  they  occur. 

42.  Velocity  in  Free  Space  Equals  the  Ratio  of  UnitSy  Equals 
the  Velocity  of  Light. — In  space  devoid  of  all  matter,  €  =  /*  =1; 
therefore,  the  velocity  (29)  becomes  in  empty  space 

vo  =  c, 

where  c  is  the  number  of  absolute  c.g.s.  electrostatic  units  of 
quantity  of  electricity  in  one  electromagnetic  unit  of  quantity. 
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The  prediction  that  electric  waves  in  free  space  should  have 
the  value  here  given  was  made  by  Maxwell  in  his  original  writings 
on  the  electromagnetic  theory  of  light.  Before  that  time  it  was 
known  from  experiments  that  c,  the  ratio  of  the  units,  was  ap- 
proximately the  velocity  of  light.  Maxwell  himself  made  some 
of  the  measurements  of  the  ratio  of  the  units.  Later  experi- 
mental determinations  of  these  quantities  are  given  in  the  follow- 
ing table. 

Table  I. — Comparison  of  Velocity  of  Light  with  Ratio  of  Units^ 

Velocity  of  light  Observer 

2.99853  X  101"  cm./sec Michelson 

2.99860 Newcomb 

2.99860 Perrotin 

■  2.99852 Weinberg 

Average...  2. 99856 

Ratio  of  units  Observer 

3.0067  X  10" Himstedt 

3.0000 Rosa 

2.9960 Thomson  and  Searle 

2.9913 H.  Abraham 

3 .  0010 Hunnuzescu 

2.9978 Perot  and  Fabry 

2.9971 Rosa  and  Doreey 

Average..  .2.9984 

44.  Refractive  Index  for  Electric  Waves. — To  get  the  index  of 
refraction  for  electric  waves  of  any  insulating  medium  of  dielec- 
tric constant  e  and  permeability /i,  it  is  only  necessary  to  note  that 
the  velocity  in  this  medium  is 

c 
V  =  ~7~ 

while  the  velocity  in  vacuo  is 

Vo  =  c. 

The  ratio  of  these  two  velocities  is  the  index  of  refraction  n 
of  the  medium  for  the  particular  frequency  at  which  €  and  m  are 
measured;  that  is, 

n  =  Vo/v  =  y/etJL  (30) 

1  For  references  to  literature  see  Rosa  and  Doreey:  BvUetin  Bureau  of 
Standards,  Vol.  3,  Nos.  3  and  4,  1907. 
26 
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It  is  to  be  noted  that  the  derivation  of  this  equation  assumes 
that  the  medium  is  non-conductive  and  that  there  are  no  motions 
of  charged  particles  within  the  medium;  for  such  a  motion  con- 
stitutes a  current,  and  all  such  currents  have  been  excluded  from 
the  special  problem  of  the  insulating  medium. 

46.  The  Plane  Electric  Wave  in  a  Non-cr|rstallIne  Homo- 
geneous Dielectric  is  a  Transverse  Wave,  with  its  Electric  and 
Magnetic  Intensities  Perpendicular  to  the  Direction  of  Propaga- 
tion and  Perpendicular  to  Each  Other. — Proof:  Each  compo- 
nent of  electric  intensity  of  the  wave  moving  in  direction  of 
positive  8  is  a  function  of  s  —  vt,  and  therefore  of  t  —s/v,  where 


V  = 


Let 


8  =  Ix  +  my  +  nz. 

E,=f{t-8/v), 

^v  =  9{t  -  8/v) 
E,  =  h(t  -  8/v) 


(31) 


where  /,  g,  and  h  are  any  functions  of  their  argument  t  —  s/v. 

Let  the  derivatives  of/,  g,  h  with  respect  to  <  —  «/t;  be  indicated 

hyf,  g',  h'j  and  let  us  now  determine  the  values  of  the  components 

of  H  by  Art.  30  Equations  (B),  the  2HK>mponent  of  which  gives 


fi  dHx  __  dEg       dEy 
c  ^         dy       ^ 

=  —.—A  +  -  9* 

'     *^  V  V 


Integrating  and  multipljdng  by ,  we  have  (omitting  the 

constant  of  integration  as  of  no  significance  for  the  wave-field) 

Hg  =  -J-  (mh  —  ng) 


4 


Likewise 


^«  =  -^  (nE,  -  IE,) 
H,  =  J-{lEy  -  mE,) 


(32) 
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Let  us  now  recall  that  Z,  m,  and  n  are  the  direction-cosines  of 
a;  that  is,  I,  m,  and  n  are  the  components  along  the  axes  of  x,  y, 
and  0  of  a  unit  vector  U.  along  a;  whence  by  (5),  Art.  31, 
equations  (32)  may  be  combined  into  the  vector  equation 


-Jo-x 


E  (33) 

where 

n«  »  a  unit  vector  in  direction  of  propagation  a. 

This  equation  (33)  givea  the  magnetic  intensity  H  in  nuignitude 
and  direction  in  terms  of  the  electric  intensity  E  for  the  case  of  a 
plane  wave  traveling  in  the  direction  s  {or  n«)  in  a  homogeneons 
insidating  medium. 

In  magnitudcj  it  is  seen  by  (33) 


"-4 


E  (34) 

In  direction  H  is  1  to  E  and  1  to  a. 

To  prove  completely  the  proposition  enunciated  in  the  heading 
of  this  section,  it  remains  to  prove  E  also  perpendicular  to  s. 
This  can  be  done  by  starting  with  Hx,  Hy,  and  Hg  as  functions  of 
{t  —  s/v).  The  equations  will  be  similar  to  (31)  but  with  differ- 
ent functions.    Then  applying  Maxwell's  equations  {A),  Art.  SO, 

of  the  type 

€  dE,      dH,      dHy 


we  obtain 


c  dt         dy         dz 


i?.  -  -  yf'ImH,  -  nHy") 


and  similar  equations  for  Ey  and  E,;  wheQce  vectorially 


E  =  -  J'^U.  X  H  =  J^H  X  U. 


(35) 


This  equation  agrees  with  (33)  and  shows  in  addition  that  E  is 
J.  to  Uf  The  conclusion  from  (33)  and  (35)  is  then  that  E,  H, 
and  n«  are  mutually  perpendicular  and  are  oriented  with  respect  to 
one  another  in  the  sam^  way  as  the  axes  x,  y,  z,  in  Fig.  3, 
AH.  19. 

The  direction  or  propagation,  which  is  the  direction  of  U*, 
is  also  the  direction  of  Poynting's  vector  s. 
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Various  nemonic  rules  have  been  suggested  for  remembering 
the  orientation  of  E,  Hy  and  s.    A  simple  one  is  as  follows: 

E  =  east,     s  =  south,    H  =  high  (upward). 

For  the  backward  moving  wave  the  rule  for  the  orientation  of 
the  intensities  with  respect  to  the  direction  of  propagation  is  the 
same;  namely,  equation  (36). 

It  is  seen,  however,  that  if  we  reverse  the  direction  of  one  of  the 
quantities  E,  H,  ^^  we  m%ist  reverse  one  other  of  them  hut  not  both, 
since  any  one  of  the  vector  quantities  has  as  a  factor  the  vector 
product  of  the  other  two. 

46.  The  Instantaneous  Electric  Energy  per  Unit  Volume  is 
Equal  to  the  Instantaneous  Magnetic  Energy  per  Unit  Volume 
of  a  Single  Plane  Wave. — ^This  proposition  follows  at  once,  by 

Sir 

squaring  (34)  and  dividing  by  — ,  which  gives 

This  equation,  as  well  as  (34)  from  which  it  is  derived,  holds 
true  when  there  is  a  single  plane  wave  moving  intone  direction. 
It  does  not  hold  when  there  exists  an  interference  sj^em,  as 
will  be  shown  below. 

47.  Harmonic  Solution  for  a  Plane  Wavei  Plane  Polarized, 
in  a  Homogeneous  Insulator. — Up  to  the  present  we  have  treated 
the  problem  of  the  plane  wave  by  means  of  general  functions, 
and  we  have  shown  that  the  electric  and  magnetic  intensities 
and  the  direction  of  propagation  are  mutually  perpendicular. 

Let  us  assume  that  the  wave  is  plane  polarized.  This  means 
that  the  direction  of  the  electric  and  magnetic  intensities  do  not 
change.  We  may  choose  the  axes  so  that  E  is  along  the  x-axis, 
and  H  is  along  the  |/-axis,  then  the  direction  of  propagation  will 
be  the  direction  of  the  2-axis;  and  we  may  write 

E.  =  fit  -  z/v)  (37) 

and  by  (34) 


where 


Hy   =   yj^fit  -  z/v)  (38) 


V  =  -^  (39) 
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It  is  now  proposed  to  limit  the  problem  by  assuming  that  the 
electric  intensity  ^s  is  a  harmonic  function  of  the  time.  By 
(37)  it  will  then  be  a  harmonic  function  of  {t  —  z/v),  and  may  be 
writtten 

E^  =  Eainlti){t  --z/v)  +  *j  (40) 

and  by  (38), 

Hy  -  JtE  sin{«(«  ''■z/v)+  <l>}  (41) 


FiQ.  2. — Orientation  of  electric  and  magnetic  intensities  in  a  plane  wave  travel- 
ing in  the  ^-direction  in  a  homogeneous  isotropic  medium. 


T^here 


E  »  amplitude  of  E^; 

<a  =  angular  velocity  in  radians  per  second  of  the 

harmonic  oscillation  =  2ir/T,  where 
T  =  period; 
4>  =■  phase  angle  depending  on  choice  of  origin  of  time. 

Equations  (40)  and  (41)  give  the  electric  and  magnetic  in- 
tensities of  a  harmonic  wave  moving  in  the  z-direction.  It  is 
seen  that  in  such  a  wave  the  electric  and  magnetic  intensities  are 
in  phase  in  time  and  space.  At  a  given  time  the  distribution 
of  intensities  for  different  values  of  z  are  given  in  Fig.  2;  where, 
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for  simplicity  of  drawing,  separate  diagrams  are  made  for  the 
two  intensities. 

To  obtain  the  wave  length  X,  we  have  only  to  note  that  the 
addition  of  X  to  2;  does  not  change  Eg  or  Hy  in  (40)  and  (41). 
This  means  that 

coX 

—  =  2t 

V 

or 

X  =  ?^  =  pr  (42) 

(a  I 

As  we  have  shown  in  the  examination  of  the  general  functions 
of  (t  —  8/v)y  the  whole  diagrams  of  Fig.  2,  except  the  axial  line 
oz,  are  supposed  to  move  forward  in  the  ^-direction  with  the 
velocity  v. 

If  the  observation  is  made  at  a  fixed  point  on  the  axis,  2  = 
constant,  the  vectors  of  electric  and  magnetic  intensity  will 
fluctuate  sinusoidally  with  the  time. 

The  plane  of  the  wave  is  a  plane  perpendicular  to  oz  and  any 
such  plane  has  all  over  it  a  uniform  value  of  electric  intensity, 
and  of  magnetic  intensity,  at  a  given  time. 


CHAPTER  V 


REFLECTION  OF  A  PLANE  WAVE  FROM  A  PERFECT 

CONDUCTOR 

In  the  present  chapter  we  shall  treat  the  reflection  of  a  plane 
electric  wave  from  the  surface  of  a  perfect  conductor.  In  Arts. 
4S  and  49  the  wave  will  be  considered  to  be  harmonic  and  to  be 
incident  normally.  In  Arts.  60  and  51  the  more  general  case  will 
be  considered,  in  which  the  incidence  is  oblique  and  the  wave  not 
limited  to  the  harmonic  form. 

In  a  later  chapter  cases  in  which  the  conductor  is  not  a  perfect 
conductor  will  be  considered. 


E: 


i 


Fig.  1. — Electric  wave  Ex,  H^y  traveling  in  the  s-direction,  incident  normally 

on  a  perfectly  conductive  surface  M. 


48.  Reflection  of  a  Harmonic  Plane -polarized  Plane  Wave 
from  a  Perfectly  Conductive  Plane  at  Normal  Incidence. — ^Let 
Jlf,  Fig.  1,  be  a  perfect  conductor  with  a  plane  surface  in  the 
xy-plane  through  the  origin  of  codrdinates.  Let  a  plane-polar- 
ized wave  coming  from  the  left  of  the  surface  in  a  dielectric 
medium  of  dielectric  constant  t  and  permeability  /x  be  incident 
normally  upon  the  surface,  and  let  us  choose  the  axes  so  that  the 
X-axis  is  in  the  direction  of  the  electric  intensity,  and  the  y-axis 
in  the  direction  of  the  magnetic  intensity. 
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The  characteristic  of  a  perfect  conductor  is  that  the  electric 
intensity  within  the  conductor  is  zero.  In  the  medium  in 
contact  with  the  conductor  the  tangential  component  of  electric 
intensity  is  continuous  with  its  value  within  the  conductor, 
and  therefore  zero  at  all  times. 

We  have  assumed  the  incident  wave  harmonic,  but  a  single 
harmonic  value  for  Eg,  such  as  is  given  in  (40),  Art.  47,  does  not 
possess  the  property  of  being  zero  at  2  =  0,  and  is  therefore  in- 
sufficient to  represent  the  system  of  waves  in  the  present  prob- 
lem. By  our  general  solution  (27),  Art.  40,  we  may  add  to  the 
wave  traveUng  in  the  2;-direction  another  wave  traveling  in  the 
opposite  direction,  and  with  proper  choice  of  intensities,  phases, 
etc.,  it  is  possible  to  make  the  direct  and  the  reflected  waves 
annul  each  other  as  to  electric  intensity  at  the  surface  of  the  con- 
ductor. Since  the  incident  wave  is  harmonic,  the  reflected  wave 
to  annul  it  must  be  also  harmonic  and  of  the  same  frequency  and 
same  phase  angle.  By  proper  choice  of  the  origin  of  time  we  may 
make  this  phase  angle  0  =  0,  and  write  the  solution 

Ex  =  El  sin  <a(t  —  z/v)  +  E2  sin  «(«  +  z/v)  (1) 

Now  by  the  condition  at  the  surface,  we  have,  when  2  =  0, 
El  =  -  E2  =  E  (say).    Therefore, 

Ex  =  E  sin  <a{Jt  -  z/v)  -  E  sin  «(<  +  z/v)  (2) 

The  second  term  has  its  direction  of  propagation  and  also  its 
intensity  reversed  with  respect  to  the  first  term;  whence,  by 
Art.  45|  Chapter  IV,  it  is  seen  that  the  corresponding  ampli- 
tude of  H  for  the  second  term  will  have  the  same  direction  as 
the  amplitude  of  H  for  the  first  term,  and  by  (32),  Art.  46,  we 
shall  have 

Hy  =  J^  E  ^n  u)(t  -  z/v)  +  yk-Esin  «(<  +  z/v)        (3) 

This  equation  for  Hy  may,  if  desired,  be  independently  derived 
by  substituting  the  value  (2)  for  £«,  with  Ey  and  E,  equal  zero, 
into  Maxwell's  Equation  (B),  Art.  30. 

Equations  (2)  and  (3)  show  that  the  magnetic  intensity  Hy 
is  made  up  of  two  harmonic  wave-trains  traveUng  in  opposite 
directions,  having  equal  amplitudes,  and  having  the  reflected 
magnetic  intensity  in  phase  with  the  incident  magnetic  intensity; 
while  the  electric  intensity  Ex  consists  also  of  a  direct  and  a 
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reflected  wave  of  equal  amplitude,  but  the  reflected  electric 
intensity  is  opposite  in  phase  to  the  incident  electric  intensity. 

Let  us  now  put  equations  (2)  and  (3)  into  a  better  form  for  their 
interpretation.  Expanding  the  sine  terms  by  the  trigonometric 
formulas  for  the  sine  of  a  sum  or  a  difference,  we  obtain 

(4) 
(5) 


Eg  =  ^2E  cos  0^  sin  (aa/v) 
Hy^  2 y\-Emi o>t cos (m/v) 


49.  Plot  of  Stationary  Wave  System. — A  plot  of  the  two  inten- 
sities is  given  in  Fig.  2,  where,  to  obviate  difficulty  in  plotting. 


Eleotdc  iBtooatty  "Ex 


Ma^netio  IixUnilty  Hy 


1=% 


Fxo.  2. — Stationary  waves  of  electric  and  magnetic  intensity  at  normal 
incidence  on  a  perfectly  conductive  plane  surface  Af  •  In  the  figure  the  period  is 
represented  as  r. 

no  effort  is  made  to  show  that  the  magnetic  and  electric  inten- 
sities are  at  right  angles  to  each  other. 

The  equations  (4)  and  (5)  are  thus  seen  to  be  the  equations  to 
two  stationary  loave  systems.  There  are  certain  points  in  space 
where  the  electric  intensity  is  always  zero  and  certain  other 
points  where  the  magnetic  intensity  is  alwa3n3  zero.  These 
positions  of  constant  zero-intensity  are  called  nodes.  Between 
the  electric  nodes  and  between  the  magnetic  nodes  there  are 
points  of  maximum  fluctuation  of  intensity,  which  are  called 
loops. 
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Whereas,  in  the  single  free  train  of  waves  the  electric  and  mag- 
netic intensities  are  exactly  in  phase  in  time  and  space;  in  the 
interference  system,  or  stationary  system,  the  electric  and 
magnetic  intensities  are  90^  out  of  phase  in  time  and  space. 

The  wavelength  in  the  incident  wave  by  (42),  Art.  47,  is 
X  =  2'Kv/(a.  The  positions  of  the  nodes  in  the  stationary  system 
are  seen  to  be  at  the  following  values  of  z: 

The  nodes  of  J?,  are  at 

-^2  =  0,    Tt;/«,     2Tt;/«,    Sw/ci)    etc.; 
that  is 

-2  =  0,    X/2,    X,    3X/2,    etc.  (6) 

The  nodes  of  Hy  are  at 

-2  =  X/4,     3X/4,     5X/4,     7X/4,     etc.  (7) 

Loops  exist  halfway  between  these  respective  nodes. 

It  is  seen  that  the  distance  between  consecutive  electric  nodes 
or  consecutive  magnetic  nodes  is  half  the  wavelength  of  the 
incident  wave.  The  distance  between  consecutive  electric  loops 
or  consecutive  magnetic  loops  is  the  same  distance. 

Since  the  reflected  intensities  are  equal  to  the  incident  in- 
tensities in  ampUtude,  the  perfectly  conductive  surface  is  a 
perfect  reflector  for  electromagnetic  waves. 

60.  Reflection  of  a  Plane  Wave  from  a  Perfectly  Conductive 
Plane  at  Arbitrary  Incidence. — ^Let  the  conductive  plane,  which 
we  shall  call  the  mirror,  pass  through  the  origin  of  coordinates 
and  be  perpendicular  to  the  x-axis.  Suppose  a  plane  direct 
wave  to  be  traveling  in  a  medium  of  dielectric  constant  c  and 
permeability  /x,  and  in  the  direction  of  a  line  s  with  direction 
cosines  Z,  m,  n.  Then  any  point  x,  y,  z  on  the  incident  wave 
front  TT,  Pig.  2,  will  satisfy  the  equation 

Ix  +  my  +  na  —  s  (8) 

where  s  is  the  distance  from  0  to  TF, 

In  the  Direct  Wave,  let  the  components  of  electric  intensity 
by  any  functions  /,  g,  h  of  (t  —  s/v) ;  that  is 

E.  =  f(t  -.s/v)  \ 

Ey  =  g{t  -  s/v)  \  (9) 

E^  =  h(t  -  s/v)  J 
where 

.;  =  -/  (10) 
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Then  as  in  equation  (32),  Art.  46, 


Hy  =  yj'-inE,  - 
H.  =  ^-(lE,  - 


IE.) 


mE,) 


(11) 


It  is  apparent  that  this  direct  wave  alone  is  not  sufficient,  for 
the  reason  that  the  tangential  components  of  electric  force 
must  be  at  all  times  zero  at  the  mirror,  and  the  values  of  (9) 
do  not  satisfy  this  condition.  It  is,  therefore,  necessary  to  sup- 
pose a  reflected  wave  also  to  exist  and  to  be  superposed  upon  the 
direct  wave. 

We  shall  assume  the  reflected  wave  to  be  also  a  plane  wave  and 
to  be  traveling  in  some  unknown  direction  along  a  Une  ^i,  with 
direction  cosines  Zi,  mi,  ni,  and  shall  show  that  with  proper 
choice  of  Si  and  with  proper  intensities  in  the  reflected  wave,  the 
proper  boundary  conditions  are  satisfied.  ^ 

The  reflected  wave  may  be  expressed  in  terms  of  arbitrary 
functions  A,  gi  and  hi  as  follows:     ^         \ 

El,  =  fi(t    +  8i/v) 

Ely  =  gi(t  -I-  8i/v) 
Eu  =  hi{jL  +  8i/v) 


\^ 


(12) 


Hiu  =  yl-  {miEu  —  UiEiy) 
Hiy  =  a/-  {niEix  —  liEi^ 
Hu  =  -v/-(ZiJ&iy—  miEix) 


(13) 


with 


(14) 


liz  +  niiy  +  niz  -  «i 

where  8i  is  the  distance  OWi. 

Now  by  the  conditions  at  the  mirror,  when  we  put  a?  «  0,  the 
total  tangential  electric  force  must  be  zero; that  is,  the  sum  of  the 
direct  and  the  reflected  Ey  and  E,  values  must  be  zero;  hence 


0  --  g\t J  +  gi[t  + 


miVo  +  niZo\ 
V         I 


(15) 


396 


ELECTRIC  WAVES 


[Chap.   V 


where  in  these  'equations  2/0  aJid  z^  are  codrdinates  of  any  point 
in  the  surface  of  the  mirror.  To  make  (15)  true  for  all  such  points 
and  for  all  values  of  ^,  we  must  have  for  the  operators  g  and  gi, 
h  and  hi,  the  pelotlons 

and  for  the  direction  cosines. 

Til  —  +w 

Let  us  determine  the  other  direction  cosine  Zi.  By  the  fact 
that  the  sum  of  the  squares  of  the  direction  cosines  of  a  given 
line  is  unity,  h  is  equal  to  plus  or  minus  {;  but  if  it  were  plus 
ly  then  81  would  be  identical  with  8  for  any  given  point  x,  y,  z  and 
the  total  y  and  ;?-components  of  E  would  by  (16)  be  zero  every- 
where at  all  times,  and  our  incident  wave  would  have  only  an 


(17) 


Fig.  2. — lUuBtrating  a  plane  wave  W  traveling  in  direotion  &  incident  at  an^e  o^ 
incidence  B  upon  a  plane  perfectly  conductive  surface  Af . 

a;-component  and  would  be  traveling  parallel  to  the  mirror.  This 
case  is  of  no  interest,  as  the  problem  is  then,  so  far  as  concerns 
the  dielectric  medium,  the  same  as  that  with  the  mirror  absent. 
Excluding  this  case,  equivalent  to  no  mirror  present,  we  have  in 
all  other  cases 

ii  =  -I  (18) 

The  equations  (17)  and  (18)  show  that  the  electric  radiation 
obeys  the  ordinary  law  of  reflection  of  Ught;  namely,  the  reflected 
ray  is  in  the  eame  plane  with  the  incident  ray  and  the  normal  to 
ihe  mirror  at  the  point  of  incidence,  and  the  angle  of  reflection  is 
equal  to  the  angle  of  incidence.     (Proof  follows.) 
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This  is  seen  by  reference  to  Fig.  2.  The  angle  of  incidence 
9  =  COB"*  Z.  The  angle  of  reflection  9'  =  the  supplement  of 
COS"*  h  =  9.  The  equality  of  mi  to  m  and  of  ni  to  n,  makes  the 
incident  and  reflected  beam  in  the  same  plane  perpendicular  to 
the  mirror. 

Returning  now  to  the  question  of  electric  and  magnetic  in- 
tensities, we  have  found  the  form  of  gi  and  hi  in  terms  of  g  and  h. 
It  remains  to  find  the  form  of /i.  This  can  be  done  by  employing 
the  fact  that  the  electric  intensity  is  in  the  wave  front  in  both 
the  direct  and  reflected  waves;  that  is,  the  components  in  the 
directions  8  and  ^i  are  respectively  zero.    This  means  that 

If  +   mg   +   nh    =0  (19) 

lifi  +  m^gi  +  niAi  =  0  (20) 

In  view  of  (16),  (17)  and  (18)  the  equation  (20)  becomes 

—Ifi  —  mg  —  nh  =  Of 

which  added  to  (19)  gives 

/i  =  /  (21) 

51.  Intensities  in  Direct  Wave  and  Reflected  Wave,  and 
Total  Intensities  at  the  Mirror. — Summarizing  the  results,  we 
have  for  the  intensities  of  the  direct  and  reflected  waves  and  for 
the  total  intensities  at  the  mirror  the  following  equations : 

Direct  Wave 

E.  =  fit  -  8/v)]  H,  =  yjl  (mE,  -  nE,)] 


E^  =  g(t  -  8/v)  H^  =  A^  (nE»  -  IE,) 

E,  =  h(t  -  8/v)  ^'  =  -xp  (^»  -  ^EJ] 


(22) 


Reflected  Wave 


El,  =      f{t  +  8i/v)  Hi,  =       Jl  {mEu  -  nEiy) 

Ely g{ti  8i/v)         Hi^  =      yp.  (nEi,  +  lEu) 

Eu^  -  h(t  -f  8i/v)  Hu  =      J^i-lEi^-mEi,) 

yn  J 


(23) 
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Total  Field  at  the  Mirror  by  (9),  (12),  (16),  (22)  and  (23) 
E^  +  El,  =  2E,       H,  +  ^1.  =  0 


Ey    +    Ely    =    0  Hy    +    Hly    =     2H  y 

E,  +Eu  -=0  H,  +  Hu  =  2ff. 


at  X  =  0  (24) 


It  is  seen  that  the  effect  on  the  plane  wave  of  the  plane  per- 
fectly conductive  mirror  is  to  double  the  normal  electric  intensity 
at  the  mirror  and  annihilate  the  tangential  electric  intensities; 
also  to  annihilate  the  normal  magnetic  intensities  and  double 
the  tangential  magnetic  intensities  at  the  mirror. 

In  the  space  at  any  distance  from  the  surface  of  the  mirror 
the  equations  (22)  and  (23)  permit  the  complete  computation  of 
the  reflected  wave  in  terms  of  the  direct  electric  intensities  where 
these  are  known. 


CHAPTER  VI 

VITREOUS  REFLECTION  AND  REFRACTION 

62.  Reflection  and  Refraction  of  a  Plane  Electric  Wave  by  a 
Homogeneous  Instilator. — Suppose  a  plane  electric  wave  in 
an  insulating  medium  of  inductivity  €i,  and  penneability  mi  to  be 
incident  upon  the  plane  surface  of  a  second  insulating  medium 
of  inductivity  €2  and  permeability  ^s. 

Let  the  surface  between  the  two 
media  be  through  the  origin  of  co- 
drdinates  and  perpendicular  to  the 
X-axis,  as  in  Fig.  1.  Let  us  assume 
that  the  direct  wave  is  traveling 
in  the  direction  of  81  with  direction 
cosines  h,  nti,  and  n^;  and  that 
there  is  a  refracted  wave  traveling 
in  the  second  medium  in  some 
direction  82   (direction   cosines  U, 

VH,  na),   and   also  a  reflected  wave    Fio.  1.— Concerning  reflection  and 
,,       '  ,.  ...  refraction  at  a  boundary. 

in  the  first   medium    travehng  m 


Boondaiy 

of  Media 


some  direction  8%  (cosines  U,  ms,  nt). 

in  the  first  medium  is 

c 

Vi  = 


The  velocity  of  the  waves 


V 


liiti 


(1) 


the  velocity  in  the  second  medium  is 


Vi  = 


V^ 


(2) 


M2€2 


It  is  required  to  find  the  directions  of  propagation  of  the  re- 
flected and  refracted  waves,  and  their  intensities  relative  to  the 
incident  intensities. 

The  geometrical  equations  of  the  fhree  wave-fronts  are 
respectively 

ZiX  +  niiy  +  niz  =  »i 

Ux  +  m2y  +  niZ  =  8%  \  (3) 

Zsx  +  mty  +  ntz  =  89 
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We  shall  first  write  down  the  values  of  the  electric  intensities 
in  the  three  waves  respectively: 
In  the  Direct  Wave 


Ei^  =  flit  -  si/vi) 
Ely  =  gi{t  -  8i/vi) 
Eu  =  hiijt  -  8i/vi) 

In  the  Refracted  Wave 

S»«  =  Mt  -  Bt/vt)  ' 

E2y    =   g^it  -  8i/Vi) 
Eu   =  hii^t  —  «2/V2)  . 

In  the  Reflected  Wave 

Et»  =  Mt  -  «»Ai) 
Eiy  =  fift(«  -  «t/t;i) 

EtM  =  A»U  -  «»/»i) 


(4) 


(5) 


(6) 


The  magnetic  intensities  in  these  three  waves  are  given  re- 
spectively by  the  vector  equations  (cf.  (33),  Chapter  IV): 


H,  =  Jil  U,x  E, 


H,  =  . /^  U,x  E, 


(7) 


where  Ui,  U2,  and  Ut  are  unit  vectors  in  the  directions  of  «i, 
8t,  and  8t  respectively. 

In  addition  to  the  above  equations  we  have  by  equation 
(26),  Chapter  I,  the  condition  that  at  the  boundary  between 
the  two  media  the  normal  component  of  electric  induction  is 
continuous,  since  there  is  no  intrinsic  surface  charge,  and  this 
gives 


ifi  {t  - 


Vi 


-)    +6j,(«- 


=  €2/2  u  — 


)       (8) 


This  equation  is  true  for  all  values  of  y  and  z  in  the  surface 
between  the  two  media;  whence  it  follows  that 
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(9) 


ffll 

as 

s= 

Vt 

ni 

Vl 

= 

ss 

Vi 

(10) 

Now  it  is  to  be  noted  that  Ii  is  the  cosine  of  the  angle  of  in- 
cidence of  the  ray  =:  cos  9i;  Zs  is  the  cosine  of  the  angle  of  re- 
fraction =  cos  62;  and  U  is  the  cosine  of  the  supplement  of  the 
angle  of  reflection  =  —  cos  0s;  whence 

y/nii^  +  ni'  =  sin  Gi  (11) 

Vm^'+n^  =  sin  02  (12) 

\/w,«  +  n,«  =  sin  Gs  (13) 

And  by  taking  the  square  root  of  the  sum  of  the  squares  of 
(9)  and  (10)  we  obtain 

sin  9i  =  sin  9$  (14) 

^'  =  ?^  (15) 

Equation  (14)  shows  that  the  angle  of  reflection  is  equal  to 
the  angle  of  incidence.  Equation  (15)  shows  that  the  ratio 
of  the  sine  of  the  angle  of  incidence  to  the  sine  of  the  angle  of 
refraction  is  the  ratio  of  the  velocity  in  the  incident  medium 
to  the  velocity  in  the  refracting  medium. 

These  are  the  ordinary  laws  of  reflection  and  refraction.  To 
make  these  laws  complete  we  need  also  to  show  that  the  incident 
ray,  the  refracted  ray,  the  reflected  ray  and  the  normal  to  the 
surface  are  in  the  same  plane.  This  can  be  seen  to  be  true 
by  noticing  that  the  y  and  z  axes  have  not  yet  been  chosen.  If 
we  make  the  ;^-axis  perpendicular  to  the  incident  ray,  ni  will  be 
zero;  and  by  (10)  ns  and  nt  are  also  zero,  so  that  all  three  of  the 
rays  are  perpendicular  to  the  2;-axis,  and  are,  therefore,  in  the 
same  plane,  which  plane  also  contains  x,  since  it  is  a  concurrent 
perpendicular  to  z. 

In  order  next  to  determine  the  coefficient  of  reflection  of  the 
surface  between  the  media,  let  us  keep  the  orientation  of  axis 
above  suggested.  Then  the  three  rayis  are  in  the  a:^-plane,  as 
shown  in  Fig.  2.  Let  us  compare  the  energy  incident  per  second 
upon  any  area  dS  with  the  energy  transmitted  through  dS  per 

26 
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second.     The  cross  sections  of  the  three  beams  with  their  bases 
on  dS  respectively  are 

dAi  =  hdS ' 

dA,  =  ZjdS  ^  (16) 

dAz  =  IzdS  < 

By  Poynting's  Theorem  (eq.  (16),  Chapter  III),  the  energy 
flowing  per  second  per  unit  cross  section  of  either  of  these  beams 
is 


s  =  -i^ExH 


(17) 


Fio.  2. — Relation  pf  areas  of  cross-oection  in  the  several  beams. 

The  energy  flowing  per  second  through  any  area  dA  per- 
pendicular to  the  ray  is  the  area  times  the  value  of  s;  i.e., 

ds  =  ^ExH. 

Substituting  the  values  of  the  dA's  from  (16)  and  the  values  of 
of  the  various  H's  in  terms  of  their  E's  from  (7),  we  have  for  the 
energy  per  second  at  dS  on  the  surface  between  the  media» 
the  values 


Incident  Energy  per  Sec.  =  -j—  -%/—  liEi 


Reflected  Energy  per  Sec.  = 


cdS 

4ir    \mi 


(18) 
(19) 
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Refracted  Energy  per  Sec.  =  -^J-  hEi.^  (20) 

where  the  subscript  (o)  indicates  that  values  at  the  mirror  are 
to  be  taken;  that  is,  values  with  z  =  0. 

Calling  the  ratio  of  the  reflected  energy  per  second  to  the  in- 
cident energy  per  second  the  coefficient  of  reflection,  indicated  by  r, 

we  have  by  (18)  and  (19) 

Ez  2 

'  -  it'  ^"' 

and  by  the  law  of  the  conservation  of  energy,  from  (18),  (19)  and 
(20),  by  equating  incident  energy  to  reflected  plus  refracted 
energy  and  dividing  out  a  common  factor 

whence  by  transposition  and  division, 

kEt^i 


1  -r  =  btzil  /^ 


(22) 


The  equations  (21)  and  (22)  hold  for  any  orientation  of  the 
electric  vector  in  the  plane  of  the  incident  wave. 

It  is  proposed  now  to  determine  the  coefiicient  of  reflection 
in  terms  of  the  index  of  refraction  and  angle  of  incidence  alone, 
for  tvH)  principal  directions  of  polarization  of  the  electric  wave. 
This  is  done  in  Art.  63  for  E  perpendicular  to  the  plane  of 
incidence,  and  Art.  64  for  E  parallel  to  the  plane  of  incidence. 

63.  Determination  of  Coefficient  of  Reflection  when  E  is 
Perpendicular  to  the  Plane  of  Incidence. — In  this  case,  since  the 
plane  of  incidence  is  the  a^-plane,  we  have  the  E  entirely  in  the 
z-direction;  that  is, 

E  =  £,. 

As  before,  let  us  indicate  by  a  subscript  (o)  the  value  of  E  at 
the  reflecting  surface. 

From  the  continuity  of  the  tangential  component  of  electric 
force  at  the  surface,  since  the  whole  force  is  tangential,  we  have 

Eio  +  EiQ  =  Eio  (23) 

Dividing  by  Eio  and  substituting  from  (21)  and  (22),  we  obtain 


' + ^^  -  4&  <'  -  ->      <^) 
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This  squared  gives,  after  factoring, 

(1  +  V'ry  =  ^  J^  (1  -  V~r)il  +  VP) 
Dividing  out  a  common  factor,  we  obtain 


1  + 


(25) 


Now 


€2M2  t^l' 

so  that  (25)  may  be  written 

IjMi«'i(l  +  y/r)  =  iiM2»8(l  -  Vr) 
whence 


(26) 


...boundary 
of  Media 


f^a.  3. — K  perpendicular  to  the  plane  of  incidence. 

In  this  equation,  if  9i  and  Gj  are  respectively  the  angle  of  inci- 
dence and  angle  of  refraction, 

h  =  cos  Gi         

h  =  cos  G2  =  Jl  -  ^3  sin^Gi,  by  (14). 

These  values  substituted  in  (26)  give 

M2  COS  Gi  —  Ml  \/— 2  —  sin^  Gi  \ 

\  t'2  I 


r  = 


,M2  cos  Gi  +  Ml 


VS  -  «^^^  ^s 


(27) 


Now  —  =  — >  where  ni  and  712  are  the  indices  of  refraction  0^ 
incident  and  refractive  media  respectively. 


I 
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In  all  insulating  media  /it  =  mi  =  1>  so  that  (27)  may  be  written 

6.  -  V©  "-•'■"  4' 


cos 


r  = 


cos 


e.  +  V©'-»-6., 


(28) 


Equation  (28)  gioea  the  coefficient  of  reflection  r  in  caee  the  dec- 
trie  force  in  the  incident  wave  is  perpendicular  to  the  plane  of  in- 
cidence. In  this  eqiuUion  ni  and  n2  are  indices  of  refraction  of 
incident  and  r^ractive  media  respectively  and  are  not  to  be  confused 
with  direction  cosines. 

64.  Determination  of  the  Coefficient  of  Reflection  when  B 
is  in  the  Plane  of  Incidence. — In  this  case  E,  =  0,  Fig.  4,  and 
we  have  for  the  total  electric  intensity  in  each  ray 

E  =  VeTTW^ 


if 


». 


% 


O 


~— BoTundaiy 
ofjtfedia 


Fio.  4. — K  in  tHe  plane  of  incidence. 

and  for  the  total  magnetic  intensity 

H  =  H,. 

The  condition  of  continuity  of  the  tangential  component  of 
magnetic  intensity  at  the  reflecting  sm*face  gives,  since  the  whole 
miagnetic  intensity  is  tangential,  the  boundary  condition 

If  10  +  Hz,  =  ff  20  (29) 

Expressing  now  the  coefficient  of  reflection  in  terms  of  jETiq, 
H^oy  *^d  Hza^  by  replacing  the  E^s  in  (21)  and  (22)  by  equivalent 
values  in  terms  of  the  Ws  taken  from  equations  (6),  we  have 


r  == 


H 
H 


80 
10 


2 
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and 


These  values  substituted  in  (29)  give 


1  + 


^  -  te 


(1-r) 


(30) 


which  is  the  same  as  (25)  except  that  the  subscripts  of  e  and  /x 
are   advanced,   and   therefore  gives  on  simplification  (cf.  26) 


r  = 


(31) 


Replacing  h  and  1%  by  their  values  in  terms  of  9i,  we  obtain 

2 


r  = 


-jMiCOsGi  -  Ms  \/— i  -  sm^Gi 

^^;-sin*e. 


fa 


5  Ml  cos  01  +  M2 


(32) 


or  in  terms  of  indices,  of  refraction,  when  mi  =  /*«  =  1> 

2 


r  = 


(33) 


EqiuUum  (33)  ^Ve«  <Ae  coefficient  of  reflection  r  in  case  the  eleetric 
force  in  the  incident  wave  is  parallel  to  the  plane  of  incidence.  In 
this  equation  ni  and  nt  are  indices  of  refra^ion  of  incident  and 
refractive  media  respectively. 

66.  Transformation  of  Equations  (28)  and  (33). — By  the  law 
of  refraction  (15),  in  view  of  definitions  preceding  (28),  we  have 


sinGi 
sin  62 


n^ 
ni 


(34) 


where  ni  and  n%  =  indices  of  refraction  of  incident  medium  and 
refractive  medium  respectively. 
From  (34) 


cos 


Go  =  Vl  -  sin*  62  =  Jl  -  (^)  ^in*  Gi 


(35) 
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Substitution  of  (35)  into  (28)  gives 


r  = 


fit 

cos  9i cos  02 

ni 

cos  9i  H — -  cos  82 

ni 


2 


Replacing  nj/ni  by  its  value  from  (34),  we  obtain 

-  sin  (Gi  -  62)  '  * 


r  = 


sin  (Gi  +  G2) 
Treating  (33)  in  a  similar  manner,,  we  obtain 


For  incident  B 
perp«ndiculaj'  to 
plane  of  inci- 
denoe. 


(36) 


r  =! 


-tan(Gi-G2) 


[  For  incident  B  ] 
{  parallel  to  plane  [ 
1  of  incidence.         J 


(37) 


tan  (Gi  +  82) 

Equations  (36)  and  (37)  are  known  as  Fresnd's  equations.  In 
these  equations  r  is  the  ratio  obtained  by  dividing  energy  per  second 
leavifhg  reflecting  surface  in  reflected  beam  by  energy  per  second  in- 
cident on  same  surface, 

Gi  =  angle  of  incidence. 
G2  =  angle  of  refraction. 

Equation  (36)  is  for  a  plane  incident  wave  with  the  electric  force 
perpendicular  to  the  plane  of  incidence.  In  optics  such  a  v)ave  is 
said  to  be  polarized  in  the  plane  of  incidence. 

Equation  (37)  is  for  a  plane  incident  wave  wiih  the  dectric  force 
paraUd  to  the  plane  of  incidence.  Such  a  wave  is  said  to  be  polarized 
perpendicular  to  the  plane  of  incidence. 

The  plane  of  incidence  is  the  plane  of  the  incident  ray,  the  reflected 
ray  and  the  normal  to  the  reflecting  surface. 
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CHAPTER  VII 

ELECTRIC  WAVES  IN  AN  IMPERFECTLY  CONDUCTIVE 

MEDIUM^ 

66.  Wave  Equations  in  a  Homogeneous  Imperfect  Conduc- 
tor.— It  has  been  shown  in  Art  35,  Chapter  IV,  that  in  a  homo- 
geneoui^  medium  of  conductivity  7,  permeabiUty  m>  and  dielectric 
constant  e,  the  magnetic  and  electric  intensities  satisfy  the 
equations 

4T7MdH_^,5Md5a^^j^  (1) 


and 


c*     dt    •  c2  dt^ 


^f  +  ?'J-'--T«"^'  « 


67.  Relaxation  Time. — A  question  now  arises  as  to  the  value 
of  the  intrinsic  volume  density  p  in  such  a  medium.  We  can 
determine  this  matter  by  taking  the  divergence  of  equation  (8), 
Art.  369  remembering  that  the  divergence  of  a  curl  is  zero;  we 
have 

^  div.E  +  ^  I-  (div.  E)  =  0  (3) 

c  cdt 

or  replacing  div.  E  by  its  value  in  terms  of  p, 

^p  +  ^  =  0 
Int^rating  this  we  obtain 


^t 


P  =  p^ 
=  Pae-'^- 

where  e  is  base  of  natural  logarithms  and 


(4) 


r  = 


47r7 

Whence  it  appears  that  if  p  has  the  value  po  at  some  time 
reckoned  as  origin  of  time,  p  will  decrease  exponentially  with 

^  This  chapter  is  based  on  Abraham  and  F5ppl,  "  Theoiie  der  Elelctrizi- 
tat,"  Vol.  1,  p.  321,  1907. 
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the  time.  The  process  is  called  relaxation,  and  the  time  for  p  to 
fall  to  one  eth  of  its  value  is  t,  given  by  (5),  and  called  the  re- 
laxation  time  of  the  material.  The  relaxation  time  for  any  good 
conductor  is  so  short  that  it  has  never  been  experimentally 
determined  for  any  metal.  Its  determination  for  so  poor  a 
conductor  as  pure  water  is  a  matter  of  extreme  difl&culty. 

68.  Steady-state  Plane  Wave  Equation. — Equation  (4)  shows 
that  after  the  lapse  of  a  suflBicient  time,  usually  very  brief,  the 
value  of  p  in  any  conductor  is  substantially  zero,  and  we  may 
omit  the  p  term  from  (2). 

Having  thus  simpUfied  the  equation  (2),  let  us  next  restrict 
the  wave  field  to  a  plane-wave  field.  Then  E  and  H  will  be 
functions  of  t  and  8  alone,  where  s  is  the  perpendicular  distance 
from  the  origin  of  coordinates  to  a  plane  over  which  the  field 
is  constant  at  a  given  time.  Then  if  Z,  m,  and  n  are  the  direction 
cosines  of  s^ 

%  ==  Ix  +  Thy  +  m  (6) 

is  the  equation  of  any  such  plane,  and  the  quantities  V^H  and 

V^  reduce  to  -^-y  and  -r-y,  so  that  the  wave  equations  (1)  and 

(2)  become 

CM /4ir7  dH       d^X       d^a 


and 


€/x  /4^  dE   ,   d^\        d^E 


c 


2 


\    €      dt 


69.  Limitation  to  Solution  Harmonic  in  Time. — Each  com- 
ponent of  electric  intensity  and  each  component  of  magnetic  in- 
tensity must  satisfy  an  equation  of  the  form  of  (8).  Let  M  be 
the  generic  designation  for  E^,  Ey,  -B,,  H^,  Hy,  Hm,  then 

ejjL  /4:xy  dM       d^M  \  ^  d^M  .^. 

This  equation  is  a  form  of  equation  that  pla3rs  a  fundamental 
r61e  in  telegraphy  and  telephony  and  is  known  as  the  telegraph 
equation,  which  has  been  the  subject  of  much  theoretical  and 
practical  investigation. 

We  shall  content  ourselves  with  a  treatment  of  the  equation 
for  the  special  case  in  which  the  solution  involves  the  time  har- 
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monically.  M  will  then  be  the  real  part  of  the  quantity  that 
can  be  written  in  the  form 

M  =  e^"^  F{8)  (10) 

where  F(«)  is  some  function  of  s  but  not  of  L 

Designating  the  second  derivative  of  F  with  respect  to  «  by 
F",  and  substituting  (10)  in  (9),  we  have 

Since  F"  is  a  complete  derivative,  (11)  is  an  ordinary  difFerential 
equation  of  the  second  order  with  constant  coefficients,  and  its 
solution  may  be  written  in  the  form 

F{8)  =  oe  *•  (12) 

which  substituted  in  (11)  gives 

k^  =  ^(^«i  -  ««)  (13) 

while  a  is  completely  arbitrary. 

It  is  seen  that  A;  is  a  complex  quantity.  Let  us  break  up  k 
into  real  and  imaginary  parts  by  setting 

fc=  -^(x+jn)  (14) 

where  x  and  n  are  both  real  quantities,  and  x  is  positive  to  avoid 
infinite  values  of  M, 

From  (14)  and  (13)  we  are  to  determine  x  and  n. 

60.  Determination  of  x  and  n. — Substituting  (14)  in  (13)  we 
obtain 

X  +jn  =   ±  y/7yiJ^j  -  1  =   ±  V^V27r;  -  6      (15) 

where 

T  =  2ir/w  =  the  period.  (16) 

Squaring  and  equating  real  and  imaginary  parts,  we  have 

X»  -  n2  =  -  €M  (17) 

and 

2xnj  =  27/xri  (18) 

Subtracting  (18)  from  (17)  and  extracting  the  square  root, 
we  obtain 

X  -  in  =  ±  Vm  V  -  2yTj  -  €  (W) 
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The  product  of  (19)  and  (16)  gives 

X«  +  n*  =  mV^^+It^  (20) 

This  compared  with  (17)  gives,  by  addition  and  subtraction 
and  by  omitting  signs  inconsistent  with  the  condition  that  x 
and  n  shall  be  real  and  x  shall  be  positive,  the  result 

X*=|{\/€»  +  47»r^-«}  (21) 

n«  =  ^{  V€«  +  47*r2  +  €}  (22) 

M  may  now  be  expressed  in  terms  of  x  &nd  n  by  combining 
(14),  (12)  and  (10),  and  is 

M  =  ae'   c  ei'-C  -  Wc)  (23) 

where  a  is  an  arbitrary  constant  and  is  in  general  a  complex 
quantity.  The  real  part  of  (23)  is  also  a  solution  of  the  given 
differential  equation,  and  may  be  written  in  the  form 

M  ^  Ae       c  cos{«(<  -  ns/c)  +  <t>]  (24) 

where  A  and  4>  ^^  both  arbitrary  constants.  A  solution  of  the 
form  of  (24)  is  the  most  general  harmonic  solution  of  angular 
velocity  <a  of  the  given  differential  equation  (9) ;  for  the  assump- 
tion that  the  solution  is  a  harmonic  function  of  the  time  with 
angular  velocity  w  reduces  the  equation  to  the  form  of  (11),  which 
is  an  ordinary  differential  equation  of  the  second  order,  so  that 
any  solution  that  contains  two  arbitrary  constants,  is  the  general 
solution. 

61.  Extinction  Coefficienti  Velocityi  and  Index  of  Refraction. 
Each  component  of  electric  and  magnetic  intensity  in  a  har- 
monic wave  in  a  homogeneous  conductive  medium  satisfies  an 
equation  of  the  form  of  (24) — with,  however,  in  general  a  different 
value  of  A  and  0  for  each  component. 

It  is  seen  that  the  intensities  are  attenuated  as  the  wave 
penetrates  deeper  and  deeper  into  the  conductor,  and  that  the 
attenuation  is  determined  by  the  factor 

e       c 
which  may  be  called  the  Attenuation  Factor.     The  quantity  x 
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is  called  the  Extinction  Coefficient  of  the  medium  for  the  given 
frequency  of  oscillation.  The  exponential  term  is  expressed  in 
the  rather  complicated  form  here  given,  so  that  x  shall  he  a 
quantity  symmetrical  in  form  with  n. 

A  verbal  description  of  the  extinction  coefficient  may  be  had 
by  substituting 

CO  =  2ir/T 

where  T  is  the  period  of  oscillation,  and 

Xo  =  cr, 

where  Xo  equals  the  wavelength  in  vacuo;  then  the  attenuation 
factor  given  above  becomes 

e     ^  x» 

or 

e  ^^,ifs  =  Xo/2t; 

so  the  extinction  coefficient  x  i^  ^^  logarithmic  decrement  of  ampli- 
tude for  a  traversed  distance  equal  to  ^  of  a  vacuum  wanelength. 

Returning  now  to  (24),  let  us  see  next  the  significance  of  n. 
Apart  from  the  attenuation  factor,  M  is  seen  to  be  a  function 
of  t  —  s/(c/n) ;  therefore,  the  velocity  of  propagation  of  a  given 
phase  of  the  wave  is 

V  =  c/n  (25) 

where  c  is  the  velocity  of  the  wave  in  vacuo.  Heru:e  n  is  the 
index  of  refraction  of  the  conductive  medium  for  the  particular 
frequency. 

By  substituting  the  value  of  n  from  (22)  in  (25),  we  have  for  9 

V  =  ^        =  (26) 

=  _c_  /Vc^  +  4T^r'  -  €  (27) 

yT^  2m 

^  (28) 


The  values  of  x>  ^  and  v  may  be  simplified  for  certain  special 
cases  by  expansion  of  the  radical  expressions  with  neglect  of 
small  terms.     Examples  follow. 
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62.  Special  Case  of  Small  Conductivity. — If  y^T^  is  negligible 
in  comparison  with  2c^ 

v^-y=  (29) 

n  =  Vi«  (30) 

X^yj^yT  (31) 

e     c   =  e    €.  *  (32) 

In  this  special  case  of  low  conductivity,  the  velocity  v,  the 

index  of  refraction  n,  and  the  attenuation  factor  er  e.  are  all 
independent  of  the  frequency  of  oscillation. 

63.  Special  Case  of  Large  Conductivity. — ^If,  on  the  other 
hand,  the  conductivity  is  so  large  in  comparison  with  the  dielec- 
tric constant  that  c  is  negligible  in  comparison  with  ^yT, 

n  =  VmtT  (34) 

X  =  VmtT  (35) 

er  c    =  e-T\r  *  (36) 

In  this  special  case  the  velocity,  index  of  refraction,  and 
attenuation  factor  all  involve  the  square  root  of  the  period  of 
oscillation. 

64.  Relation  of  H  to  E. — Each  component  of  E  can  be  ex- 
pressed in  the  form  of  (23),  where  only  the  real  part  is  to  be 
taken.    The  y  and  z-components  are 

Em  =  a,€-  T  e'"^^  -  '»*/''>, 
in  which 

«  =  Ix  -h  my  -f-  m, 

(The  direction  cosine  n  is  not  to  be  confused  with  the  index  of 
refraction  n.) 

Now  by  Maxwell's  Equation  (B),  Chapter  III,  taking  the 
x-component 

_  M^  ^   dE,     _  dEy 

c    dt  dy         dz 

-  (-  T  -  T')  K  -  W 
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Integrating  with  respect  to  t,  we  obtain 

^         -  "  (x  +  »y) 

— "  ~Hx  =       : —  (mEg  —  nEJ) 

c  3<a 

ff.  =  -  (-xi  +  n)(mE,  -  nEy) 

=  -  \/n2  +  x'e""'**""*(«){m£.  -  n£J  (37) 

The  factor  e"J'*»»'*W  indicates  that  the  real  part  of  (37) 
may  be  obtained  by  taking  the  real  parts  of  £«  and  Ey  and  retard- 
ing their  phase  angles  by  tan~^(^) .  If  we  indicate  such  a  retarda- 
tion of  phase  by  the  engineering  symbol  \  tan~^(n),  we  have  the 
real  equation 

ff .  =  -  Vn«+  X*  {  {mE.  -  nEy)  \tan-J  S)  j  (38) 

The  expression  in  braces  is  seen  to  be  the  aMK>mponent  of  the 
vector  product 

U.xE\tan-KD 

where  U,  is  a  unit  vector  in  the  ^-direction. 

There  are  similar  components  for  Hy  and  H«;  so  that  the 
total  vector  H  may  be  written 


.    H  =  Vn«  -t-  x'  U.  X  E\tan-K«)  (39) 

This  equation  means  that  TIL  is  the  positive  perpendicvlar  to  s 

and  to  Ey  tliat  the  magnitvde  ofHis  -  Vn5"+x*  times  the  magnitude 

of  E,  and  that  H  lags  behind  E  in  phase  by  the  angle  whose  tangerd 
is  xin. 

Written  trigonometrically,  with  the  aid  of  (24),  if  the  magni- 
tude of  the  resultant  electric  intensity  is 


B=  Ae     '  C0s|co(<  -  ns/c)+  *|  (40) 

then 

U  =  -Vx*  +  tiM6      «   cos  «(<  -  ns/c)  +  *  -  tan-'  ( H 


(41) 
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66.  Poynting's  Vector.  Transmission  and  Absorption  of 
Energy. — We  shall  next  determine  the  amount  of  energy  flowing 
per  unit  cross  section  per  second  in  the  direction  of  «.  The 
general  form  of  Poynting's  vector  is 

s  «:^ExH 
4t 

which  gives  for  the  problem  under  consideration 


s  =  —A^ 
4t 


y/n^  +  x'      2x«« 


-6  - 


cos  a  cos 


a  -  tan-»(jj 


^     U 


a 


where 


a  =  <a{t  —  ns/c)  +  4> 
Us  =  a  unit  vector  in  the  direction  8. 


Expanding  the  second  cosine  factor,  and  taking  the  time  average, 
indicated  by  i,  we  obtain 


c  n  A^ 
4ir  fjL    2 


2x«« 


u. 


Z' 


f. 


c  n  A^ 


U. 


(42) 
(43) 


4tm    2 
where 

A,  =  amplitude  of  E  at  «. 

Equation  (42)  or  (43)  gives  the  average  rate  of  flow  of  energy 
per  second  per  unit  area  within  the  conductor. 

It  is  easy  to  obtain  from  this  expression  (42)  the  (werage  rale 
at  which  energy  is  absorbed  in  the  condrictar.  _The  absorbed  energy 
per  unit  volume  per  second  indicated  by  P  is  the  decrease  of  s 
per  unit  distance, 

ds  ^c_nA^2^  -^-^' 
4t  M  2     c  ^ 


P  =  - 


ds 


..  \Ae     -  J 


=  7 


=  7 


A.« 


where,  again, 


(44) 


A,  =  amplitude  of  E  at  s. 


The  same  result  may  be  obtained  by  taking  the  time  average 
of  electromotive  force  per  unit  length  times  current-density. 


/' 


s: 
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Equation  (43)  gives  the  aoerage  'power  transmiMed  per  unit  area 
and  equation  (44)  gives  the  OBerage  power  absorbed  per  unit  voltime. 
68.  The  Reflectioa  ot  a  Harmonic  Plane  Polarized  Wave 
f itnn  a  Plane  Inqteif ectly  ConductiTe  Surface  at  Normal  Inddence. 
Id  Chapter  V  the  reflection  from  a  perfect  coaductor  haa  been 
considered.  It  is  proposed  to  investigate  now  the  reflection  at 
normal  incidence  of  a  plane  harmonic  wave  from  a  surface  of  a 
oonductor  of  any  conductivity  t, 
dielectric  constant  c,  and  penne- 
abiUty  ii. 

Let  the  surface  of  the  conductor 
be  through  the  origin  of  coordinates 
■~MuuB  and  in  the  xy.-plaae.  Fig.  1,  and  let 

the  X-axis  be  in  the  direction  of  the 
electric  intensity.  Let  a  plane  elec- 
tric wave  traveling  in  a  vacuum  in 
the  ;»-direction  fall  upon  the  conduc- 
Fio.  1.— lUuatratiDB  ft  plane  (jye  surface  of  which  the  oonduc- 
WBve  incident   Dormolly  on   the     ..,,.,,.  ,  , 

surface  of  a  medium  of  any  con-  tlVlty,  tUeleCtnC  COnstaot  Und  per- 
duotivity  7.  dielectric  mnitaDt  «  meabilitv  are  respectively  -y,  f ,  and  n- 
a od  permeability  fL  t     !■      .-        1.1.        ■    ,   , \  .-i.      j- 

Indicating  by  subscript  (i)  the  di- 
rect wave;  by  (i)  the  transmitted  wave,  and  by  (j)  the  reflected 
wave,  we  have 

In  the  Direct  Wane  (incident) 

Ei.  =  Ai  cos  «(i-z/c)  (45) 

ff,  =  Ai  cos  w(£  -  2/c)  (46) 

and  PosTiting's  vector 

Bl  =  ^  Ai»cos*w(i  -  2/c)U« 

of  which  the  time  average  is 

si-^A.«U,  (47) 

In  the  Refieded  Wane 

St.=       Aicos  {(b(i  +  2/c) +  *,|  (48) 

H,,  =  -At  COB  K(  +  z/e)  +  <f>ti  (49) 

B,  =  -£:A,»TT,  (50) 
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In  the  Transmitted  Wave 

Ei^  =  Ate       «    cos  {<a{t  —  m/c)  +  4>t]  (51) 

Hi,  =  -  \/n*+  x'    -4j6  "  V  cos  I  a)(i  —  fw/c)  +  ^  -^  tan~Kn)  1 

(62) 

s^^—AiW^TJ,  (53) 

If  now  we  consider  a  unit  area  of  the  reflecting  surface  of  the 
conductor,  the  law  of  the  conservation  of  energy,  which  applies 
to  the  instantaneous  values  and,  therefore,  .to  the  time  averages, 
gives 

su  +  S3,  =  82.  (54) 

where  the  subscripts  (o)  indicates  that  the  values  at  the  surface 
(z  =  0)  are  meant.     Whence  by  (47),  (50),  and  (53) 

ili*-il««--A2^  '55) 

The  coeflBicient  of  reflection  r  is  defined  as  the  numerical  ratio 
of  the  average  energy  reflected  per  second  to  the  average  energy 
incident  per  second ;  therefore^ 

^  =  ^  =  71  (56) 

Sl.        ill* 

and  from  (55),  by  division  by  Ai\ 

l-r  =  -4^;  (57) 

For  the  purpose  of  determining  r  numerically,  we  need  next 
the  fact  that  the  tangential  components  of  E  and  H  are  continuoits 
at  the  surface  between  the  media.    This  gives 

Ai  cos  <at  +  At  cos  {cot  +  4>i)  =  -4.2  cos  {cot  +  </>2)  (58) 

and 


Vn^  + 


X 


2 


Ai  cos  (at  —  Az  COS  ((at  +  4>i)  =  Ai ^cos 


(at  +  ^2 
-1 


'-  ©1 

=  ilj  I  -  COS  ((at  +  <pi) 

+  ^  sin  ((at    +  4>t)  ]    (59) 


37 
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Setting  cd  =  t/2  and  taking  the  sum  of  (58)  and  (59),  the 
left-hand  side  sums  up  to  zero,  and  we  have 

0  =  (1  +  -)sin  02  —  -  cos  <l>i 

whence 

tan  4>i  =  —7^  (60) 

A*  +  n 

Now  taking  the  sum  of  (58)  and  (59)  and  making  cd  =  0,  we 
have 

2Ai  =  At cos  02  +  -  sin  0j } : 

and  by  (60)  this  reduces  to        

1    -  r  =   ?   (^V=  ^^M 

M  Ui/       (;,  +  n)«  +  x' 

(m  +  n)«  +  x"  ^  ^ 


Therefore, 


and  by  (57) 


where,  by  (21)  and  (22), 

X'  =  ^  { V€*  +  47^r«  -  e}  (62) 

w'  =  ^  { Vc»  +  47*r'  +  €}  (63) 

Equation  (61)  fl'it;6«  i/ie  coefficient  of  reflection  r  at  normal  inci- 
dence of  a  harmonic  electric  wave  of  period  T  from  the  plane  avrface 
of  a  homogeneous  body  of  conductivity  7,  dielectric  constant  €,  and 
permeability  11  in  contact  with  a  vacuum. 

67.  Special  Case  for  Conductivity  Zero.— The  equation  (61) 
is  true  in  general  for  normal  incidence  whatever  the  value  of  the 
conductivity.    If  7  =  0,  x  =  0,  and  with  /*  =  1,  this  reduces  to 

(1  -  ny 

(1  +  n)« 

which  is  the  equation  to  which  (28)  and  (33),  Chapter  VI,  derived 
for  vitreous  reflection,  also  reduce  when  the  incidence  is  normal, 
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ue.f  9i  =  0  and  the  first  medium  is  a  vacuum.  (N.  B.  The 
quantity  n  of  (63)  reduces  in  this  case  to  the  familiar  index  of 
refraction  n  =  V7c€.) 

68.  Special  Case  of  a  Good  Conductiur. — ^In  this  case  if  we 
assume  c  n^ligible  in  comparison  with  4yT,  we  have  by  (34) 
and  (35) 

n  =  X  =  VfJtyTy 

whence  the  coefficient  of  reflection  r  of  (61)  becomes 


11  +  2M\//i7r  +  2nyT 
^  2yT  -  2 V^  +  1 

2yT  +  2VKyr  +  1 

2\/li        2a  .   ' 

This  law  has  been  tested  for  the  reflection  of  long  heat  waves 
from  metals  in  some  experiments  by  Hagen  and  Rubens^ 
and  has  been  found  to  agree  with  the  facts  within  the  limits 
of  the  errors  of  measurement  for  the  metals  tested,  except 
bismuth. 

69.  Phase  Changes  at  Reflection  at  Normal  Incidence. — 
In  equation  (60)  we  have  obtained  the  value 

<f>i  =  tan"'  -^  (65) 

This  angle  ^%  is  the  angle  of  advance  of  the  phase  of  the  iranB'- 
mitted  electric  intensity  over  the  phase  o^  the  incident  electric 
intensity. 

The  corresponding  angle  for  the  transmitted  magnetic  intensity 
is 


*«  =  tan-*  (-)  . 
H  \n/ 


To  obtain  the  phase  angle  of  the  reflected  wave,  we  may  use 
equation  (58),  which  for  cot  =  ir/2  becomes 

As  sin  ^s  =  A2  sin  ^3. 

In  view  of  (56)  and  (57)  this  may  be  written 


sin  ^»  =  -*  /^ sin  ^2, 

\  n    r 


iR  Hagen  and  H.  Rubens,  Ann.  der  Physik.  (4),  Vol.  II.,  p.  873, 1903. 
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which  by  (65)  gives,  after  proper  transformations, 

^,  =  <^,  =  tan-»  ZTT^ 5  (W) 

This  angle  4>z  is  the  angle  of  advance  of  phase  of  the  dectric  or 
magnetic  intensity  of  the  reflected  beam  over  the  incident  beam, 
by  reflection  at  normal  incidence. 


CHAPTER  VIII 
ELECTRIC  WAVES  DUE  TO  AN  OSCILLATING  DOUBLET 


70.  Doublet  Consisting  of  an  Electron  Oscillating  in  a  Positive 
Atom. — One  conception  of  an  oscillating  doublet  based  on  the 
Thomson  Atom^  is  illustrated  in  Fig.  1.    This  system  is  supposed 
to  consist  of  a  large  positively  charged  and  practically  immovable 
positive  sphere  of  uniform  charge  density,  within  which  a  small 
negatively  charged   body   (an  electron)   is 
oscillating  about  its  position  of  equilibrium 
at  the  center  of  the  sphere.    Let  the  dis- 
tance of  the  electron  from  the  center  of  the 
atom  be  p.    Let  the  charge  of  the  electron 
be  —6,  and  the  charge  of  the  positive  sphere 
be  +e.    If  every  element  of  the  sphere  at- 
tracts the  electron  with  a  force  inversely  pro- 
portional to  the  distance  from  the  element  to     Fig.  i.— a  doublet 
the  electron,  the  total  force  on  the  electron  S'ect^^^jf  ^^We^^ 
will  be  proportional  to  the  distance  p  and  oscillating  within  a  un»- 
proportional  to  e\  and  wiU  be  in  the  line  J^™^    °^'«^^  "°^^^ 
joining  the  electron  with  the  center  of  the 
sphere;  that  is, 

Restoring  force  =  -A  =  Ke^ 

The  static  energy  of  the  system  will  then  be 

W.  =  JAdp  =  I  Ke^v'  =\k  {/(O  V  (1) 

where 

/(O  =  cp  =  moment  of  the  doublet  (2) 

K  =  restoring  force  per  unit  distance  per  unit  charge. 

The  kinetic  energy  of  the  system  is 

Wu^\mjp^^\MP  (3) 

where 

^-?.  (4) 

>Snt  J.  J.  Thomson,  ''The  Corpuscular  Theory  of  Matter,"  London, 
1907. 

421 


422 


ELECTRIC  WAVES 


[Chap.  VIII 


In  modern  electron  theory  the  mass  m  and  therefore  the  quan- 
tity M  in  this  expression  for  the  kinetic  energy  is  a  constant 
only  provided  the  velocity  of  the  electron  is  small  in  comparison 
with  the  velocity  of  light.  We  shall  need  this  assumption  later 
for  other  reasons.    The  total  energy  of  the  system  is 


u  =  lKp  +  lMr 


(5) 


71.  Alternative  Conception  of  Doublet  Leading  to  Equivalent 

Results. — An  alternative  type  of  oscillator  lead- 
ing to  the  same  form  of  energy  equation  is  illus- 

A  trated  in  Fig.  2.  Two  bodies  A  and  B  of  large 
mutual  capacity  are  connected  by  a  short  wire 
of  zero  resistance,  and  electric  currents  are 
supposed  to  flow  between  A,  and  B  giving  them 
at  any  time  equal  and  opposite  charges  q.  The 
capacities  of  the  bodies  A  and  B  are  supposed 
to  be  so  large  that  the  capacity  of  the  connect^ 

B  ing  wire  may  be  neglected.  Then  the  same  cur- 
rent i  will  flow  throughout  the  length  of  the 
connecting  wire,  and  i  =  q.  If  C  is  the  mutual 
capacity  of  A  and  B,  the  static  energy  of  the 
system  will  be 

The  energy  in  the  inductance  L,  which  is  the  inductance  of  the 
connecting  wire,  is 

W,,=  ^  Li* 
Whence  the  total  energy  of  the  system  is 


FiQ.   2. — Dumb- 
bell doublet. 


(6) 


If  p  is  the  distance  apart  of  A  and  By  and  we  write  the  moment 
of  this  system 

we  have 


which  is  of  the  same  form  as  (5). 


p) 


■ 
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In  this  alternative  type  of  doublet,  the  distance  between  A 
and  B  must  be  small  in  comparison  with  the  wavelength  of  the 
free  oscillation  of  the  system,  so  that  the  distributed  capacity 
in  the  lead  wire  L  may  be  neglected. 

72.  Oscillations  with  Constant  Energy. — ^If,  with  the  first 
typie  of  doublet,  we  assume  the  energy  U  constant  we  shall  have 

C/  =  0=  Kff+Mfl 
which  divided  by  /  and  integrated  gives 

/  =  ill  cos  (orf  +  4>)  (8) 

where  A  i  and  <!>  are  arbitrary  constants  and 

A  similar  treatment  of  the  second  t3rpe  of  doublet  gives  the 
same  value  of  /,  but  with 

0,0    =  ^  (10) 

The  oscillation  in  either  case  would  go  on  imdiminished  with 
constant  amplitude  and  frequency,  if  the  system  did  not  radiate 
or  receive  any  energy.  We  shall  next  show  how  to  calculate  the 
energy  radiated  as  electromagnetic  waves  from  an  oscillator 
of  these  types.  But  we  shall  arrive  at  the  result  only  by  an 
indirect  and  somewhat  tedious  process. 

73.  Treatment  of  a  Polarized  Spherical  Wave. — In  this 
we  shall  follow  the  method  of  Hertz.  ^  Without  at  present  enter- 
ing into  a  consideration  of  the  source  of  the  waves,  let  us  consider 
an  electromagnetic  field  in  which  the  component  of  magnetic 
intensity  in  the  ^-direction  is  zero;  that  is 

H»  =  0. 

We  shall  assimie  that  the  medium  is  homogeneous*ever3rwhere 
except  near  the  origin  of  coordinates,  where  there  will  be  located 
an  oscillator  of,  as  yet,  an  undefined  character. 

In  any  part  of  the  medium,  whether  homogeneous  or  not^ 
the  2H$omponent  of  Maxwell's  Equation  (B)gives 

0  =  ^  -  ^  (11) 

^  Hebtz,  '' Electric  Waves/'  translated  by  D.  E.  Jones,  Macmillan  and 
Co.,  1893.    See  also  Planck,  "  W&rmestrahlung/'  Barth,  p.  100,  1906. 
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It  follows  that  for  the  two  components  Eg  and  Ey  a  scalar 
function  V  exists  such  that 


dx 


Ev  ^  ~^ 


dV 


(12) 


as  may  be  proved  by  a  cross  differentiation  that  leads  to  (11). 

Let  us  next  assume  that  outside  of  the  source  the  medium  has 
no  intrinsic  charge,  so 


dEs   ,    dEy   ,    dEjf 

1 — :r~  H 


dz    '     dy     '     dz 
from  which  by  substitution  from  (12), 


=  0, 


dEu  ^d^       d^V 


dz 


dx' 


dy^ 


(13) 


An  examination  of  (13)  suggests  making  V  the  2-derivative 
of  some  function  F  so  that  the  equation  (13)  can  be  integrated. 
Let 


dz 
Then  from  (12),  (13)  and  (14)  we  have 

E  =A^ 

*       dx  dz 


(14) 


iLv  = 


E 


d  dF 
dy  dz 
d*F 


--(■ 


dx 


2  "^  dyV  ■"  dz^ 


-  vV 


(16) 


Let  us  now  write  down  two  of  Maxwell's  Equations  (A), 
Chapter  III,  which  are,  for  Hg  =  0,  and  for  m,  =  u„  =  0 


6  dEg 

c    dt 
tdEy 
c  dt 


dH, 


dz 


dH^ 

dz 


(16) 


Substituting  from  (15)  into  (16)  and  integrating  we  obtcdn 

„    __  €  d  dF 
*"  cdi'dy 

H    =  _  *  ^  ^^ 

^  C  dt  dx 


(17) 


■ 
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Equations  (15)  and  (17)  show  that,  without  any  assumption 
other  than  that  p  =^  Hg  =  u,  =  Uy  ^  0,  we  have  been  able  to 
express  all  of  the  components  of  electric  and  magnetic  intensity 
in  terms  of  the  derivatives  of  F,  which  is  a  scalar  fimction  of  x,  y, 
z,  and  f;  so  far  as  we  have  seen  up  to  the  present  F  may  be  any 
such  function. 

F  is,  however,  not  completely  arbitrary,  for  the  x-component  of 
Maxwell's  Equation  (B),.  Chapter  III,  is 


M  dHx  _  dEn      SEy 
c  dt         dy    ^    dz 

m 

d^  dF      a*  dF 
dx^  dy      dy^  dy 

d*  dF 
dz*dv 

-  -  '■© 

by  (15) 


Replacing  the  left-hand  side  of  this  equation  by  its  value  from 
(17),  we  have 

c^dt^dy      ^  \dy/' 
which  integrated  with  respect  to  y  gives 

€M  d^F 


c*  dt^ 


=  VV  ^  (18) 


In  performing  this  integration  we  have  neglected  the  arbitrary 
functions  independent  of  y,  which  the  integration  gives  as  addi- 
tive terms  to  ^(18).'  These  may  be  added  ad  lib.,  and  when 
added  give  an  equation  for  F  less  restrictive  than  (18).  If  we 
restrict  F  to  (18)  we  shall  have  it  at  least  sufficiently  restricted. 

We  may  say  then  that  given  any  scalar  function  F  satisfying 
equation  (18),  and  performing  on  it  the  operations  indicated  in 
(15)  and  (17),  we  shall  obtain  for  points  outside  of  the  region  of 
intrinsic  charge  a  set  of  possible  values  of  electric  and  magnetic 
intensities  that  will  make  H,  =  Ug  =  Uy  =  0. 

We  shall  now  put  a  further  restriction  of  F;  namely,  we  shall 
assume  F  a  function  of  only  t  and  the  distance  r  from  the  origin 
of  coordinates: 

F  =  F(r,  t)  (19) 

where  

r  =  Vx^l^^'+T^ 
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Preparatoi-y  to  subatituting  (19)  in  (18),  we  have 

dF  ^  xdF 

dx       r  dr 

d*F  ^  I  flf       x'dF      X'  d*F 

dx'       r  dr       r*  &r       r*  dr» 

with  similar  tennfl  for  the  y  and  z-derivatives,  giving 

This  result  substituted  in  (18)  gives 
The  int^p-ation  of  this  equation  as  in  §  40  gives 

where 

_     c 

Xjet  us  confine  our  attention  to  the  value  of  F  given  by  the 
first  of  these  terms,  the  /-term,  which  is  a  spherical  wave  of  F 
traveling  in  the  positive  direction  of  r  with  the  velocity  v. 

In  differentiating  (22)  for  substitution  in  the  equations  of 
E,,  .   .   .  Hm,  .   .   .,  let  us  call 


a/(i  -  r/») 


a(i  -  r/«) 
Tt  in  ti>  he  noted  tliat 

,,3 


f 


re  can  express  all  of  the  derivatives  of  /  in  terms  of  /; 


Chap.  VIII)  DVE  TO  AN  OSCILLATING  DOUBLET       427 


dr 
dF 
dz 

d^dF 
dxdz 

dz* 
A*F 


V  V 

--f--f 


r»  ].  r«  "^  r»  "^  »» J 

\r*       r»/  •'  ^  \r««;      r*v)  ^  ^  r*v*^ 


V*  dt*       rv*  ^ 


(23) 


Substituting  these  values  in  (15)  and  (17),  we  obtain 

^'  -  7»  I  r«  +  ;^  +  .r«  1 

•      r»  I  r  ^  0  J  r»      \r*^  rv^  v*\   . 

"  cr*  I  r      t;  J 


(24) 


(26) 


Equations  (24)  and  (25)  give  the  values  of  the  electric  and 
magnetic  intensities  at  the  point  Xj  y,  z  in  terms  of  the  coordinates 
of  the  point  and  in  terms  of  f  and  its  time  derivatives. 

It  is  to  be  noted  that 


xE,  +yEy  +zE,  7^0 
xHs  +  yHy  +zH,  =0 
EJI^  +  EyH^  +  EJI^  =  0 


(26) 
(27) 
(28) 


Whence  H  is  perpendicular  to  /•  in  Fig.  3,  and  (since /iT.  =  0)  to«. 
Hence  H  is  tangent  to  the  sphere  and  also  tangent  to  the 
sectional  circle  normal  to  the  ^-axis. 

H  is  perpendicular  to  E,  but 

B  is  not  perpendicular  to  r,  and  hence  is  not  tangent  to 
the  spherical  surface. 
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Let  us  transform  our  equations  to  spherical  codrdinates^  Fig.  3, 

and  let  0  =  the  longitude  of  the  point  x,  y,  z, 

8  =  its  colatitude, 

r  =  its  distance  from  the  center 

p  =  the  radius  of  the  small  circle  in  plane  perpendicular 
to  z. 
Then 


r  =  Vx^  +  y*  +  2*  (29) 

P  =  Vx^  +  y^  (30) 

Let  us  now  determine  the  components  of  H  and  B  along  ^, 

9  and  r  in  the  direction  of  the  increasing  value  of  these  coordinates. 

These  components  will  be  designated  by  the  use  of  (l>,  9  and  r 

as  subscripts. 


Fig.  3. — Spherical  coordinates. 


H^  =  Hy  COS  4f  "  Hx  sin  0 


Hm  — 


f    • 


IE. 


r       V 


€  sin  9 
c    r 


r        V 


The  8  and  r-components  of  H  are  zero. 

Ef  =  Ex  -  -f"  Ey  — |-  Eg  - 


22 


r        V 


^2co39    /        / 

r*      1  r       V 


(31) 


(32) 


I 
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B©  =  JS?^  COB  e  -  ^,  em  e 

=  (jS?,  -  +  ^1,  ^)  cos  e  -  £.  sin  e 


rp  T 


xV  ,  yh^  ,  (x^  +  y*)p 
r  --7-  i n 


r^p       r^p 


3/  .   3/    .   /     _  2p  j/   .    / 


r2  "^  ry  '^  v^ 


I 


+ 


v 


•        •• 


r       r*  ^  'r»  ^  r«  ' 


(33) 


The  ^-component  of  B  is  zero. 

EquaJtions  (31),  (32),  and  (33)  ^'1^  the  values  of  the  campcnents 
of  H  and  B  a^(m(/  the  spherical  codrdinaiea.  It  is  seen  that  H  is  in 
the  direction  of  the  parallels  of  latitiide,  and  that  B  fias  a  component 
in  the  direction  of  the  radius  r,  and  another  component  in  the  direc- 
tion of  the  meridianal  line. 

Let  us  now  investigate  the  electric  and  magnetic  field  in  the 
neighborhood  of  the  origin,  in  order  to  determine  the  character 
of  the  oscillator  that  could  give  rise  to  the  field  under  con- 
sideration. 

74.  Proof  that  the  Field  Here  Given  is  the  Field  Due  to  a 
Doublet  at  r  =  0. — In  the  equations  for  the  components  of  H 
and  B,  let  us  investigate  the  field  at  distances  r  from  the  origin, 
and  suppose  that  r  is  so  small  that 

m 

r 

where  the  symbol  <  <  means  ''is  negligible  in  comparison  with." 
.  The  meaning  of  this  assumption  becomes  clear  when  we  con- 
sider /  to  be  a  periodic  function  of  the  time  with  angular  velocity 
(o;  then  the  amplitude  of  /  is  o)  times  the  amplitude  of  /.  Thus 
(34)  becomes 

0)  1 

V  r 

vT  r 

r<<  X/2r  (35) 

Under  these  conditions,  the  fourth  and  fifth  equations  of  (23) 


V 


(34) 


or 


or 
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show  that  ^*F  is  negligible  in  compariaoa*  with^-j-,  and  tbat 


3>F 


Bz*' 


the  E,  of  (24)  reduces  to  ^-^,  so  that  by  (24)  E„  E„  and  E,  are 


as» 


af 


respectively  the  x,  y,  and  «-derivative8  of  the  same  quantity  - 

whence  we  see  that  the  electric  force  at  this  position  near  the 
or^n  of  coordinates  has  an  ordinary  static  potential  function 

(36) 


BF 
dz 


and  by  the  second  equation  of  (23),  neglecting  small  terms,  we 
obtain 


*  =  ^./ 


(37) 


We  shall  now  show  that  this  is  the  potential  due  to  a  doublet 
at  the  origin  Vith  the  moment  if,  provided  the  square  of  the 
length  of  the  doublet  is  negligible  in  comparison  with  At*. 


In  Fig.  4  suppose  two  charges  e  and  —e  separated  by  a  dis- 
tance p,  lying  along  the  direction  of  the  z-axis,  and  suppose  that 
the  point  P  is  distant  r  from  the  origin  of  coordinates  midway 
between  the  charges,  then  the  electrostatic  potential  at  P  is 


fTt 


pe  cos  9 


<(••' 


p*  cos  'e. 


ill,  as  it  does  for  cert&in  relations  of  z 
whole  force  component  &  becomes  negligible  in  oo 
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Let  us  now  impoee  the  condition  that 

p*  <  <  4r*  (38) 

then,  since  cos  8  »  z/r  (compare  Fig.  3), 

*.  =  -,  ^  (39) 

Comparing  (37)  with  (39)  it  is  seen  that  if  c  »  1,  the  potential  "i^ 
of  the  electromagnetic  field  at  points  near  the  origin  of  codrdi- 
nates  is  the  potential  of  a  doublet  ^  of  moment  (</.  (2)) 

pe=f  (40) 

If,  on  the  other  hand,  the  dielectric  constant  of  the  medium  is 
different  from  unity,  the  moment  of  the  doublet  must  be 

pe  =  €/  (41) 

in  order  to  have  a  field  continuous  with  the  dynamic  electro- 
magnetic field  at  points  near  the  oscillator. 

The  conclusion  is  that  the  electromagnetic  field  given  by  the 
dynamic  equations  (24)  and  (25),  or  the  alternative  polar  ex- 
pressions (31),  (32)  and  (33),  satisfies  the  boundary  condition 
imposed  by  a  doublet  of  moment  ef  at  the  origin;  but  this  doublet 
must  be  so  short  that  the  square  of  its  length 

p«  <  <  4ri« 
where,  by  (35) , 

ri  <  <  X/2t 

To  cause  an  error  of  less  than  one  per  cent,  in  the  computations, 

p  ^  .002  \/2ir  ^  X/3000,  approx. 

This  means  in  the  case  of  a  doublet  of  the  type  described  in  Art.  70 
that  the  velocity  of  the  moving  electron  must  be  not  greater  than 
1/3000  of  the  velocity  of  light.  In  the  alternative  type  of  doub- 
let described  in  Art.  71  the  length  between  the  capacities  A  and  B^ 
Fig.  25,  must  be  not  greater  than  1/3000  of  the  radiated  wave- 
length. 

We  may  now  continue  with  the  problem  under  these  limita- 
tions. 

76.  Electric  and  Magnetic  Intensities  at  Great  Distance  from 
the  Oscillator. — ^Let  us  now  consider  the  electric  and  magnetic 
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intensities  at  a  point  distant  r  from  the  oscillator,  where  r  is  so 
great  in  comparison  with  the  wavelength  that 

[f/r]«[if/v], 
and  a  fortiori 

[f/r']«[if/v*] 

This  means  for  /  a  harmonic  or  nearly  harmonic,  function  of  the 
time  that 

r  >  >  X/2t. 

Under  these  conditions,  equations  (31),  (32)  and  (33)  become 

„        €  sin  e    'f(t  —  r/v) 

ri^  =  


r  CO 


Eg  = 


sin  0     f(t  —  r/v) 


r  v^ 


(42) 


Er  —  0  in  comparison  with  No- 
where fit)  equals  the  moment  of  the  doublet  divided  by  the 
dielectric  constant. 
In  vacuum,  and  sufficiently  approximate  in  air, 


„   _8in9/«-r/c)      ] 
_8ine/(<-r/c) 

Er    =    Q 


-^ 

r  c 


(43) 


where  f(t)  =  the  moment  of  the  doublet. 

The  electric  and  magnetic  intensitieSj  when  the  dielectric  surround- 
ing the  oscillator  is  air,  are  equal  to  each  other,  and  inversely  propor- 
tional to  the  distance  from  the  oscillator  when  this  distance  is 
large.  The  two  intensities  are  directly  proportional  to  the  sine 
of  the  arhgle  between  the  direction  of  the  osdllalor  and  the  direction 
of  the  radius  to  the  point  under  consideration.  The  electric  in- 
tensity is  in  the  direction  of  the  meridional  lines  from  the  pole  to 
the  equator.  The  magnetic  intensity  is  in  the  direction  of  the  par- 
aUels  of  latitude. 

76.  Power  Radiated  through  a  Large  Sphere. — If  we  consider 
a  large  sphere  with  the  oscillator  as  center,  we  can  apply  Poynt- 
ing's  Theorem  and  obtain  the  power  radiated  through  any  surface 
element  of  the  sphere  or  through  the  whole  sphere. 

The  energy  radiated  per  second  (that  is,  the  power  radiated) 
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through  aa  element  of  surface  dS  of  the  sphere  is  by  (16)  .Chapter 
III, 

u4S  =  ^E  X  H  dS  (44) 

=  j-BeH^  dS  numerically  (45) 

Substituting  for  Eq  and  H^  their  values  from  (43);  we  obtain 

with  direction  of  r. 
The  element  of  surface 

dS  =  r*  sin  eded<l>. 

This  value  substituted  in  (46)  gives  for  the  total  power  radiated 
through  the  sphere  at  great  distance  from  the  origin  the  value 

Total  power  radiated  =  -^  I  d<^  I  sin»  QdQ 


-m) 


(47) 

where 

-,^.     moment  of  doublet  ,.ov 

fW  = (48) 

€ 

and  the /in  (47)  isf{t  —  r/v). 

Equation  (47)  gives  the  total  power  {energy  per  second)  parsing 
through  any  distant  sphere  with  the  oscillator  as  center,  and  with 
an  infinite  medium  of  dielectric  constant  €. 

When  the  dielectric  is  air,  (47)  and  (48)  become 

2  /.\2 
Total  power  radiated  =  ^  ( /I  (49) 

where 

f=f(t-r/c), 

*^^  f{t)  =  moment  of  the  doublet. 

77.  Power  Radiated  by  a  Sinusoidal  Oscillator  in  Air  or 
Vacuum. — ^Let  us  next  take  the  special  case,  in  which  the 
mediimi  has  unity  dielectric  constant  and  where  the  /  of  the 
dynamic  electromagnetic  field  is  assumed  sinusoidal  in  the  form 

/  =  A  sin  <a{t  —  r/c). 

In  this  case  through  a  distant  sphere  by  (49) 

Total  power  radiated  = «^*~^ — , 

28 
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of  which  the  time  average  is 


-      A^(a 


(50) 


3c« 

^  16irU«c 

3X* 
where 

X  =  wavelength  =  — . 

78.  Radiation  Resistance  of  Sinusoidal  Oscillator. — For  the 

oscillator  described  in  the  preceding  section  the  moment  of  the 
oscillator  is 

f  —  A  sin  (at   =  Ig 

where  I  is  the  length  of  the  oscillator  regarded  as  of  the  alter 
native  type  of  Art.  71.    The  current  in  such  an  oscillator  is 

Ao)  cos  (at 


t  =  g  = 


27rcA  COS  (at 


\l 
The  mean  square  current  is 

?  -  ^  (5.) 

//  we  define  the  radiation  resistance  R  of  the  osdUator  as  the  mean 
power  radiated  divided  by  the  mean  square  currenly  we  have 

fi  =  I  ^    E.  S.  units  (25) 

One  electrostatic  unit  of  resistance  equals  9  X  10^^  ohms,  so 
that  the  radiation  resistance  in  ohms  becomes 

R  =  ^^  ohms  •       (53) 

Equation  (53)  gives  the  radiation  resistance  of  an  osciUaiing  doub- 
let whose  length  I  {or,  as  we  have  previously  called  it,  p)  is  negligibi^ 
in  comparison  with  the  wavelength  X  of  the  radiated  wave. 

The  application  of  this  formula  to  a  radiotelegraphic  antenna, 
as  has  been  made  by  Rildenberg,^  is  without  theoretical  justifica- 
tion, except  in  a  very  special  case. 

We  shall,  in  the  next  chapter,  discuss  at  length  the  radiation 
from  a  radiotelegraphic  antenna. 

*  Radenberg;  "Annalen  der  Physik,"  25,  p.  453. 


CHAPTER  IX 

THEORETICAL   INVESTIGATION   OF   THE   RADUTION 
CHARACTERISTICS  OF  AN  ANTENNA^ 

79.  Introduction. — ^For  the  proper  design  of  a  radiotelegraphic 
transmitting  station  it  is  important  to  know  the  radiation  charac- 
teristics of  different  types  of  antenna. 

For  example,  if  a  flat-top  antenna  is  to  be  employed,  the  ques- 
tion arises  as  to  what  is  the  best  relation  of  the  length  of  the 
horizontal  part  to  the  length  of  the  vertical  part,  when  the 
excitation  is  to  be  produce^  by  a  given  type  of  generator.  It 
may  be  known  in  a  general  way  that  the  greater  the  vertical 
length,  the^reater  the  radiation  resistance;  it  may  also  be  known 
that  the  greater  the  horizontal  length  of  the  flat-top  the  greater 
the  capacity  of  the  antenna  will  be,  and  the  greater  will  be  the 
amount  of  current  that  can  be  made  to  flow  from  certain  types 
of  generator.  Now  these  two  quantities,  radiation  resistance  and 
applied  current,  are  both  factors  in  determining  the  output 
from  the  antenna. 

For  a  given  generator,  with  known  characteristics,  the  problem 
of  getting  the  greatest  output  of  high-frequency  energy  is  a 
problem  in  the  determination  of  the  maximum  value  of  the 
product  of  current  square  and  radiation  resistance  of  the  antenna. 

But  this  is  not  the  whole  problem,  for  there  comes  also  into  con- 
sideration the  question  as  to  how  much  of  the  radiated  energy  is 
radiated  by  the  horizontal  flat-top  in  what  may  be  a  useless 
direction. 

Again,  of  the  energy  radiated  from  the  vertical  part  of  the 
antenna,  how  much  of  it  contributes  to  the  electric  and  magnetic 
forces  on  the  horizon,  where  the  receiving  station  is  situated? 

For  the  solution  of  these  various  problems  it  is  important  to 
know  the  radiation  characteristics  of  the  antenna  in  the  form  of 
certain  functional  relations.    These  relations  should  be  known 

^  Thifl  chapter  was  originally  published  by  the  author  in  the  Proceedings 
of  the  American  Academy  of  Arts  and  Sciences,  Vol.  52,  pp.  102-252,  1916. 
Certain  errors  in  the  original  publication  are  here  corrected. 
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even  when  inductance  is  added  at  the  base  of  the  antenna  for  pro- 
viding coupling  or  for  increasing  the  wavelength  to  adapt  it  to  the 
generator.  These  quantities  *should  be  known  theoretically,  since 
the  ordinary  measurements  of  these  quantities  do  not  permit  us 
to  distinguish  radiation  that  is  useful  from  the  useless  radiation 
as  heat  losses  and  from  the  radiation  in  useless  directions. 

It  is  the  purpose  of  this  chapter  to  give  a  treatment  of  this 
problem.  Such  a  treatment  is,  so  far  as  I  know,  up  to  the  present 
entirely  lacking,  but  the  method  here  employed  is  that  developed 
by  Abraham^  in  a  very  remarkable  paper  entitled  Funkentek' 
graphie  und  Elektrodynamik,  In  that  paper,  Abraham  obtained 
theoretically  the  characteristics  of  a  straight  oscillator  vibrating 
with  its  natural  fundamental  and  harmonic  frequencies.  The 
present  work  is  an  extension  of  Abraham's  method  to  the  much 
more  difficult  problem  of  an  antenna  .with  a  flat-top  and  with  added 
inductance  at  the  base. 

80.  Inadequacy  of  the  Conception  of  an  Antenna  as  a 
Doublet. — Apart  from  the  briUiant  investigation  by  Abraham,  all 
other  attempts  at  the  treatment  of  the  radiation  from  an  antenna 
assume  that  the  antenna  is  a  Hertzian  Doublet.^  This  is  only  a 
very  crude  approximation  to  the  facts,  for  the  derivation  of  the 
electromagnetic  field  about  a  doublet  assumes  thai  the  length  of  the 
doublet  is  negligible  in  comparison  with  a  quantity  thaJt  is  itself  neg- 
ligible in  comparison  with  the  wavelength. 

Hence,  the  doublet  theory  will  apply  in  all  of  its  essentials  to  an 
antenna,  only  provided  the  length  of  the  antenna  is  not  greater 
than  one  three  thousandth  of  the  wavelength  emitted  (seeArt.74). 
Of  course,  it  may  be  that  at  great  distances  from  the  oscillator,  the 
theory  that  it  is  a  doublet  may  not  introduce  any  large  errors  into 
certain  problems  such  as  the  propagation  over  the  surface  of  the 
earth;  but  the  present  treatment  shows  that  the  doublet  theory 
does  introduce  large  errors  into  computations  of  such  quantities 
as  the  electric  and  magnetic  field  intensities  and  the  radiation 
resistance  of  an  antenna.  It  seems  probable  that  other  problems 
also  should  be  revised  in  such  a  way  as  to  replace  the  conception  of 
the  antenna  as  a  doublet  by  the  view  of  it  as  an  oscillator  that  has 
a  length  comparable  with  one  quarter  of  the  wavelength. 

81.  Method  of  the  Present  Investigation. — In  the  present  in- 
vestigation, a  doublet  of  infinitesimal  length  is  assumed  at  each 

^M.  Abraham:  Physikaliacho  Zeitschrift,  2,  32^334  (1901). 
*See  Chapter  VIII  of  present  volvimc. 
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paint  of  the  antenna.  This  is  the  device  used  by  Abraham. 
These  elementary  doublets  are  free  from  the  objection  regarding 
their  lengths,  as  they  are  of  infinitesimal  lengths,  while  the 
wavelength  is  that  due  to  the  whole  antenna  and  therefore  is 
enormously  large  in  comparison  with  the  lengths  of  the  elemental 
doublets.  The  electric  and  magnetic  forces  due  to  each  of  the 
doublets  is  determined  at  a  distant  point  and  is  summed  up  for 
all  of  the  doublets  of  the  antenna,  with  strict  regard  to  the  difference 
of  phase  due  to  the  different  locations  of  the  different  doublets. 
Such  a  process  performed  for  all  points  of  a  distant  sphere 
surrounding  the  antenna  gives  the  total  electric  and  magnetic 
forces  at  all  points  on  the  sphere.  Then  by  integrating  Poynting' s 
Vector  over  the  entire  sphere,  we  obtain  the  total  power  radiated, 
and  from  this  we  compute  the  radiation  resistance  and  other 
characteristics  of  the  antenna. 

The  effect  due  to  the  vertical  portion  of  the  antenna  and  to  the 
horizontal  flat-top  portion  are  computed  separately,  so  as  to  give 
information  as  to  how  much  energy  is  radiated  with  its  electric 
force  perpendicular  to  the  horizon  and  how  much  parallel  to  the 
horizon. 

In  deciding  as  to  the  proper  distribution  of  the  elemental 
doublets  along  the  antenna,  the  form  of  the  current  curve  from 
point  to  point  of  the  antenna  is  assumed  independently.  This 
process  is  not  entirely  above  reproach,  because  Maxwell's  equa- 
tionSy  if  they  could  be  properly  applied  to  the  problem,  would 
themselves  give  the  distribution  that  is  consistent  with  the 
applied  electromotive  force  at  the  base  of  the  antenna  and 
with  the  shape  and  form  of  the  antenna.  This  step  of  accurately 
deriving  the  distribution  is,  however,  at  the  present  time  not 
possible  of  mathematical  execution. 

The  distribution  here  assumed  for  the  current  in  the  antenna, 
fs  a  function  of  the  time  and  of  the  position  along  the  antenna, 
and  is  given  in  the  next  section. 

82.  Assumed  Current  Distribution. — The  form  of  antenna  to 
which  the  whole  discussion  is  devoted  is  illustrated  in  Fig.  1, 
and  consists  of  a  vertical  portion  of  length  a  and  a  horizontal 
flat-top  portion  of  length  b.  These  quantities  a  and  b  may  have 
any  relative  values  whatever. 

At  the  base  of  the  antenna  is  an  arbitrary  inductance  L  for 
varying  the  wavelength. 
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(1) 


The  current  at  any  point  P  of  the  antenna  is  assumed  to  be 
given  by  the  equation 

t  =  i  8in-r—  t'Sin  -r-  y-T  —  * ) 

where 

c  =  velocity  of  light, 
Xo  =  natural  wavelength  of  the  antenna  without  inductance, 
X  =  the  wavelength  with  the  inductance, 
i  =  the  current  at  the  point  P\ 

I  =  length  measured  along  the  antenna  from  the  inductance  to 
the  point  P'. 

^ b ^ 


a 


Fig.  1. — Type  of  antenna.  An  induotanoe  L  not  shown  in  this  figure  b 
supposed  to  be  inserted  between  the  antenna  and  the  ground  G  for  varying 
wavelength. 

The  character  of  the  assumed  distribution  is  as  follows:  The 

factor  sin  -ir-t  means  that  the  current  is  sinusoidal  in  time  at  every 

point  of  the  antenna,  with  the  angular  velocity 

2ir        2irc       2irc  .o\ 

"  =  T  =  7r  =  IT  <2^ 

The  meaning  of  the  other  factor 

/8in^(^«-z)  =  /(8ay)  (3) 

is  illustrated  in  the  diagrams  (a),  (b)  and  (c)  of  Fig.  2. 


If  there  is  no  inductance,  X  =  Xo,  and  the  factor  becomes 

2tI 


J  =  I  cos 


(4) 


This  is  illustrated  in  (a). 
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Id  the  case  with  added  inductance,  \  ^  Xo,  and  we  must  keep 
the  general  form  of  /given  in  equation  (.3).  This  equation  for 
positive  values  of  /  gives  the  upper  half  of  the  diagram  (b). 
When  I  is  supposed  n^ative  the  curves  obtained  continue  along 
the  dotted  lines  of  (b)  and  do  not  give  a  figure  symmetrical  with 
the  upper  half.  To  produce  proper  symmetry  the  absolute  value 
of  I  must  be  employed  in  equation  (1)  when  it  is  applied  to  the 
distrtbvHon  of  the  image  to  take  account  of  reflection. 


ib) 

Led  distribution  of  current  in  the  antenna. 

It  is  also  to  be  carefully  noted  that  when  1  =  0,  equation  (1) 
becomes 

lo  =  /  Bin  2^  sin  -r-i  (5) 

so  the  amplitude  at  the  base  of  the  antenna  is 

I.-Iom'-^l  (6) 

Now,  finally,  when  the  antenna  has  a  flat-top  it  is  assumed  that 
the  top  part  of  the  antenna  is  bent  over  without  any  significant 
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change  in  the  magnitude  of  the  current  at  the  various  points,  as 
illustrated  in  (c). 

When  the  equation  (1)  is  to  be  applied  to  the  vertical  portion  of 
the  antenna,  we  shall  call 

'     i  =  «'     •  ^  (7) 

where 

z'  =  vertical  distance  from  thB  gr9und  of  the  point  F'  on  the 
antenna.  .  .     ' 

When  the  equation  is  to  be  applied  to  the  horizontal  part  of  the 
antenna,  we  shall  call .  • 

I  =  a  +  x'  '  (8) 

where 

x'  =  distance  along  the  horizontal  part  of  the  antenna  to  any 
point  P"  on  the  flat-top. 

The  discussion  will  now  be  divided  into  several  Barts:  Part  I. 
Electromagnetic  Field  Due  to  Vertical  Portion  of  the  Antenna; 
Part  II.  Field  Due  to  Horizontal  Portion  of  the  Antenna;  Part 
III.,  The  Mutual  Term  in  Power  Determination.  Part  IV. 
Computations  of  Radiation  Resistance.  Part  V.  Field  Inten- 
sities  and  Summary.  ^      .         ' 

PART   I 
FIELD  DUE  TO  VERTICAL  PORTION  OP  ANTENNA 

83.  Co5rdinates.-^Let  the  origin  of  coordinates  be  at  the  point 
of  connection  of  the  antenna  to  the  ground.  Let  the  zsxia  be 
vertical.  About  this  vertical,  axis  as  polar  diameter,  let  us 
construct  a  system  of  spherical  coordinates  in  which  the  position 
of  any  point  P  is  given  by  ils  distance  r©  from  the  origin,  and  the . 
angles  6  and  <t>. 

6  =  the    angle   along   meridional  *  lines   from   the  pole, 

<t>  =  the  angle  along  parallels  of  latitude  from  a  vertical  plane 

of  reference  whose  position  is  at  present  immaterial. 

This  S3rstem  of  coordinates  with  the  positive  directions  of  the 
angles  indicated  is  given  in  Fig.  3. 

If  z'  is  the  vertical  ordinate  of  any  point  P'  on  the  vertical 
portion  of  the  antenna,  and  r  the  distance  from  F'  to  P,  and  if  ihi^ 
distance  QP  is  large  in  comparison  with  2',  we  may  write  (see 
Fig.  4) 

r  =  ro  —  2'  cos  6  (9) 
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M.  Field  Due  to  a  Doublet  at  P'. — ^At  a  distant  point  P  the 
electric  and  magnetic  intensities  due  to  a- doublet  of  length  dz^sjid 
charges  e  and  —6  at  P'  is,  by  Hertz's  theory,  given  in  Art.  76, 


dEe  =  dH^  =  ^f{t  -  r/c) 


(10) 


Fio.  3. — A  set  of  spherical  codrdinates.     The  coordinates  of  P  are  re,  6,  ^• 


where 
dE^ 


9 

the  moment  of  the  doublet 

e  dz\  where  6  is  in  electrostatic  units*,  (11) 

the  electric  intensity  in  electrostatic  units,  which  is  en- 
tirely in  the  direction  of^; 
that  is,  of  the  meridional 
lines; 
dH4f  —  the  magnetic  intensity  in 
electromagnetic  units, 
'  which  is  entirely  in  the  di- 
rection of  the  parallels  of 
latitude; 

r  =  distance  P'P  in  centimeters, 

c  =  velocity  of  light  in  centi- Pi[ 
meters  per  second. 

The  'two  dots  over  the  /  in  (10)  q 
indicate  the  second  time  derivative. 

In  writing  equation  (10),  the  slight 
difference  in  the  direction  of  the  perpendicular  to  r  from  the 
direction  of  the  perpendicular  to  u  is  neglected  in  view  of  the 


FiQ.  4. 
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largeness  of  to  in  comparison  with  the  length  z'  measured  on  the 
antenna. 

Also  the  r  which  should  occur  in  the  denominator  of  (10)  has 
been  replaced  by  r©,  which  can  be  done  without  appreciable  error 
for  large  values  of  r.  The  same  substitution  cannot  be  made  in 
the  argument  of  /  in  (10),  for  there  r  determines  the  phase  of  the 
oscillation,  and  this  phase  changes  through  an  angle  of  ir  for  a 
half  wavelength,  independent  of  the  distance  from  the 
origin. 

86.  Expression  of  the  Field  in  Terms  of  Current. — 
We  shall  next  express  the  moment  of  the  doublet  and 
the  intensities  of  the  field  in  terms  of  the  current  i  at 
z'Y^i^  the  point  z\  To  do  this  we  shall  think  of  the  current 
as  delivering  a  charge  +  6  to  one  end  of  the  element  of 
length  dz'  and  a  charge  —  e  to  the  other  end  of  dz'  in  a 
certain  time.  A  neighboring  doublet  has  a  different 
cm-rent  and  delivers  different  charges  +  Ci  and  —  Ci 
partly  counteracting  the  charges  gf  the  given  doublet, 
and  leaving  just  the  charge  e  —  Ci  that  actually  occurs 
on  the  wire.  This  is  represented  in  Fig.  5. 
With  this  view  of  the  case,  when  i  is  in  e.s.u., 


--e 


dz' 


.-  e. 


Fio.  5. 


and 


f(t)  = 


I  =  6, 


edz'  =  ir.dz' 
dt 


(12) 


Whence,  by  substituting  the  value  of  i  from  equation  (1)  into 
equation  (12)  we  shall  have,  in  view  of  (7)  and  (9) 


dEe  =  dn^  =  — r cos  -r-  (d  —  u  +  z  cos  O)- 

ACTo  A 

.     27r/Xo 
sm  -^  ( -: —  z 


X  \4 


')&'     (13) 


By  integrating  this  expression  from  2'  =  0  to  2'  =  a,  we  obtain 
the  electric  and  magnetic  intensities  at  the  point  P  due  to  direct 
transmission  from  the  vertical  portion  of  the  antenna.  Indicating 
this  integration,  we  have 


Ee  =  Hji  ^ 


^ 


27r  J  sin  ^ 

XcTo 


r 


2x 
cos  —  (ct  —  To  +  z'  cos  6) 

A 


sin 


2ir/Xo 


(^+z')dz'     (14) 


I 
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By  reflection  from  the  earth,  which  we  shall  regard  as  a  perfect 
reflector,  we  have  intensities  that  must  be  added  to  the  above. 
These  intensities  may  be  obtained  by  considering  the  radiation 
to  come  from  an  image  point  at  a  distance  z'  below  the  surface. 
The  effect  of  this  is  obtained  by  changing  the  sign  of  the  z^ 
in  the  cosine  term  of  equation  (14),  but  as  was  pointed  out  in 
Art.  82  the  sign  of  z'  in  the  sine  term  must  remain.  We  obtain 
thus  for  the  intensities  due  to  the  reflected  wave  emitted  by  the 
vertical  portion  of  the  antenna  the  value 

„        „         2w  I  sine  f""       2Tr  .,  ,         .. 

Eb  =  H^  —  — r I  cos  —  (d  —  ro  —  «  cos  S)- 

KCTq       Jo  a 

An\(^-z)dz'     (15) 

Adding  the  equation  (15)  for  the  reflected  intensities  to  the 
direct  intensities  of  (14),  remembering  that  if  A  and  B  are  any  two 
angles 

cos  (A  -  jB)  +  cos  (il  +  B)  =  2  cos  A  cos  A         (16) 

we  obtain  for  the  total  intensities  at  P  the  equation 

„         „         4ir  /  sin  ^         2ir  ,  ,  ,    ^       ftirz'         A 

E$  ^  H^  =  — cos  -r-  (d  —  ro)   I   cos (-r—  cos  d)  ' 

ACTo  A  Jo  \    A  / 

mi^{^-z')dz'     (17) 

which  resolves  into 

„        r,        4ir  7  sin  ^        2ir  ,  .         v 
E9  =  H^  =  — — —  cos  Y  (c^  -  ^o) 


[.    irXo  I 


irXo  i  2tz'  cos  6        2jrz'  ,  , 

COS r COS  -:r-  dz 

A  A 


ttX 

—  COS 


tXo  r**       2irz'  cos  6    .    2jrz'  ,  ,1  .-^x 

This  expression  may  be  integrated  by  the  formulas  360  and  361 
of  B.  O.  Pierce's  Short  Table  of  Integrals  and  gives 

^9  =  H^-=         ■    pcos  ^  {d  -  ro) 

CTo  sm  U         A 

{ COS B cos  (il  COS  d)  —  sin  B COS  ^ sin  (A  COS  ^)  —  cosG}    (19) 

where 

2Kb 


,       2ira 
A  =  — 

G  =  ^«  =  4  +  B 


(20) 
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The  quantity  b,  which  is  the  length  of  the  flat  top,  gets  into  (20) 
and  (19)  by  reason  of  the  fact  that  a  +  b  =  the  whole  length  of 
the  antenna,  so  that 

Xo  =  4  (a  +  6)  (21) 

Equaiion  (19),  with  the  notation  of  equations  (20)"'arki  (21)  is  the 
general  equation  for  the  electric  and  magnetic  Intensities  at  any  distant 

point  P,  dvs  to  the  whole  vertical  part 
of  the  antenna.  In  this  formula,  re- 
ferring to  Fig.  6, 

To  =  the  distance  OP  in  cm., 
6  =  the  zenith  angle  ZOP^ 
h  =  length  of  the  horizontal  fiat  top 

in  cm., 
a  =  length   of  vertical  part  of  an- 
tenna, in  cm., 
Xo  =  4  (a  +  6)  =  natural  wavelength 

in  cm., 
X  =  wavelength    in    cm.     actually 
emitted,  and  differing  from  Xq 
by  virtue  of  the  added  induc- 
tance, 

7o  =  amplitude  of  current  in  absolute  electrostatic  units  at  the 
base  of  the  antenna  and  related  to  I  by  the  equation, 

0  =  ism— • 

We  shall  reserve  comment  on  this  equation  until  after  in- 
vestigation of  other  characteristics  of  the  radiation.  See  Part 
IV. 

86.  Total  Power  Radiated  from  the  Vertical  Part  of  the 
Antenna. — Having  obtained  in  equation  (19)  the  electric  and 
magnetic  intensities  at  any  required  point  at  a  distance  from 
the  antenna,  we  shall  next  compute  the  total  power  radiated 
from  the  vertical  part  of  the  antenna,  and  shall  then  obtain  its 
radiation  resistance. 

Since  E^  and  H^  are  perpendicular  to  one  another  and  per- 
pendicular to  To,  we  have,  according  to  Poynting's  theorem  for 
the  power  radiated  in  the  direction  of  Tq  through  an  element  of 
surface  dS  perpendicular  to  r©  the  quantity 


Fio.  6. 


dp  =  ^  EeH^dS 


(22) 
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Let  the  element  of  surface  be  an  elemental  zone  on  the  surface 
of  the  sphere,  then 

dS  =  2irro*  sin  Odd  (23) 

This  quantity,  together  with  the  values  of  Eg  and  H^  from  (19), 
substituted  in  (22)  and  properly  integrated,  gives  for  the  total 
power  radiated  through  the  whole  hemisphere  above  the  earth's 
surface,  the  value  in  ergs  per  second  following: 

2P      •  f  2t  .  ,         ,  \  r      ,  -,  f '/^cos^CA  cos  6)  dd 

rcos>.Bin>(Aco>s.)d.  p/^-^ 

Jo  am  6  "Jo     sm  $ 

o   •     D         D  C^^^a  ^  sin  (A  cos  e)  cos  (A  cos  B)  dS 

—  2  sm  B  cos  B  I      ^ r^-- — ^ ^ — 

Jo  sm  6 

n  n  ^  C'^^COS  (A  COS  6)  dS 

—  2  COS  B  COS  G^  I      ^^^ — T— ^ — 

Jo  sm  ^ 

I   o   •     D        i^  r^^^cos  ^  sin  (A  cos  ^)  d^l  •  ,^.v 

+  2  sm  £  cos  6  I      r— r —  (24) 

Jo  sm  d  J 

.  This  equation  when  integrated  gives  the  power  radiated  from 
the  vertical  part  of  the  antenna.  The  integration  is  a  tedious 
operation,  and  is  given  in  the  next  section,  which  may  be  omitted 
by  readers  not  interested  in  the  mathematical  processes  involved. 
The  result  of  the  integration  is  found  in  Art.  88. 

87.  The  Integration  of  Equation  (24). — By  the  use  of  such 

trigonometric  equations  as 

1  +  cos  2x 


cos^x  = 


sin^x  = 


2 
1  —  cos  2x 


the  squares  of  sines  and  cosmes  m  tlie  integrands  of  (24)  may  be 
avoided,  and  equation  (24^  written 


2P      , 
p  =  —  cos* 


|^,.-.,l[(.'+co...)f,^. 


c  (X  J  L\2  /Jo   sm  6 

.  cos  2B  f'/^cos  (2A  cos  6)  dS      sin*  B  C^^  .    ,  ^^ 

H TT-  I      'a T~  I      sm  6  de 

2    Jo  sm  $  2    Jo 

+  ^^^j      sin  e  cos  (2A  cos  d)  dd 


446  ELECTRIC  WAVES  [Chap.  IX 

_  8in2g  r^^^cos  6  sin  (2 A  cos  0)  dS 
2     Jo  sine 

cos  (A  cos  B)  d$ 


—  2  cos  B  cosO 


r/2 


sin  6 


1    o    •     D        ^  r^'^  cos  ^  sin  (Acos  ^)  d^l  /orx 

+  2  sin  S  cos  G  I       r^-^ —  \^) 

J.  sin  ^  J 

The  third  and  fourth  terms  may  be  integrated  directly.    In 
the  other  terms  let  us  introduce  a  change  of  variable  as  follows: 
Let 

u  =  cos  0 

d0  =  ^> 

sm  9 
then 

Jo     sin  e     Ji  1-u*     2J0  \l  +  u'^l  -  ur^ 

2Jo   l  +  u'^2j-il  +  w      2J-1   1  +  u    ^^' 

With  this  operation  as  a  model,  two  of  the  other  integrals  of 
(26)  may  be  written,  respectively 

f'^'^cos  (2 A  cos  9)  de        1  f"*"  'cos  (2Au)  du 
Jo  sin  tf  2J-1        1  +  u  ^^^^ 

r^'  cos  (A  COS  g)  dg  _  1  /*"*" '  cos  (.Am)  du  . 

sintf  ~2j-i       1+M  ^^' 

Another  of  the  integrals,  examined  in  more  detail,  gives 

r'^  cos  e  sin  (2A  cos  tf)  dg 
sin  tf 

J*' «  sin  (2Au)du 
1  -u* 

1  r  sin  (2ilu)  du      1  r~  'sin  (2Au) 

2  Jo        1  +  tt       "^  2 J«  1  +  tt 


du 


^      1  /*•*•'  sin  (2Am) 
2j- 1  1  +  u 


du 


(29) 
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Similarly,  the  remaining  integral  becomes 

r^^cos  d  sin  (A  cos  6)  dS  1  f^  ^  sin  (Au)  du        .«^v 

ri^l  "  ~2j-i        1  +  u  ^^^^ 

Returning  now  to  equation  (25),  we  shall  integrate  the  third 
and  fourth  terms,  setting  them  first,  and  shall  substitute  (26)  to 
(30)  for  the  other  terms,  obtaining 

2J^'       ,l2ir  ,  ,         ,  1  r     sin^B  ,  sin«  B  sin  2A 
p  =  —  cos*  i  ^  (c<  —  ro) s H 


X  '  "Ml  2       '        2        2A 

+  (i+«Hi 

cos  25  T"*" '  cos  (2Au)  du  .  sin  2B  T  '^*  sin  (2Au)  du 


+ 


4 

—  C08(? 


/•^ '  COB  {2Au)  du      sin  2g  r  +^  sin  {2Au) 
-1         1  +  u       '''4J-1       1  +  u 

„/*■*■*  COS  (A  u)  du  ,     .    o  f"*" '  sin  (ilu)  du  I  I     ,„,, 

Let  us  now  write 

T  =  24(l  +  u),  (32) 

2Au  =  7  -  2A, 

2A' 
du         dy. 


1  +  M       7 
then  the  second  and  third  integrals  of  (31)  become 

cos  2B  C'^^  cos  (2-4 u)  du   .  sin2B  C^^  sin  (2Au)  du 


4 

C08  2B 


/"^  ^  cos  (2Au)  du      sin  2g  ^  ^  sin  (2Au) 
-1         1  +  u        "^4^-1        1+u 

r^  d7 

{cos  7  COS  2A  +  sin  7  sin  2A }  — 

.  sin 2B  P^  r  .  0.1  •    oA\<^y 

H 2 —  I       {sm  7  cos2il  —  cos  7  sm  2A  ]  — 

4    Jo  y 


cos_(24+2S)  r*"*  cos  7  d7      sin  (2A  +  2g)  T 

4  t/o  T  4  ^o 


sin  7  d7 


cos  26 


r^cos7  .     ,  sin2(?r^sin7  . 
-y-d7  +  -^|     — d7. 

In  like  manner,  the  last  line  of  (31)  becomes 

_co8«(?JJ''?^dr  -  co8(?sin(?jJ''?^dY        (33) 
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Let  us  now  decompose  the  coefficient  of  the  first  integral  of  (31) 
as  follows: 

1   ,  cosHj      1  ,        ^     cos*  6 


1      1  +  cos  2g 

4  4 

cos  26 


+  C08«G 


f-  cos«G. 


Then  the  whole  equation  (31)  may  be  written 
2/2       .f2x,  ,         Jf     si 


P  =  COS' 


sin*  B      sin*  B  sin  2il 


4il 


cos2G 


+  cos*G 


r 


sm  y 


^  (1  -  cos7)dT      sin  20  r*^  

y  "^     4    J        T 

(1  —  cos  y)dy      sin  2G  C^^  sin  y 


dy 


y  2  Jo  ^r*^^ 


] 


(34) 


The  various  integrals  may  now  be  obtained  by  expanding  in 
series  and  integrating  term  by  term.    This 'gives 


P  = 


21 


cos' 


cos2(? 


■2t,^         ,  1  r8in*B /sin  2A       ,\ 

-■•} 


(4A) 
2!2 


(4ii)*  .  (4il)* 

"TTi        I       ^IS 


+ 


1  +  cos  2G 
2 

8in2G 


(2A)»  _  (2il)«      (2ii) 
2!2  4!4    "^   6!6 


+ 


4 

sin  26 


(4A)»      (4A) 
^  3!3    +   5 


.  (2A)»      (2A) 

^^     ~  'W  "^   5!5 


4)«  I 

!6  J 

4)»  1 

S  J 

!5  ••/J 


(35) 


Let  us  now  eliminate  B  from  the  first  terms  of  this  equation,  by 
substituting  B  =  0  —  A,  obtaining 


Bin*g/sin2A  _  ,\  _  1 

2     \   2A  /~  4 


-  cos2B/ffln2A_    \ 
\  2A        V 


-{1- 


cos  (2(?  -  2A) 


/sin2ii         \ 
\   2A  7 


I 
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1      co826cos2A   .  8in26sm2il 
4"*" 


+ 


'             4 

• 

1    . 

4 

sin  2A 

cos 

26  sin 

4A 

SA 

IQA 

8in2Gl  - 

COS 

4/t 

« 

4A 


(36) 


If  now  we  expand  in  series  the  quantities  involving  A  in  (36) 
and  substitute  in  (35),  we  obtain,  if 


k^2A 
q  =  2G 


(37) 


2/» 


COS' 


l^(n- 


ix 


(d 


^•)l[4-i-3l  +  ---  + 


A;' 
5! 


7! 


} 


^412!2       4!4^6!6       ""j 


,   cos^f  k^      k^      k^  \ 

+  ~4~l      *    "2!  +  4!~6!+  '"I 


sing f      .    _  ^   .   ^^  _  ^^   .         1 
+     41^        3!  +  5!       7!+  •••} 


+ 


+ 


cos  q 


sin  q 


cos  q 


cos  g 


sm  q 


sin  g 


I 


1  - 

2k  _ 
2! 


(2*) 
31 


!  +  (2*) 


(2A;)»        (2ft)» 


4! 


(2ky 

2!2 


(2A;)«       (2fc)' 


4!4 


2!2 


2k    - 


k     - 


414    "^    6!6 

(2ky  ,    i2ky 


-••1 
-■■) 


313 


5!5 


k*  k^ 

3!3    ''"    5!5 


-...)] 


(38) 


If  now  we  add  together  the  terms  multiplied  by  sin  q  and  those 
multiplied  by  cos  g,  and  those  not  involving  g,  we  have  (on  fac- 
toring out  the  }i) 


29 
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p  =  -C08«{ 


-.)}[.( 


24-2,        44-2,        64-2  1 


3!2r 


5!4 


7!6 


+  cos  q 


22  4-  2*  -  4  ,         4*  4-  2*  -  6 

±J1j^ 1  Jet  4_  3--Z-f, ^  Jk4 


3!2 


6^  +  2^-8 
7!6 


*•  + 


5!4 

8>  -  2»  -  10 
9!8 


A»  -  . . .  I 


+  sin  g  I  - 


y  +  2'~5^,   ^   5»  +  2;^7^, 


4!3 


6!5 


7»  +  y^9^,^9'4-y;-ll^,,..,j] 


8!7 


10  !9 


(39) 


Equaiian  (39)  gives  the  total  power  radiated  by  the  vertical  portion 
of  the  antenna  into  the  hemisphere  above  the  earth^s  surface.  In  this 
equation,  the  current  factor  /  is  in  absolute  c.g.s.  electrostatic 
units,  and  the  power  p  is  in  ergs  per  second. 

It  is  convenient  to  change  the  current  factor  into  amperes  and 
the  radiated  power  into  watts,  which  can  be  done  by  multiplying 
the  right-hand  side  of  (39)  by  30  c.  This  is  done,  and  the  equa- 
tion is  rewritten  in  the  next  section. 

88.  Result  of  the  Integration  for  Power  Radiated  from  the 
Vertical  Part  of  the  Antenna. — By  equation  (39),  when  reduced  to 
practical  units,  the  total  power  radiated  into  the  aerial  hemis- 
phere from  the  vertical  part  of  the  antenna  may  be  written 

p  =  /« cosily  (ct  -  ro)  I  [fli  -  ^2  cos  g  -  ft,  siu  g]    (40) 
where 


fli  =  15 


f2  +  2,,^4^+2,,^6^,e^ 


3!2 


5!4 


7!6 


...( 


Rt  =  15 


2»  +  2»-4j,^,      4«+_2^-6j^,  ^ 


3!2 


5!4 
6*  +  2«  -  8 
7!6 


*• 


-...) 


fi,  =  15  j 


3«  +  2'-5j^,      5«  +  2»-7j,^,   , 


4!3 


6!5 

7*  +  2^  -  9 
8!7 


A;» 


-...) 


(41) 
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«=    X 

,        4ira 
k  = 


(42) 


X 

a  =  length  of  vertical  part  of  antenna  in  same  unit  as  X 

{e.g.,  meters), 
p  =  radiated  power  in  watts  instantaneous  value, 

I  =  -^^ho  (43) 

sm  q/2  ^    ' 

where 

/o  =  amplitude  of  current  at  the  base  of  antenna  in  amperes. 

89.  Radiation  Resistance  of  Vertical  Part  of  the  Antenna. 
In  equation  (40)  is  given  the  power  radiated  from  the  vertical 
part  of  the  antenna,  on  the  assumption  that  radiation  from  the 
horizontal  part  of  the  antenna  does  not  interfere  with  it.  It  wiU 
be  shown  later  in  §14  ei  seq.  how  this  interference  is  computed  and 
allowed  for.  Accepting  for  the  present  the  assumption  of  non- 
interference, we  may  obtain  the  radiation  resistance  of  the  ver- 
tical part  of  the  antenna. 

The  radiation  resistance  is  defined  as  the  time  average  of  radiated 
power  divided  by  the  time  average  of  the  square  of  the  current  at  the 
base  of  the  ardenna. 

In  taking  the  time  average  of  the  power  (40),  it  is  to  be  noted 

that  the  time  average  of  cos*  |  T"  (^^  "~  ""^^  M^  ^*  '^^®  *'™® 
average  of  current  square  at  the  base  of  the  antenna,  by  (1)  is 
^  P  sin*  '^  ^  'o^^  ^^^^  (o)  •  Whence  the  radiation  resistance 
becomes  in  ohms 

Rq  = —   \Ri  —  Rt  cos  g  —  JBs  sin  g  (44) 

in  which  R\,  Ri,  Rz  and  q  have  the  values  in  (41)  and  (42). 

We  shall  later  give  tables  of  Ri,  R2,  and  /J3,  that  will  reduce  the 
calculations  of  R  to  very  simple  operations,  and  shall  compare  the 
results  with  calculations  on  the  doublet  hypothesis  and  with 
observations. 

We  shall,  however,  first  investigate  theoretically  the  radiation 
from  the  horizontal  part  of  the  antenna.  This  is  a  problem  of 
considerable  mathematical  difficulty  but  is  capable  of  solution. 
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PARTn 
FIELD  DUB  TO  HORIZONTAL  PORTION  OF  ANTSllNA 

90.  Introductory  Notions. — ^To  determine  the  electromagnetic 
field  and  radiation  characteristics  of  the  horizontal  flat-top  por- 
tion of  the  antenna,  let  the  rectangular  co5rdinates  of  any  distant 
point  P  (Fig.  7)  be  x,  j/,  z. 

And  let  the  coordinates  of  any  point  P'  on  the  flat-top  be  a/,  0, 
a;  the  coordinates  of  the  image  point  P"  be  a/,  0,  —a. 

Then  the  distance  from  the  origin  of  coordinates  to  the  distant 

point  is  

OP  =  fo  ==  V^  +  y*  +  «* 


Fia.  7. 

The  distances  of  the  distant  point  from  the  point  on  the  flat-top 
and  its  image  respectively  are 

P'P  ^r"  =^  y/{x  -  T^Y  +  2/'  +  (i  -  ay 

and 

p//p  «  y#/  «  V(aj  -  aj')2  +  y2  +  (25  +  ay. 

Then 

/  -  ro  =  y/{x  -  x^y  +  2/^  +  (2  -  a)«  -  Va^  +  y*  +  «*• 

As  an  approximation,  let  ns  multiply  by  the  sum  of  these  radi- 
cals and  divide  by  the  approximate  value  of  this  sum  for  large 
values  of  ro;  namely,  by  2ro,  obtaining 


I 
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r'  =  ro  + 


r"  =  ro  + 


x'»  -  2xx'  -  2za  +  a^ 

2ro 
x'^  -  2xx'  +  2za  +  a* 


(45) 


(46) 


2ro 

91.  Deteiminati<m  of  Electric  and  Magnetic  Intensities  due 
to  Flat-top. — The  values  of  r'  and  r"  in  (45)  and  (46)  may  be  re- 
placed by  fo  in  intensity  factors,  but  not  in  phase  terms,  and  give 
for  the  sum  of  the  eflfects  of  a  doublet  at  P'  and  another  at  P" 
(the  image  doublet)  the  electric  and  magnetic  intensities 

dE^  =.dH^^^  j/x(«  -  //c)  +  Mt  -  r"/c) )        (47) 


Fio.  8. 

where  fi{t)  and  ft{t)  are  the  moments  of  the  two  doublets  re- 
spectively. The  angles  <p  and  Z  correspond  to  the  angles  6  and 
^  of  Fig.  3,  except  that  the  figure  is  turned  on  its  side,  so  as  to 
put  the  polar  diameter  along  the  x^axis  instead  of  the  2-axis. 
This  arrangement  is  shown  in  Fig.  8.  The  plane  of  the  zero 
value  of  Z  is  now  to  be  fixed  as  the  plane  of  the  x  and  2:-axes. 
Now  using  the  current  distribution  of  equation  (1),  we  must 
replace  Ihy  a  +  x',  which  gives,  when  treated  as  (12)  was  treated, 

2ircl        {2nr /.  .  x'*  -  2x'x  -  22a  +  a*> 


/i  = 


cos  I  T-((ci  —  To  — 


2ro 


^1 


-  1t(t  -'-")  W 


(48) 
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The  fictitive  current  at  P"  is  just  equal  and  opposite  to  that 
at  P',  with,  however,  a  different  distance  from  the  point  P,  so  we 
may  write 

V             2cjr/         ( 2ir  /  ^                x'*  -  2xx'  +  2za  +  ah] 
/,=  --^co8{^(ct-ro ^^ )) 

^""IyIi  -«-«')  H^'-  (49) 

Whence  by  addition,  employing  the  trigonometric  relation 
cos  (a  +  jS)  —  cos  (a  —  iS)  =  —  2  sin  a  sin  fi, 
equation  (47)  becomes 

h^-»lT(i"-«-'')M- 

In  this  equation  we  may  as  usual  replace  -r—  by  A.  Also  we 
may  make  an  approximation  as  follows:  For  large  values  of  fo 

z'^  ~  2x3/  +  a«  xx'  ,         , 

KZ =    -  — =    -  X'  COS  ^. 

x'*  +  a* 
In  making  this  approximation  the  n^lected  term  is  — x— — , 

and  this  is  to  be  neglected  even  in  the  phase  angle,  because  its 
value  is  absolutely  small.     We  have  then 

JET          JTT              4ir/ sin  ^   .    Az   ,     {2ir  ..  ,     ,         ,.\ 

dEi,  =  dHz  = r— ^ sm  —  sin  |  -r-  (d  —  fo  +  x'  cos  ^)  f 

[8m{^(^«-a-x'))dx']  (50) 

This  equation  may  be  shortened  up  by  writing 

r  =  y  (ri  -  r,)  (51) 

and 

To  obtain  the  total  electric  and  magnetic  intensities  due  to  the 
flat-top,  the  equation  (50)  must  be  integrated  for  all  the  doublets 
and  their  images  between  the  limits 

x'  =  0  and  a'  =  6 


Chap.  IX)  CHARACTERISTICS  OF  AN  ANTENNA      465 


where  b  is  the  length  of  the  flat-top.    This  integration  is  expressed 
in  the  following  equation. 


Ej.  =  H^  =  — 


4y/  sin  ^ 
rocX 


sin  —  I  sin  ( 


T  H — r—  cos  ^ )  sm 


^j  si] 


(5  ~  ?^)  dx'      (63) 


To  perforin  the  integration  let  us  introduce  a  change  of  variable 
by  putting 


«  =  5- 


2tx' 


then  dx  =  —  pr-  d« 


and  the  limits  of  integration  become 

for  x'  =  0,    «  =  B,  for  x'  =  6,    «  =  0. 

Equation  (63)  then  becomes 

2/sin^  .   AzC\ 
-m  —  I  sii 

ToJb 


Ej,  =  Hx  == 

2/  sin  ^  .   Azr  . 
= ^.sin 


sin(T  +  B  cos  ^  —  «  cos  ^)sin  «  d« 


roC 


—  sin  (r  +  B  cos  4d  I  cos  («  cos  ^)  sin  « <fe 
^oL  Jb 


i 


—  cos  (r  +  B  COS  ^)  I  sin  (»  cos  ^)  sin  s  da        (54) 


] 


^^  =  Hz  = 


The  expressions  of  this  equation  may  be  integrated  by  the  use 
of  formulas  360  and  369  of  B.  O.  Pierce's  Tables  and  give 

2/  Az  I  r 

: — :  sin  —  sin(r  +  5  cos  4d    —  cos  s  cos  (s  cos  ^) 

foc  sin  w        ro[  L 

—  cos  ^  sin  8  sin  («  cos  ^) 
—  cos  (r  +  J5  cos  4/)  cos  ^  sin  «  cos  (s  cos  ^) 

—  cos  «  sin  («  cos  ^)  I 

2/  -A^r  f 

■ : — 7  sin  —   sin  (r  +  5  cos  ^)  ]  —  1  +  cos  5  cos 

roC  sin  ^        To  L  I 

(b  (cos  ^)) 

+  cos  ^  sin  B  sin  (5  cos  ^)  [ 
+  cos  (r  +  B  cos  ^)  I  cos  ^  sin  B  cos  (J5  cos  ^) 

—  cos  J5  sin  (J5  cos  ^)  |  I 


2/        .    il2 

sin     -  I  sin  r 


foC  sin  4/ 
+  cos  T 


-    sin  r    cos  B  —  cos  {B  cos  ^)  [ 
cos  ^  sin  B  —  sin  (5  cos  ^)  [ 


(55) 
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Equaium  (55)  gives  the  electric  and  magnetic  intensities  due  to  the 
fiatrtop  at  any  distant  point  whose  coGrdinaies  are 

To  =  distance  of  the  point  from  the  origin, 
z  =  vertical  height  of  the  point  above  the  earth's  surface, 
4^  =  angle  between  ro  and  the  x-axis;  this  x-axis  being  parallel 
to  the  fiat-top. 

The  quantities,  A,  S,  and  r  are  defined  by  equations  (20)  and 
(51).  We  shall  next  discuss  the  total  power  radiated  from  the 
antenna. 

92.  Concerning  Power  Radiated  from  the  Total  Antenna. — 
It  is  to  be  noticed  that  the  electric  and  magnetic  intensities  due 

to  the  fiat-top  of  the  antenna  and 
those  intensities  due  to  the  vertical 
portions  of  the  antenna  are  directed 
along  the  meridional  and  latitudinal 
lines  of  two  systems  of  polar  coordi- 
nates with  their  poles  one  quadrant 
apart.  This  does  not  make  the  re- 
spective intensities  perpendicular  to 
each  other,  and  it  becomes  necessary 
-     ^  to  resolve  one  set  of  these  intensities 

along  and  perpendicular  to  the  other 
set  of  intensities.    At  a  given  point  on  the  sphere  about  the 
origin  of  coordinates,  the  quantities  ^,  0,  2)  and  ^  are  oriented 
in  a  manner  represented  in  Fig.  9. 
If  we  let 

a  =  angle  between  ^  and  B 
then  also 

a  =  angle  between  0  and  2. 

It  is  also  apparent  that 
Angle  between  S  and  ^  =  a  —  ^ 

Angle  between  ^  and  0  =  —  —  a 

Let  us  now  resolve  E^  and  J^s  into  components  along  B  and 
perpendicular  thereto  (that  is,  along  0)  obtaining  for  the  B- 
components 

E^f9  =  E^  COB  a 

Hx,e  =  Hz  cos  (*  "~  ^)  =  ^z  s"^  *> 
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and  for  the  Components 

E^f^  —  E^  ooa  l-^  —  a j  =  —  ^^  sin  a 

Adding  these  quantities  to  the  corresponding  components  of 
the  intensities  due  to  the  vertical  part  of  the  antenna,  we  obtain 
for  the  total  intensities,  which  are  designated  by  primes,  the 
values 

E^9  =^  E^  +  E^COBO, 

B'^  —  ^E^  sin  a, 

H'$  »  J?z  sin  a 

W^  =  £r^  +  Hz  cos  a. 

All  of  these  intensities  are  perpendicular  to  ro.  To  get  the 
power  radiated  through  an  element  of  surface  dS  perpendicular 
to  roy  we  may  make  use  of  Poynting's  vector,  in  the  form 

dp  =  ^(E'xH')dS 

where  the  cross  between  the  vectors  means  the  vector-product. 
This  vector-product,  expanded,  gives 

dp  =  ^  {e',  H'^  -  E'^  W)  dS 

=  -^{E9H^+  E^HjiCOB^a  +  H^E^co8a  +  EeHxCoaa  + 

E^Hz^in^c^dS 
^  ^{EeH^  +  E^Hz  +  2coBaEeHz)dS  (66) 

We  have  already  found  the  first  term  of  this  power  and  have 
obtained  its  integral  all  over  the  aerial  hemisphere.  This  integral 
we  have  called  the  poioer  radiated  from  the  vertical  part  of  the  an- 
tenna. We  shall  call  the  second  term  above  (56),  when  properly 
integrated,  the  power  radiated  from  the  flat-top.  The  third  term, 
since  it  contains  both  sets  of  coordinates,  may  be  called  power 
radiated  mutually.  These  designations  are  merely  for  conven- 
ience in  paragraphing  the  mathematics  involved. 

93.  Power  Radiated  from  the  Flat-top.— Let  us  now  enter 
upon  a  determination  of  the  power  contributed  by  the  second 
term  of  the  right-hand  side  of  equation  (56),  and  integrate  this 
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term  over  the  aerial  hemisphere;  that  is,  the  hemisphere  above 
the  surface  of  the  earth  regarded  as  a  plane. 
The  element  of  area  of  this  hemisphere  is 

dS  =  ro*  sin  ^  d^  dS         -  (57) 

Thisi  s  to  be  substituted  in  the  required  term  involving  E^ 
and  Hji'y  but  these  quantities  involve  the  coordinate  z,  which 
must  be  replaced  by  its  value  in  polar  coordinates 

2  =  To  sin  ^  cos  S  (58) 

Besides  (57)  and  (58)  we  are  also  to  substitute  the  values  of  E^ 
and  Hx  from  (55)  into  the  term 

dp^^{E^Hx)dS  (59) 

E^  and  Hx  are  identical,  by  (55);  the  product  will  give  certain 
terms  involving  sinV,  other  terms  involving  cosV,  and  still 
other  terms  involving  sin  t  cos  r;  where  t  has  the  value  given 
in  (51).  If  we  take  the  time  average  for  a  complete  cycle,  or,  if 
we  prefer,  for  a  time  that  is  large  in  comparison  with  a  complete 
period,  we  have 

av.  sinV  =  av.  cosV  ==  i; 

while  the  average  of  the  product 

av.  sin  r  cos  t  =  0. 

The  integral  form  of  (59)  then  becomes,  if  p  =  the  time 
average  of  radiated  power, 

y  =  ^  I --^     cos2  5  +  cos2  ^  sin«5  +  1  -  2cos5cos(Bcos^) 
^      2ircj.sm^Ll 

—  2  cos  ^  sin  B  sin  (5  cos  ^)  |  I  dS[sin^(i4  sin  ^  cos  S)]  .^^ 

We  shall  first  perform  the  integration  with  respect  to  S 

—  cos  (2A  sin  ^  cos  2) 


/^r/2  /•t/2      fj 

I  dX{Bin^(A  sin  ^  cos  ^)  j  =  I  dS    - 

J -t/2  J  "9/2  [ 


2 

IT       1  T'/^ 
= I  cos  {2A  sin  ^  cos  S)dS 

2       2j-t/2 

^  -  1  (cos  (2A  sin  ^  cos  S)  dS  -i  I  cos  (2A  sin  ^  cos  2;)dS 
2       2  J -t/2  2Jo 

(61) 
I  _1  flos  i2A  sin  i  cos  2)d2  (62) 


-=1-11? 
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This  last  step  consists  in  changing  the  variable  of  the  first 
integral  of  the  right-hand  side  of  (61)  by  putting 

S'  -  T  +  S, 

which  makes  the  limits  x  sjid  ir  without  any  other  change,  except 

the  change  of  2)  to  2'.  But  since  this  is  the  variable  of  integration , 
the  prime  may  be  omitted,  and  the  terms  of  (61)  added,  giving 
(62). 

Equation  (62)  may  now  be  integrated  for  Formula  (11),  Art. 
121  of  Byerly's  Fourier^ a  Series  and  Spherical  Harmonics  giving 
for  the  integral  of  (62) 

/2 

dZlsin^  (A  sin  ^  cos  2) }  =  ^  -  ^  Jo(2A  sin  ^)        (63) 


rr/2 

\dZ\ 

J-t/2 


where  Jo  is  the  Bessel's  Function  of  the  zeroth  order,  with  a 
development  of  the  form 


X*  .     rr*  x^ 


Jo  {x)  —  1       gj  +  22^2       2^*6*"^   '    '    ' 

Before  substituting  in  (60)  let  us  simplify  the  general  trigono- 
metric factor  in  the  brace  of  (60)  by  placing  cos*  ^  by  1  — sin*  ^, 
and  letting  k  ~  2A,  as  in  (42),  we  then  obtain 

-^/^rfL=/o(fcsin^)l    i 


2  -  sin*  ^  sin*  B 


sin  ^ 
—  2  cos  B  cos  {B  cos  ^)  —  2  cos  ^  sin  B  sin  (B  cos  ^)  [d^ 


^  /« /^f  fe*si 
W.   1       2 


sin  ^        k*  sin'  ^   ,   A:'  sin'  ^ 
2  2*4*       ^    2*4*6* 


2  —  sin*  ^  sin*  5  —  2  cos  5  cos  (B  cos  ^) 

—  2  cos  ^  sin  JB  sin  (J5  cos  ^)  |  d^,  (65) 

or 

+  sin*  B  X  (  -  1)  ^  2'4*6y..nX"°"""  ^"^^ 

+  2  cos  5  X  (  -  1>  ^  2w"..nX"°'"'  ^"''^  ^^  *^  ^^'^'^ 


460 


ELECTRIC  WAVES 


[Chap.  IX 


k' 


(B  cos  ^  )  d^l 


n  =  2,4,6,... 
Treating  these  several  integrals  separately,  we  have 

T 

rsinit-i  ^^  =    I  sin»-i  ^^  +  I  sin*"^  ^^ 

2 

r  r 

'2 


(66) 


=    I  sin*~*  4^4/  +   I  cos*"^  4^ 

Jo  Jo 

_     f2»4.6  -n  -  2] 
~     ll.3.6...n  -  11 


(67) 


by  B.  O.  Pierce's  Tables,  Formula  No.  483. 
Likewise 

'2-4-6.-.n 


r 


gin»+i  ^d^  =  2 


1.3-6...n  +  1 


(68) 


Now  by  Byerly's  Fourier^s  Series  and  Spherical  Harmonies 
equation  (9),  Art.  121, 

I  sin*~*  ^  cos  (5  cos  \f')  d^  =  — 


n-l 
B"2" 


J  n-l  (fi)  (69) 

2 


where  Jn-i  {B)  is  a  Bessel's  Function  of  the  order  (w  —  1)  /2,  and 


r  ( ^  j  is  the  Gamma  Function  of  ^. 


For  the  last  integral  of  (66),  we  have  by  Problem  2  and  equa- 
tion (9)  of  the  same  article  of  Byerly's  Fourier's  Series 

I  sin"^^  ^  cos  ^  sin  (B  cos  ^)  d^ 

=  —  I  sin*+^  ^  cos  (5  cos  ^)  d^ 

^Jo 

2^V^r(|+i) 


n 


n  +  l 

5"2- 
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Substituting  these  various  integrations  (67),  (68),  (69),  and 
(70)  in  (66),  we  have 

P-i^[S-4(-l)»-^+28in«B2(-l)3-;^ 


+  2  COS  5X  (-  i)^25ib;r« ^=^  "^^  ^^> 


"      *;' 


it-i 
B~2- 


»+i 


+  28inB2)(-l)2~oriT — i- 


n  =  2, 4,  6,--«) 


n+l 


B  =  -T—  is  between  0  and  ^. 


2 

(71) 


This  result  may  be  expressed  in  a  power  series  by  expanding  the 
Bessel's  Functions  by  equation  (6),  Art.  120  of  Byerly's  Fourier* 8 
Series,  giving 

n-l  r 


n-l 

BT- 


»-i     'n  +  1 


to(B)  =  2--i-^r( 


1  - 


)     HH') 


+ 


B 


B* 


,B.("-±i)(!L±»)       3B.(l±i)  (!i±i)  (4^) 


+ 


»  +  l 

B~a 


(72) 


^H^  ^^^  =  :^±i-7ir+ 


+ 


2~2"r 

B 


1  - 


B* 


C-VA    HH^ 


B* 


MH^)  (4-')  "^r-^)  (^)  m 


+ 


Note  that 


(73) 


v; 


(1) 


and 


V? 


r(»-±i) 


=  2 


2.46    -n  --  2 
1  '3 '5 •  ••w  ^  1 


(74) 


=  2 


2-4-6-n 
1  'S  '5  •'•n  +  1 


(75) 
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Putting  these  values  in  equation  (71)  we  obtain 


(n  +  l)   '  2!2*(n+l)(n  +  3) 


S» 


1 4.       \ 

3!2»  (n  +  l)(n  +  3)(n  +  5)  ^*"  / 

+  ^"°^nlirTl~T(n  +  l)(n  +  3) 

i5*  1 


"^  2«2  (n  +  l)(n  +  3)(n  +  5) 
B*  1 


+  ...)]. 


2»3  (n  +  l)(n  +  3)(n  +  6)(n  +  7) 
where 

n  =  2, 4, 6,  .  .  .  (76) 

Equation  (76)  may  be  further  improved  for  purposes  of  calcu- 
lation by  expanding  the  trigonometric  functions  in  power  series 
and  collecting  the  terms.     For  this  purpose 

sin^B  _  1  -  cos  2B  _  J5*     2^5^     2*J5«      2«B«   ,  .... 

"T" "      4      ~2r"4r+T!      8r  +  *"  ^^^^ 

B*      B*      B* 

cos  B  =  1  -  ^  +  U  -  gj-  +  . . .  (78) 

B*      B* 
BaixB  =  B*-§r  +  ^-...  (79) 

o!         5! 

Equations  (77),  (78)  and  (79)  substituted  in  (76)  will  give 

where  F,  (B)  is  a  polynomial  in  B®,  B',  5^  etc.,  where  the  co- 
efficients of  the  several  powers  of  B  are  contained  in  the  table  of 
page  464. 

In  this  table  the  bottom  row  of  terms  gives  the  coefficients  of 
the  powers  of  S,  when  the  summation  indicated  in  (80)  is  per- 
formed with  n  =  2,  4,  6. . .  00 .  The  various  terms  in  the  columns 
were  employed  in  obtaining  the  last  row  by  addition. 
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The  coefficient  of  S^^  is  not  contained  in  the  table,  because  of  its 
numerous  terms,  but  its  value  when  summed  up  is 

255n^  +  6084n»  +  51396n»  +  177264n  +  193536 
10!  (n  +  l)(n  +  3)(n  +  5)(n  +  7)(n  +  9) 

Substituting  the  values  of  the  coefficients  multiplied  by  the 
corresponding  powers  of  B  and  summing  up  as  indicated  in  equa- 
tion (80),  we  obtain  for  the  power  the  expression 

^      c  L     160        3780  ^  56700      93555  ^         '"] 
1 1 120      6480  "*"  83160      77395500  "*"      '    '  J 

^      145360      24960960  ^  6134720  '  *  I    ^  ^ 

7Ai8  egimtton  gives  the  average  power  radiated  in  the  airial  hemi- 
sphere from  thefl(U4op  of  the  antenna  regarded  as  a  separcUe  radiator 
with  the  distribution  that  it  ha^  under  the  fundamental  assumptions  of 
the  problem.  The  current  is  to  be  measured  in  absolute  electrostatic 
units,  and  the  power  is  in  ergs  per  second. 

I.  «a.  equation         ^.^ 

it  .  iM  .  *^. 

A 

It  remains  to  find  how  this  power  is  modified  by  the  mutual 
effect  consisting  of  the  interference  between  the  waves  emitted 
from  the  vertical  portion  of  the  antenna  and  the  waves 
emitted  from  the  horizontal  part.  This  is  the  subject  matter 
of  Part  III. 
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PARTm 
THE  ICUTUAL  TERM  IK  POWER  DETERMINATION 

M.  The  Trigonometric  Relations.— In  Art.  92»  equation 
(56),  it  has  been  shown  that  the  power  radiated  through  an  ele- 
ment of  surface  consists  of  three  terms  in  the  form 

dp  -^'^(E0H^+Ei,Hz+2co&aE0Hx)dS. 

The  first  two  of  these  terms  we  have  aheady  discussed.  Put- 
ting in  the  values  of  E^  and  H^  from  equations  (19)  and  (55)  the 
remaining  power  term,  which  we  have  for  convenience  called 
mtUiuU  power,  becomes  in  the  time  average 

,-  /'  cos  a  dS       ,    Azj        ,    .    d        .    /d       ,^\ 

dp  = zr—. — T—. — 7  sm  —  i  cos  ^  sm  J5  —  sin  (Bcosi^)  [ 

^      TCTo'  sm  ^  sm  ^        r©  I  J 

I  cos  B  cos  (A  cos  ^)  —  sin  B  cos  $  sin  {A  cob$)  —  cos  6  [  (82) 

In  forming  this  equation  we  have  multipUed  the  expression  for 
E0  of  eq.  (19)  by  the  expression  for 
Hz}  eq-  (55).  The  product  so  ob- 
tained contains  terms  involving  sin  r 
cos  T  plus  terms  involving  cos*t.  The 
time  average  of  the  sin  r  cos  r  terms  is 
zero;  while  the  time  average  of  cos' 
r  is  3^ ;  these  facts  have  been  used  in 
forming  (82). 

To  be  able  to  integrate  equation 
(82)  we  must  replace  a,  z,  ^  and  dS 
by  their  values  in  terms  of  B,  <f>  and 
ro.    ByRg.  3, 

Z  =  To  COS  S 


FiQ,  10. 


dS  =  fo*  sin  6  dO  d<ff 


(83) 
(84) 


In  the  spherical  triangle  of  Fig.  10,  a  is  represented/  as  de- 
fined, as  the  angle  between  0  and  4^,  while  opposite  to  a  the  side  is 
ir/^  The  important  trigonometric  relation  in  a  spherical  tri- 
angle is  as  follows: 

I.  The  cosine  of  any  side  is  equal  to  the  product  of  the  cosines 
of  the  two  other  sides  plus  the  continued  product  of  the  sines  of 
these  sides  and  the  cosine  of  the  included  angle. 
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By  this  proposition,  referring  to  Fig.  10,  we  see  that 
cos  4/  =  cos  ^  cos  ^  +  sin  2  sin  ^  cos  0 

=  sin  6  cos  <t> 
By  the  same  proposition 

COS  ^  =  COS  6  cos  ^  +  sin  ^  sin  ^  cos  a; 


(85) 


cos  a  =  — 


cos  6  cos  4/ 


or 


sin  ^sin^^ 
cos  a  cos  6  cos  ^ 


sin  ^ 
and  by  (85)  this  becomes 

cos  a 


sin  6  sin  ^ 


cos  0  cos  0 


(86) 


(87) 


(88) 


sin  ^  1  —  sin*  6  cos^  <t> 

96.  Integration  for  Mutual  Power. — Now  substituting  the 
trigonometric  relations  (83),  (84),  (85),  (88)  into  equation  (82), 
we  obtain  the  following  integral  expression  for  the  time  average 
of  the  mutual  power  radiated  through  the  aSrial  hemisphere: 


p  =  —  I      d^  si 

cwj. 


sin  (A  cos  6) 


cos  B  cos  (A  cos  B)  — 


sin  B  cos  0  sin  {A  cos  6)  —  cos  0 


[-  r^'  cos  0  sin  (5  sin  6  cos  0) 
"^'^J,    1  ~  sin^  6  cos*  <t> 


d<t> 


—  cos  ^  sin  ^  sin 


.         P'       cos*  (^  di^      1 

^^    J.    1 -sin* ^ COS** J 


(89) 


This  is  a  very  complicated  expression  involving  the  integral  of  an 
integral. 

We  shall  first  proceed  to  perform  the  integration  with  respect 
to  0. 

T   ^  Tr        r^'cos  4>  sin  {B  sin  B  cos  0)  d0  .n/vv 

Let  V   =     I      ; r-r-2 TT V^f 

J,  1  —  sm*  ^  cos*  0 

and  break  the  integral  into  the  sum  of  two  integrals  thus: 


-!:-r 
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By  a  change  of  variable  in  the  second  of  these  two  integrals  by 
replacing  <t>hy  <f>'  +  t,  we  find  that  the  integrand  is  unchanged, 
while  the  limits  become  0  and  t,  so  we  may  write 

jr  _  ^  C'  cos  0  sin  (g  sin  6 cos  4>)  d4>  .^-v 

^  "  ^y  1  -  sin^  e  cos2  4>  ^  ^ 

Again  decomposing  this  into  the  sum  of  two  integrals  we  have 

and  changing  the   variable  in  the  second  integral  by  putting 
<>  =  T  —  0',  the  second  integral  becomes 


J-KI2  K/2 


—  d4>'  (—  cos  0O(—  sin  (B  sin  B  cos  4>')) 
1  -  sin*  e  cos«  «' 


which  by  dropping  the  primes  and  substituting  in  (92)  and  (91) 
gives 

_      f*^^  cos  4>  sin  {B  sin  6  cos  <^)  d4> 

^^V  1  -sin«(?cos*0  ^^^^ 

Now  expanding  in  series  as  follows: 

sm  {B  sm  0  cos  <t>)  =  B  sin  ^  cos  ^ ^-j + 

B^  sin*^  e  cos^  »  _ 

5!  ••' 

and 

:; rij-r —  =  1  +  sin»  6  COS* «  +  sin*  ^  cos^  *  +  . . .    (93o) 

1  —  sm*  ^  cos*  0 

and  by  taking  the  product  of  these  two  series  we  obtain 

•ir/2 


-  'Pi 


dip  fi  sin  0  cos^  <t> 


+ 


l-fil 


sin'  e  COB*  ^ 


B*  .  B 


t 


B  -  ^  +  ^}sin'>tfco8«« 


+ 

+  . . .  I  (94) 


] 


Integrating  (94)  by  formula  483  of  B.  O.  Pierce's  Tables,  we 
obtain 
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r  -  2ir  [^  fi  sin  tf 

(95) 

We  shall  next  proceed  to  perfonn  the  second  integration  with 
respect  to  4>  iiidicated  in  (89).    For  abbreviation  let  us  write 


W 


J^'     cos*  4>  dj,        ^     r'/'      cos*  4>  <^ 
,    1  —  sin*  $  cos*  4t^    J,     1  —  sin*  9  cos*  ^ 


by  reasoning  similar  to  the  above.     Expanding  the  denominator 
by  (93a),  we  have 


W 


r/2 


d^coe.*<l>  \  1  +  sin*  $  cos*  ^  +  sin*  $  cos*  <l>  +  ... 


o   Jl  .    1-3  •  s„  ■    13-6  . 


12  ■    2-4 


2-4-6 


sin*  0  +  . . . 


}   (96) 


(If  we  need  it,  this  integral  can  be  obtained  by  direct  int^^tion 
in  the  form 

1 


Tr  =  2ir( 

l 


COS  ^  (1  +  cos^) 

but  the  expanded  form  is  more  useful  for  our  purpose.) 
Now  substituting  (95)  and  (96)  in  (89)  we  obtain 


2P  /^/^ 


dd  cos  $  sin  (A  cos  0) 


cos  B  cos  (A  cos  $) 
—  sin  £  cos  ^  sin  {A  cos  d)  —  cos  0 1 
[^  (B  -  sin  B)  sin  ^ 

.   13-5/^       B«       B«  j>\    '   ,a 

+  >.  ^  ^  (B  ~  -^77  +  -^  —  smBi  Bin* ^ 


+  ... 


] 


(97) 
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To  evaluate  this  expression  we  must  obtain  the  following 
integrals: 

U=  rie^'(f<^e^^S21?l  (98) 


fw/a 

=  I  dew 

-X 


»/2 

dS  sin*  6  cos'  6  sin'  (A  cos  6)  (99) 


r/2 
d^  sin"  9  cos  ^  sin  (A  cos  0)  (100) 

where  n  =  1,  3,  6,  7, . . . 

Js  is  the  simplest  of  these  integrals  and  will  be  considered  first. 
By  expanding  sin  {A  cos  6)  in  series  we  have 

/s=   I      d^sm»^|Acos'^- — - — + — ^ — -...    [ 

which  by  Byerly  Int.  Calc,  Art.  99,  Ex.  2,  may  be  integrated  in 
Gamma  Functions  as  follows: 

2r(«-±«  +  i) 

^w("-±»+l) 

+  . . .  (101) 

If  we  note  that 

r('L±-»  + ,)  . -+i » r (I) 
r(l±i  +  .).l±-*--±i--rg) 


+  — 
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we  obtain 


/.= 


A* 


31 


n{n  +  1)       3!  n(n+  2)(n  +  4) 


+  T7 


6-31 


5!    nin+  2)(n+  4)(n+  6) 


-©rr-±i) 


A* 


n(n  +  2) 


1         2rn  4 


2(n  +  4) 


+ 


4  -2  (n  +  4)(n  +  6)      6-4-2(n  +  4)(n  +  6)(n  +  8) 

In  like  manner 

'n+  1 

I  '    I  —  I     I  '     I 

2A 


+ 


•)   (102) 


/i  = 


©  ^  ("-^) 


2n(n  +  2) 
(2Ay 


(-2) 


1         2(n 


(2A) 


2(n  +  4) 


+ 


(2Ay 


+ 


(103) 


4  •2(n  +  4)(n  +  6)      6  -4  •2(n  +  4)  (n  +  6)(n  +  8) 
Now  taking  up  integral  It  from  equation  (99),  let  us  write  it 


=x 


'^^z,     •    n/,  2/1    1  1  -  COS  (2il  COS  ^) 

d^  sm"  ^  cos^  ^  ' 


and  expanding  cos  {2 A  cos  ^)  in  series,  obtain 


* = IM^ 


sin"  ^  cos^  ^ 


(2Aycos^e       {2aycos*e 


+  .  .  . 


2!  4! 

This  equation,  integrated  in  Gamma  Functions  between  the  limite 
0  and  r/2  gives 


/i  = 


1 


(2  A) 
2! 


^  r-^)  ^  (i) 


(2A) 
4! 


+     .     .     . 
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'(1)  ■•  CV) 


2A 


t 


r3 


© 


r  ^' 


5(2A) 


n  (n  +  2)  (n  +  4)  12      4-2  (n  +  6) 

7(2A)* 


+ 


6-4-2(n+6)(nT8)  ~    '    '    '  )' 

(104) 

Employing  the  values  of  /i,  /:,  />  found  in  equations  (103), 
(104)  and  (102)  we  may  write  the  expression  for  the  mutual  power 
in  the  integrated  form 

2/*r      ^/,p       .    on4  Fi      (Ml".     (2^)* 

(2Ay 

(2  A)* 
6-4-2-7-911 

/         B»      B»      ,i„R\5!Ar         (2i4)«  (2A)« 

+  1^-  3-!+  5!-^°^/TrL^  --2^+  4-2-911  ~ 

(2A)» 


+   .    .    . 


6-4-2-91113 


+   . 


+ 


9 

+   . 


•    dIWb        •    B\24*r*      5(2il)»  .       7(2A)« 
-  8infiJ2(B-8inB)3:^[2-4T2^+6^4^7- 

9(2A)« 
8-6-4-7-9.il 

"^  2-4\         3!  /3-5-7L2       4-2-9  "^  6-4-2-9li 

(24  )• 


+   . 


8-6-4-2-911-13 

l-3-5/„      B*      B"  \     8A*     1-3       5(24)' 

•^  2^:61*  "  3!  +  5!  -  ''"^/S^W^U  -  4^2^  + 

(2A)*  9(24  )• 


6-4-2-11-13      8-6-4-2-11-13-.16 


+   .    .    . 


+ 


-cos6{1{b 


—  sin  B 


)ib- 


Al. 

2-5 


+ 


4-2-5-7 

A* 

6-4-2-5-7-9 


+ 
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,l-3/-         B*        .    e\2il   r,        A*   .        A* 
+  2^  (*  -  3!  -  «^°^)3^L^  -  2^  +  r2T 


6-4-2-7-911 
1-3-5  /„      B»    .   B»        .    „\    8A     r.       A* 


+ 


] 


4-2-911       6-4-2-9-11.13  +   '    *     J 
+ )]  (104) 

If  now  we  recall  that  (7  =  -4  +  fi,  it  will  be  seen  that  the 
equation  (104)  is  entirely  in  terms  of  A  and  B  and  7. 

For  purpose  of  computation  it  is  found  advisable  to  expand  all 
of  the  trigonometrical  expressions  in  pow&  series  and  then 
perform  with  them  the  indicated  operations.  This  was  done 
with  considerable  labor  and  gave  the  following  expression  for 
mutual  power: 

p  =  ^[i42J.0261B*  -  .00586J5*  +  ,000515J5«  -    .    .    . 

+  A^  [.0055B«  -  MZnB"^  +  .0004425^  - 

.0000297B*  + .    .   .  I 

-  .00343^^  +  .000808fi«  -  .0000746^8  +  .    .    .  ] 


+  A 


+  A^\  -.0010653  +  .0006035*  -  .00008285^  + 

,0000055B*  - ...  I 

+  A^  1.001265*  -  .000285*  +  .00002385*  -  .    .    .  }]  (105) 

This  equaXion  gives  the  time  average  of  the  pov)er  radiated  in  the 
aerial  hemisphere  by  the  mutual  effect  of  the  fields  from  both  parts 
of  the  antenna  and  is  the  correction  to  be  added  to  the  power  radiated 
by  the  two  parts,  estimated  as  independent  of  each  other.  The 
current  I  is  in  absolute  c,g,s.  electrostatic  units,  and  the  power  is 
in  ergs  per  second. 

96.  Summation  of  Flat-top  Power  and  Mutual  Power.— 
We  have  obtained  in  equation  (81)  the  time  average  of  flat-ton 
radiated  power,  and  in  equation  (105)  the  time  average  of  mutual 
radiated  power.     If  we  replace  the  fc  of  (81)  by  its  value  in 
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terms  of  A,  the  two  expressions  may  be  added  together.  At  the 
time  of  the  addition  we  shall  reduce  the  units  to  the  practical 
s3rstemof  multiplying  the  right-hand  sides  of  both  power  equations 
by  30  times  the  velocity  of  light  in  centimeters  per  second  {i.e.,  by 
30  c),  and  obtain 

p  =  60/2  J ^2  {.05955^  -  .01167B«  +  .000974B8  - 

.0000458510  +  .    .    . 

+  i4»  j  .0055B'  -  .003175*  +  .0004425^  - 

.00002975*  +  .    .    . 

-  A^  {.010585*  -  .002045*  +  .0001715*  + 

.00900825^0+.    .    .j 

-  A^  j. 001065*  -  .0006035*  +  .00008285'  - 

.00000555»+.    .    A 

f  1  ' 

+  i4«  [.001965*  -  .000325*  +  .0000335»  -       •  } 

+ ]  (106) 

This  is  the  total  power  contribution  of  the  flat  top  by  virtue  of  its 
individual  and  mviual  action.  The  power  is  in  watts,  and  the  current 
I  is  in  amperes. 

Certain  Tables  computed  in  the  next  Part  of  this  chapter 
make  calculations  with  this  series  comparatively  simple. 

IV.  COMPUTATIONS  OF  RADIATION  RESISTANCE 

97.  Equation  for  Radiation  Resistance. — If 

a  =  length  of  vertical  part  in  meters,  . 

6  =  length  of  horizontal  part  in  meters, 

Xo  ='  the  natural  wavelength  of  the  antenna  in  meters, 

X  =  the  wavelength  in  meters  of  the  antenna  as  loaded  with 

inductance  at  its  base, 

.       2xa 

B  =     -. 

q  =         , 
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we  may  obtain  the  radiation  resistance  of  the  antenna  by  dividing 
the  power  radiated  by  the  mean  square  of  the  current  at  the  base 
of  the  antenna.    This  mean  square  current  at  the  base  of  the 

antenna  is  by  (5) 

-,     P  sin'  (9/2) 
/o  =  2 

Performing  this  division  as  to  the  flat-top  power  employing 
equation  (106)  and  adding  the  result  to  the  radiation  resistance 
for  the  vertical  portion  as  given  in  equation  (44)  we  obtain  for  the 
total  radiation  resistance  of  the  antenna  the  equation 


Rq  = 


Ri—  Ri  cos  g  —  jRa  sin  g  + 


sin'  {q/2) 

fjA'  +  rgA^  -  TiA^ -r64*  +  r«il«+  .    .    .|        (107) 
This  is  Radiation  Resistance  in  Ohms,  where 

«*  =  ''  l^^-^^S^  (2A)«  -  ^'  +  f;  -  '  i2Ar  + 

'-^^^^(2Ay-. 

rs  =  120    .0595B*-  .01167B«+.000974£*-.0000458B»«+. 
rj  =  120    .005553  -.00317fi^+.000442fi7  ~ 

.0000297B*  +  . 


U  =  120 


.0106fi*  -.00204B«  +  .000171B8  - 

.0000082J5^o  +  ^ 


r,  =  120 


.00106B«  -.000602B*  +.000083^^  - 

.0000055B»+.    .    .[ 
re  =  120  |. 00196^4  -  .00032B«  +  .000033^8  -  •    •    •  }  (108) 

98.  Tables  of  Coefficients  of  Radiation  Resistance. — ^There 
follow  in  Tables  I  and  II  the  values  of  the  coefficients  Ri,  ft,  ft. 
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Ti,  f «,  Ti  r6,  re,  for  various  values  of  A  and  B  respectively, 
tables  have  been  computed  by  the  equations  (108). 

Table  I. — Coefficients  Ri,  Rs,  and  Ra 


These 


2A 

X/4a 

Ri 

Ri 

Rt 

0.1 

31.416 

0.04998 

0.049919 

0.002498 

0.2 

15.70 

0.19971 

0.19870 

0.01994 

0.3 

10.47 

0.44848 

0.44344 

0.06700 

0.4 

7.85 

0.79521 

0.78107 

0.1579 

0.5 

6.28 

1.2383 

1.20634 

0.3060 

0.6 

5.236 

1.7759 

1.6969 

0.5241 

0.7 

4.488 

2.4055 

2.2602 

0.8232 

0.8 

3.927 

3.1240 

2.8786 

1.2137 

0.9 

3.491 

3.9290 

3.5403 

1.696 

1.0 

3.141 

4.8165 

4.2315 

2.300 

1.1 

2.854 

6.7837 

4.9383 

3.009 

1.2 

2.616 

6.8232 

5.6442 

3.823 

1.4 

2.241 

9.150 

7.000 

5.90 

1.5 

2.092 

10.3392 

7.611 

6.999 

1.6 

1.962 

11.64 

8.15 

8.35 

1.732 

1.812 

13.415 

8.798 

10.113 

1.8 

1.743 

14.40 

9.10 

11.20 

2.00 

1.570 

17.241 

9.550 

14.354 

2.20 

1.427 

20.15 

9.55 

17.80 

2.236 

1.403 

20.778 

9.508 

18.470 

2.40 

1.307 

23.22 

9.00 

21.42 

2.60 

1.207 

26.37 

7.90 

25.20 

2.642 

1.189 

27.063 

7.60 

25.927 

2.80 

1.121 

29.40 

6.22 

29.05 

3.141 

1.000 

34.45 

2.12 

35.64 

Table  n. — Coefficients  rs,  rs,  etc. 


B 

\/4b 

rt 

rt 

ri 

ri 

rg 

1.4 

1.112 

18.36 

0.282 

2.34 

0.047 

0.806 

1.2 

1.31 

11.09 

0.370 

2.00 

0.079 

0.409 

1.0 

1.57 

5.85 

0.330 

1.05 

0.054 

0.211 

0.8 

1.96 

2.48 

0.209 

0.459 

0.038 

0.090 

0.6 

2.61 

0.858 

0.065 

0.152 

0.022 

0.0362 

0.4 

3.93 

0.177 

0.042 

0.032 

0.0074 

0.0062 

0.2 

7  85 

0.0092 

0.005 

0.002 

0.001 

0.0004 

0.37 

4.23 

0.130 

0.019 

0.0232 

0.0060 

0.0043 

0.57 

2.75 

0.703 

0.101 

0.125 

0.0194 

0.0127 

0.77 

2.04 

2.234 

0.218 

0.400 

0.040 

0.0762 

0.97 

1.62 

5.260 

0.317 

0.937 

0.061 

0.180 

1.17 

1.34 

10.18 

0.367 

1.822 

0.073 

0.356 

1.37 

1.15 

17.20 

0.280 

2.990 

0.059 

0.504 
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99.  Curves  of  Resistance  Due  to  Radiation  from  the  Flat- 
top.— We  shall  now  proceed  to  discuss  the  curves  of  radiation  re- 
sistance of  variously  proportioned  antennae  when  employed  at 
various  wavelengths  relative  to  the  natural  wavelength.    As  pre- 
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Fio.  11. — RadiAtion  Resistance  of  horizontal  top  portion  of  antenna  plotted 
against  values  of  B,  The  separate  curves  numbered  .1,  .2,  .3,  etc.  to  1.0  are 
for  values  of  A  «•  .1,  .2,  .3,  etc.  to  1.0. 

liminary,  the  resistance  due  to  radiation  from  the  flat-topped 
portion  of  the  antennae  is  first  computed.  The  equation  for  this 
is  the  summation  of  terms  in  (107)  containing  the  small  r's  as 
factors;  that  is, 


due  to 


sin«  (5/2) 


{r2A«  +  r,A»-r44*-rsA«  +  r«A«-{-  .  .  .j 


(109) 
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flat-top 
in  which 


=  2{A+B). 


Fio.  12. — To»l  Radiation  ReaiBtance  plotted  sBsinst  values  ot  B.  The 
separate  curves  through  the  origin  are  for  designated  values  of  y.  Separate 
curves  not  passing  through  origin  are  for  different  values  of  A  +  B. 

Since  the  coefficients  (small  r's)  are  functions  of  B  only,  as 
given  in  Table  II,  it  follows  that  when  A  and  B  are  given,  the 
value  of  the  flat-top  R  may  be  computed.  The  results  of  the 
computations  for  various  values  of  A  and  B  are  plotted  in  Fig.  11. 
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In  this  figure  values  of  B  are  the  abscisss^,  while  the  flat-top 
resistances  in  ohms  are  ordinates.  The  separate  curves  num- 
bered .1,  .2,  .3,  etc.,  to  1.0  are  for  values  oi  A  ^  0.1,  0.2,  0.3, 
etc.  to  1.0. 

The  outside  end-points  of  these  several  curves,  through  which 
a  limiting  curve  is  drawn,  are  determined  by  the  equality  of  the 
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Fio.  13. — Enlarged  view  of  some  of  the  curves  of  Fig.  12. 


mi 


impressed  wavelength  X  and  the  natural  wavelength  of  the  an- 
tenna Xo;  that  is,  by  the  value  of  -4  +  B  =  ii/2,  which  is  the 
largest  value  A  -h  -B  can  have  for  the  fundamental  oscillation  of 
the  antenna. 

100.  Curves  of  Total  Radiation  Resistacne. — ^The  next  step 
consists  in  computing  the  radiation  resistance  of  the  vertical 
portion  of  the  antenna,  using  the  first  three  terms  of  equation 
(107),  and  employing  a  large  number  of  values  of  A  and  B.  To 
these  values  of  resistance  due  to  the  vertical  portion  of  the  an- 
tenna the  corresponding  resistance  of  the  flat-top  are  added  so 
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as  to  give  the  total  resistance  of  the  antenDa  for  various  values 
of  A  and  B.  Curves  of  resistance  for  various  values  of  A  +  B 
are  then  plotted  in  Fig.  12,  with  values  of  £  as  abecissn  and 
values  of  resistance  as  ordinates.  Figure  18  is  an  enlat^^  view 
of  some  of  the  curves  that  are  on  too  small  a  scale  to  read  in 
Fis.  12.     Then  to  make  the  familv 


Fio.  14.- 


of  parameters.  These  curves  of  Fig.  14  are  the  final  curves  of 
total  radiation  resistance,  and  are  in  terms  of  the  ratio  of  the 
wavelength  employed  to  the  natural  wavelength  (that  is  X/Xo) 
and  the  ratio  of  the  length  of  flat-top  to  total  length  of  antenna 
(that  is  y).  Fig.  15  is  merely  a  magnified  view  of  certain  of  the 
curves  that  are  too  small  to  read  on  Fig.  14. 
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101.  Total  Radiation  Resistance  of  a  Straight  Vertical  Anteana 
at  Various  Wavelengths  Obtained  by  Inductance  at  the  Base. — 
As  an  example,  let  it  be  required  to  god  the  total  radiation 
reaiBtanoe  of  a  Btraight  vertical  antenna  for  various  wave- 
lengths obtained  by  adding  various  inductances  at  the  base. 
For  this  case  r  =  0,  and  from  the  t  =  0  curve  of  Figs.  14 


and  15  R  may  be  directly  read.  The  values  which  were  used  in 
plotting  this  curve  are  given  in  Table  III,  where  they  are  com- 
pared with  the  corresponding  values  computed  on  the  assumptioo 
that  the  oscillator  is  a  Hertzian  doublet.     This  latter  assumptioo' 

'This  result  is  obtained  by  taking  equation  (£3)  of  Art.  78,  and  noting 
that  the  power  is  radiated  only  in  the  upper  hemisphere,  whence 
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Table  nL — ^Resistance  of  a  Straight  Vertical  Antenna  for  Different  Values 
of  Wavelength  Obtained  by  Inductance  at  the  Base 


X/X«  ratio  of  wavelencth 
to  DAtural  wardanitn 

B,  radiation  raistanoe 
in  ohms  computed  by 
present  theory 

in  ohms  computed  on 
doublet  theory 

1.00 

36.67 

98.7 

1.12 

26.40 

78.7 

1.21 

21.70 

67.3 

1.31 

17.66 

•   57.6 

1.43 

14.28 

48.2 

1.67 

11.62 

40.0 

1.74 

9.10 

32.6 

1.97 

6.92 

25.4 

2.24 

5.19 

19.7 

2.62 

3.78 

14.4 

3.14 

2.58 

10.0 

3.93 

1.65 

6.40 

5.26 

0.90 

3.60 

7.85 

0.30 

1.16 

15.70 

0.082 

0.40 

31.42 

0.01 

0.10 

gives 


R  =  160 


x*a« 


It  is  seen  that  the  departure  of  the  present  theory  from  the 
doublet  theory  is  very  large  for  the  straight  vertical  antenna,  as 
should  be  expected. 

It  should  be  noted  that  the  first  value  in  the  column  of  resist- 
ances computed  by  the  present  theory  agrees  with  the  value  for 
this  case  computed  by  Abraham  in  the  work  cited  in  Art.  89. 
This  one  value,  for  the  fundamental  oscillation,  is  the  only  value 
arrived  at  by  Abraham  and  is  the  case  of  a  straight  vertical 
antenna  oscillating  with  its  natural  frequency.  Abraham's 
other  computed  values  are  for  the  harmonic  vibrations  with 
more  than  one  loop  of  potential  always  without  loading  the 
antenna  by  inductance,  and  without  any  flat-top  extension  of 
the  antenna. 

For  convenience  Table  II  at  the  end  of  the  book  contains 
computed  values  of  Total  Radiation  Resistance  for  Flat-top 

but  I  is  length  of  whole  doublet,  and  therefore  is  2a,  whence 

A  =  160 


x«a« 


X* 


81 
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AntennaB  of  various  ratios  of  horizontal  length  to  vertical 
length  and  for  various  ratios  of  wavelength  X  to  natural  wave- 
length Xo. 

102.  Comparison  of  Computations  on  the  Present  Theory 
with  Dr.  Austin's  Values  for  the  Battieship  "  Maine-"— Figure 
16  gives  the  Radiation  Resistance  of  the  Antenna  of  the  Battle- 
ship "Maine"  as  computed  by  the  present  Theory  in  comparison 
with  Dr.  Austin's  measured  values  of  the  total  resistance  of  this 
antenna,  and  in  comparison  with  values  computed  on  the  doublet 
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Fig.  16. — Total  Radiation  ResiBtance  vs.  Wave  length  for  the  Antenna  of 
the  Battleship  "Maine."  Black  dots  are  Dr.  Austin's  observed  values;  heavy 
line,  computations  by  present  theory;  light  line,  computations  by  doublet  theory. 

theory  of  Hertz.  The  black  dots  of  Fig.  16  are  Dr.  Austin's 
observed  values.  The  heavy  Une  was  obtained  by  computation 
by  the  present  theory,  and  the  weaker  line,  by  computation  re- 
garding the  antenna  as  a  doublet  of  half-length  equal  to  the  ver- 
tical height  of  the  antenna. 

It  is  seen  that  the  departure  between  the  present  theory  and  the 
doublet  theory  is  not  so  great  as  in  the  case  of  the  straight  vertical 
antenna,  for  the  reason  that  the  doublet  theory  becomes  more 
nearly  correct  as  the  half-length  of  the  oscillator  becomes  small 
in  comparison  with  the  wavelength. 
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Neither  of  the  theories  gives  a  rising  value  of  the  resistance  with 
increase  of  wavelength,  and,  as  Dr.  Austin  has  pointed  out,  his 
rising  values  for  long  waves  are  probably  not  due  to  radiation 
from  the  antenna  but  possibly  to  dielectric  hysteresis  in  the 
ground  beneath  the  jBat-top. 

I  do  not  give  more  extended  comparisons  with  experimental 
values  at  the  present  time,  because  I  am  now  making  some  ex- 
periments to  see  how  much  reliance  may  be  placed  in  antenna 
resistance  measurements  made  by  buzzer  methods  of  excitation 
in  comparison  with  measurements  made  by  excitation  with  gaseous 
oscillators  and  other  methods  of  continuous  excitation. 

103.  Example  (rf  Different  Methods  of  Constructing  an  An- 
tenna that  Will  Have  a  Specified  Resistance  for  a  Given 
Wavelength. — Let  it  be  required  to  construct  an  antenna  that 
will  have  a  given  resistance  (4  ohms,  say)  for  a  given  wavelength 
(2000  meters,  say).  To  solve  this  problem,  it  is  only  necessary 
to  look  up  the  four  ohm  point  on  the  different  7-curves  of  Figs. 
14  or  15,  and  find  the  corresponding  value  of  X/Xo.  We  can  then 
find  the  Xo  of  the  antenna,  since  X  is  given.  Dividing  the  Xo 
by  4  we  obtain  the  total  length  of  antenna.  The  value  of  7 
gives  the  fractional  part  of  this  length  which  is  to  be  horizontal. 
The  complete  result  is  tabulated  in  Table  IV. 

Table  IV. — Constants  of  the  Different  Antennee  that  have  4  Ohms  Re- 
sistance at  2000  Meters 


7 

X/Xo 

Xi 

Totel 
length, 
meters 

Vertical 

length, 

meters 

Horiaontal 
length, 
meters 

Intensity 

factor  in 

horisontal 

plane 

0.8 

1.075 

1860 

465 

93.0 

372.0 

0.275 

0.7 

1.39 

1435 

359 

107.7 

251.3 

0.300 

0.6 

1.67 

1198 

299 

119.6 

179.4 

0.310 

0.6 

1.94 

1030 

258 

129.0 

129.0 

0.312 

0.4 

2.18 

916 

229 

137.4 

91.6 

0.313 

0.3^ 

2.32 

861 

215 

150.5 

64.5 

0.314 

0.2 

2.44 

820 

205 

164.0 

41.0 

0.315 

0.0 

2.52 

793 

198 

198.0 

00.0 

0.320 

I'he  question  as  to  which  of  these  antenna  ^o  choose  for  the 
given  purpose  is  now  chiefly  a  problem  in  economics.  The 
economic  question  is,  which,  for  example,  is  cheaper:  Two 
poles  or  towers  93  meters  high  and  372  meters  apart,  or  one  tower 
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198  meters  high?  This  of  course  pre-supposes  that  it  is  designed 
to  use  a  flat-top  antenna  instead  of  some  other  type,  such  as  an 
umbrella. 

The  problem  is,  however,  not  wholly  economic  because  the 
lower  antenna  would  be  preferable  as  a  receiving  antertna  on 
account  of  its  weaker  response  to  atmospheric  disturbances. 
There  is  also  the  further  question  as  to  which  of  the  tabulated 
antennse  will  give  the  greatest  vertical  intensity  of  electric  and 
magnetic  force  on  the  horizon  at  a  distant  receiving  station. 
This  is  the  subject  matter  of  the  next  Part  (Part  V). 

PART  V 
FIELD  INTENSITIES  AND  SUMMARY 

104.  The  Electric  and  Magnetic  Intensities  at  a  Distant 
Point  in  the  Horizontal  Plane. — Equation  (19)  gives  the  values 
of  the  electric  and  magnetic  intensities  at  a  distant  point  due  to 
the  vertical  portion  of  the  antenna.  If  we  replace  /  of  that 
equation  by  its  value  in  terms  of  /o  from  equation  (6),  and  make 
cos  0  =  0,  we  have  the  intensities  in  the  horizontal  plane  in  terms 
of  /o,  which  is  the  amplitude  of  the  current  at  the  base  of  the 
antenna.    This  gives 

Fcos  B  —  cos(? 
Ee  -  H^  =  — -  cos  —  {ct  —  To) 


CTo 


.    ttKo 


(111) 


The  quantities  outside  the  square  brackets  are  constant  for  a 
given  distance  tq  and  a  given  ampUtude  of  transmitting  current 
/o.  The  relative  intensities  are  therefore  determined  by  the 
factor  in  the  square  brackets,  which  we  may  designate  by 

y.  _  cos  B  —  cos  O 

^  Tlri:^  (112) 

Using  the  values  of  B,  G,  given  in  equation  (20)  and  the  value 
of  7  in  (110),  this  equation  (112)  becomes 


^irXoX  irXo 

cos  7  \-7zr\  —  cos 


X  =  — — ^2x/    ;;ii2x  ^jj3j 

TAo 

sm 


2X 
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This  quantity  X  we  shall  call  "The  Intensity  Factor  in  the 
Horizontal  Plane."  It  is  to  be  noted  that  the  electric  and 
magnetic  intensities  in  the  horizon  plane  are  not  effected  by 
radiation  from  the  flat-top;  for,  by  equation  (55),  the  field 
intensities  from  the  flat-top  are  zero  for  z  =  0;  that  is,  all  over 
the  horizontal  plane  through  the  origin. 

In  Fig.  17  the  Intensity  Factor  in  the  Horizontal  Plane  is 
olotted  for  v&.rinuB  values  of  -y  and 


Fm.  17. — Relative  intensity  of  the  verticsl  component  o(  Electrio  Force 
la  a  horizontal  plane  at  a  given  diatAnce  from  various  antennn  and  for  a  given 
amplitude  of  transmitting  curient. 

106.  Summary. — This  chapter  contains  a  mathematical  theory 
of  the  flat-top  antenna.  The  process  employed  consists  in  the 
integration  of  the  effects  of  an  aggregate  of  doublets  assumed  to 
be  distributed  along  the  antenna  so  as  to  give  a  current  distri- 
bution described  by  equation  (1)  and  illustrated  in  Fig.  2. 
The  electric  and  magnetic  field  intensity  due  to  each  of  the 
doublets  is  determined  by  the  Maxwell  and  Hertz  Theories  for 
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all  distant  points  in  apace.  These  field  intensities  are  summed 
up  for  all  the  doublets  with  strict  allowance  for  the  differences 
of  phase  due  to  different  doublets;  the  summation  gives  the 
resultant  field  intensities.  Then  by  Poynting's  theorem  the 
power  radiated  from  the  antenna  through  a  distant  hemisphere 
(bounded  by  the  earth's  surface  assumed  plane)  is  computed  by 
the  integration  of  a  number  of  intricate  expreasione.  From  the 
radiated  power  the  radiation  reaistance  is  obtained  by  dividing 
by  the  mean  square  of  the  current  at  the  base  of  the  antenna. 
Tables  of  coefficients  for  computing  radiation  resistance  are 
given,  and  curves  are  plotted  of  the  calculated  values  of  radiation 
resistance  for  different  ratios  of  the  length  of  the  Qat-top  to  the 
total  length  of  the  antenna  and  for  different  relative  wavelengths 
obtained  by  loading  the  antenna  with  inductance.  Table  II  at 
end  of  volume  gives  for  ready  reference  computed  values  of 
Radiation  Resistance  for  Various  Antenme  used  at  various  wave- 
lengths. Curves  are  also  given  for  determining  the  relative 
electric  and  magnetic  field  intensities  in  the  horizontal  plane  for 
differently  proportioned  antennte  variously  loaded.  Various 
equations  developed  in  the  treatment  may  find  application  to 
problems  in  the  design  of  radiotclegraphic  stations.  Although 
this  investigation  was  undertaken  in  ignorance  of  a  simple  case 
investigated  by  Professor  Max  Abraham,  by  a  similarfundamental 
method,  his  work  was  discovered  early  in  the  course  of  the  treat- 
ment and  served  as  a  check  on  one  of  the  resistance  values  here 
given. 
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APPENDIX  I 

MATHEMATICAL  NOTES 

Note  1.  Proof  that  the  Sum  of  Two  or  More  Solutions  of  a 
Homogeneous  Linear  Differential  Equation  is  a  Solution.— Let 
us  take  for  example  the  equation 

Suppose  that 

i  =  t'l  is  a  solution  (2) 

and 

i  =  it  is  another  solution  (3) 

to  prove  that  ii  +  i«  is  a  solution. 

By  condition  (2),  ii  substituted  for  i  in  equation  (1)  reduces 
the  right  hand  to  zero:  that  is 

Likewise,  condition  (3)  gives 

Adding  equations  (4)  and  (5)  and  distributing  the  differen- 
tiations (which  can  be  done  only  when  the  derivatives  are  of  the 
first  degree)  we  obtain 

whence  it  appears  that  the  sum  of  t'l  and  it  substituted  in  the 
original  equation  satisfies  it;  that  is,  the  sum  of  the  solutions  is  a 
solution,  as  was  to  be  proved. 

If  we  have  a  third  solution  it  can  be  combined  with  the  sum 
of  the  first  two  solutions,  just  as  the  first  solution  was  com- 
bined with  the  second  so  that  the  sum  of  any  number  of  solutions 
is  a  solution. 

Note  2.  The  Sum  of  Multiples  of  Several  Solutions  of  a  Homo- 
geneous Linear  Differential  Equation  is  a  Solution. — If  i  =  ii  is  a 
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solution,  equation  (4)  is  true.  Multiplyii^  equation  (4)  through 
by  any  quantity  j1i,  we  obtain 

and,  if  Ai  m  independent  of  t  {i.e.,  &  constant)  we  may  introduce 
it  within  the  sign  of  differentiation  (only  provided  all  the  deriva- 
tives  enter  only  to  the  first  d^ree)  and  obtain 

0-L—j^  +  R—^^  +  -^  (8) 

which  is  our  original  equation  (1)  with  ^lii  substituted  for  i. 
Therefore,  t  =  Aih  is  a  solution  of  (1). 

Likewise,  if  t  =  ti  is  a  solution,  it  can  be  proved  that  Atit  is  a 
solution,  and  by  the  proposition  above  their  sum  is  a  solution. 

The  conclusion  is  this.  //  loe  have  a  linear,  homogeneous  dif- 
ferential equation  with  constant  coefficients,  and  we  find  several 
sUutione  of  the  equation,  we  may  take  any  nuTnber  of  the  solutions, 
multiply  each  by  any  arbitrary  constant  arid  add  together  the  mvl- 
lij^es  and  obtain  thereby  a  result  which  is  a  solution  of  the  original 
differential  equation. 

Note  3.  Pnxrf  that  the  Number  of  Independent  Arbitrary  Con- 
stants in  the  ScAution  of  a  Differential  Equation  Cannot  be 
Greater  than  the  Order  of  the  Differential  Equation. — As  a  first 
step  toward  the  proof  of  this  proposition,  let  us  consider  the  for- 
mation of  some  differential  equations  by  the  elimination  of 
constant  from  a  relation  between  the  dependent  variable,  the 
independent  variable,  and  the  arbitrary  constants. 
1.    Given 

y  "'Ax  (9) 

is  an  arbitrary  constant;  to  form  an  equivalent  dif- 
ition  between  y  and  x,  not  containing  A.  This  can 
the  eUmination  of  A  between  (9)  and  its  derivative 
3nly  one  derivative  equation  is  necessary;  namely, 
1  obtained  by  taking  the  first  derivative  of  (9).  This 
quation  is 

"'-  -  A  (10) 


dx 
A  between  (9)  and  (10)  we  obtain 


(11) 
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The  differential  equation  (11)  is  an  equation  of  the  first  order. 
It  is  of  the  second  degree.  The  degree  of  the  equation  cannot  be 
determined  by  the  number  of  arbitrary  constants  in  the  solution. 
On  the  other  hand,  the  number  of  arbitrary  constants  determines 
the  minimum  order  of  the  resulting  differential  equation.  The 
differential  equation  cannot  be  of  an  order  lower  than  the  first, 
when  the  solution  contains  one  arbitrary  constant,  for  in  order  to 
eliminate  the  constant  two  equations  are  required — ^the  given 
equation  (9)  and  some  derivative,  which  results  in  a  differential 
equation  of  order  at  least  as  high  as  the  first. 

Example  2.    Given 

y  =  A,(^^'  +  A^  +  A^^,  (12) 

in  which  i  is  the  independent  variable,  and  Ai,  ils>  and  A^  are 
arbitrary  constants,  to  form  a  differential  equation  of  which  (12) 
is  a  solution.  To  eliminate  the  three  arbitrary  constants,  four 
equations  are  necessary:  for  example,  the  equation  (12)  and  three 
equations  obtained  by  taking  successive  derivatives  of  (12).  The 
successive  derived  equations  are 

^  =  A,k,€^^'  +  AJc^^  +  AJc^^^  (13) 

^^^  =  4i*,«e*»'  +  AJcth^^  +  AJcz^ef"^  (14) 


d}y 


=  AikM'^  +  ^42*2^-'  +  ilsAsV-*  (15) 


Now  an  elimination  of  the  arbitrary  constants  from  (12),  (13), 
(14)  and  (15)  gives 

^  -  (Ai  +  *2  +  kz)  ^  +  (tifca  +  A1A3  +  kjcs)  ^  -  k^kJc^y  =  0 

(16) 

which  is  a  differential  equation  of  the  third  order. 

It  is  apparent  that  the  three  constants  of  (12)  cannot  be  elimi- 
nated without  using  at  least  three  of  the  derived  equations,  and 
arriving  at  a  differential  equation  of  at  least  the  third  order. 

In  like  manner,  if  we  have  a  functional  relation  containing  n 
arbitrary  independent  constants,  and  we  eliminate  the  constants 
by  using  the  derived  equations,  we  shall  finally  arrive  at  a  dif- 
ferential equation  of  at  least  the  nth  order. 

We  have  said  at  least  the  nth  order,  for  it  is  apparent  that,  if 
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we  had  wished,  we  might  have  used  higher  derivatives  than  the 
nth  in  order  to  eliminate  the  n  constants. 

The  conclusion  is:  The  solution  of  a  differential  equaJtion  cannot 
contain  more  arbitrary,  independent  constants  than  the  order  of  the 
differential  eqvMion. 

Note  4.  A  Solution  Containing  n  Independent  Arbitrary  Con- 
stants is  the  Most  General  Solution  of  a  Linear,  Differential 
Equation  of  the  nth  Order  with  Constant  Coefficients,  and  Em- 
braces Every  Other  Solution  as  a  Special  Case,  Obtainable  by 
Giving  Specific  Values  to  the  Constants. — We  shall  prove  this 
proposition  first  for  the  case  in  which  the  differential  equation  is 
homogeneous.  Taking  t  for  the  independent  variable  and  y  for 
the  dependent  variable  let 

2/=  AMt)  +  AJ^it)  +  .  .  .  AJJ,t)  (17) 

be  a  solution  of  a  linear,  homogeneous  differential  equation  of  the 
nth  order,  and  let  this  solution  contain  n  arbitrary,  independent 
constants  Ai,  At,  ,   .    .  A„.    To  prove  that  any  other  function 

y  =  fr(t)  (18) 

cannot  be  a  solution  unless  derivable  from  (17)  by  giving  proper 
values  to  some  of  the  constants.  For  if  there  is  such  a  solution 
(18),  then 

!/   =  A,/i  +  A2/2+    .     .      .AJn  +  ^r/.  (19) 

is  a  solution  by  Note  2,  where  Ar  is  a  new  arbitrary  constant- 
But  by  Note  3  this  cannot  be  for  it  is  impossible  to  have  in  the 
solution  more  independent  arbitrary  constants  than  the  order 
of  the  equation.  Therefore,  (18)  cannot  be  a  solution  unless  it 
be  a  special  case  of  (17).  It  may  be  such  a  special  case,  for  in 
that  case  it  would  not  bring  with  it  a  new  arbitrary  constant  At. 

The  proof  thus  far  holds  only  provided  the  linear,  differential 
equation  is  also  homogeneous,  for  only  in  case  of  the  homogeneous 
linear  equation  does  the  proposition  of  the  additivity  of  multiples 
of  solutions  (Note  2)  apply. 

Next  let  us  treat  the  case  in  which  the  original  linear,  differential 
equation  is  not  homogeneous.  The  general  form  of  this  equation 
may  be  written 

P,  +  P,|^  +  P,g  +  .   .   .+P,^=./(0         (20) 
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in  which  P,  Pi,  Pa,  Pi»  are  constant  coefficients.  For  reference 
let  us  write  down  the  equation 

Suppose  that  we  have  a  solution  of  (20)  containing  n  independent 
arbitrary  constants,  Ai^  A^^  ,   .    .  il»,  in  the  general  form 

yx^  A^Jl  +  Aift+  .    .    .  +  AJn  (22) 

in  which  /i,  /a,  .  .  .  /i.  are  functions  of  t.  If  there  is  any  other 
solution  of  (20)  not  comprehended  in  (22),  let  it  be 

yi  =  m  (23) 

If  (22)  and  (23)  are  both  solutions  of  (20),  then 

J/  =  2/1  -  ya  (24) 

is  a  solution  of  (21),  for  yi  reduces  the  left-hand  member  of 
(20)  to  f(0,  and  yj  reduces  the  left-hand  member  of  (20)  to  the 
same  /(O ;  and  by  subtraction  t/  —  t/i  —  y»  reduces  this  member 
to  0,  and  therefore  satisfies  (21). 
Also  by  Note  2, 

y  =  Ar{yi  -  yi)  (25) 

where  At  is  any  arbitrary  constant,  is  a  solution  of  (21).     That  is 

y  =  ArA^Jl  +  ArA^2  +    .    .    .    +  ArA4n  +  A4r       (26) 

must  be  a  solution  of  (21);  which  is  impossible,  because  it  con- 
tains n  +  1  arbitrary  constants,  unless  /r(0  is  a  special  case  of 
yi.  We  have  the  result  that  if  we  have  of  equation  (20)  any 
solution  containing  n  arbitrary  independent  constants  it  is  the 
general  solution,  and  contains  any  other  solutions  as  a  special 
case  obtainable  by  giving  specific  values  to  some  of  the  arbitrary 
constants. 

Whether  the  original  linear,  differential  equation  is  homogene- 
ous or  not,  we  have  proved  the  proposition  stated  at  the  head  of 
this  note. 

When  the  equations  are  not  linear  it  is  proved  in  books  on 
differential  equations  that  the  general  solution  of  the  nth  order 
equation  has  n  arbitrary  constants  but  that  there  are  certain 
singular  soliUions  which  are  not  derivable  from  the  general 
solution  by  giving  specific  values  to  the  arbitrary  constants. 
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In  employing  the  criterion  of  this  note  as  a  test  of  the  generality 
of  the  solution,  care  must  be  taken  to  ascertain  that  the  n  arbi- 
trary constants  are  independent.  If  they  are  not  independent 
the  solution  is  not  the  general  solution. 

Note  6.  General  solution  of  the  equation 

J[  +  pi  =  f  (t)  (27) 

where  p  is  a  constant. 
For  reference  write  down  the  equation 

I  +  pt  =  0  (28) 

Let  %  =  Tthe  any  solution  of  (28),  where  Tt  is  a  function  of  (. 
If  we  indicate  the  time  derivatives  of  Tt  by  T't,  we  shall  have  by 
(28) 

T't  +  pT»  =  0  (29) 

Now  let  the  complete  solution  of  (27)  be  written  in  the  form 

i  =  TiTi  (30) 

where  T\  is  also  a  function  of  t.    Then  by  (27) 

T'lTt  +  TiT't  +  pTxTt  =  /(O  (31) 

whence  by  (29) 

T'lTt  =  /(O  (32) 

Integrating  we  obtain 

,  _  r/(.o< 

Therefore,  by  (30) 

.■ .  r,[//|i!  +  ^  ]  ^) 

Now  T%  is  any  solution  of  (28).  The  simplest  solution  may  be 
used,  and  (33)  will  still  be  true.  The  simplest  T%  that  is  a  solu- 
tion of  (28)  is 

This  substituted  in  (33)  gives 

i  =  Ae-"^  +  e-'^fe^m  dt  (34) 

In  performing  the  integration  indicated  in  equation  (34)  no 
constant  of  integration  is  to  be  added,  since  the  only  arbitrary 
allowable  for  the  solution  of  a  first  order  equation  is  already 
comprised  in  A. 


r.=  I'^  +  A. 


APPENDIX  495 

Equation  (34)  is  (A«  complete  integral,  or  general  aoiiUion,  of  (27). 
Note  6.  General  sdution  of  the  equation 

f(t)  (36) 


where  L,  R,  and  C  are  constants. 

Differentiating,  we  obtain 


in  which  v  is  the  time  derivative  of  v. 
Replacing  i  in  (35)  by  jj  we  obtain  also 

For  reference  write  down  the  auxiliary  equation 

dH         di       i 

We  have  seen  in  early  chapters  of  the  text  that  i  »  6^  is  a 
particular  solution  of  (37),  where 


*  "  ~  2E  +  ViT*  "  LC  =  ~°  +  •''**  ^^*^ 

wherd 

o  -  R/2L 


"  =  ylic- 


R' 


4L*      * 

Let  us  now  write  the  solution  of  (36)  in  the  form  of 

t  =  Tc*',  (39) 

where  T  is  some  function  of  (,  and  substitute  this  solution  directly 
in  (36).     We  obtain,  after  division  by  c**, 

^  =  LT+{2kL  +  R)T  (40) 

where  T  and  T  are  the  first  and  second  time  derivatives  of  T, 
The  simplicity  of  this  equation  arises  from  the  fact  that 
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because  i  =  e*'  is  a  solution  of  (37)  when  k  has  the  value  given 
in  (38). 

Equation  (40)  which  we  have  derived  from  (35),  when  inte- 
grated, gives,  after  division  by  L, 


;/■ 


(42) 


where  £i  is  a  constant  of  integration.  By  (38)  the  coefficient 
of  r  is  2;a>.  This  equation  is  of  the  form  of  (27)  and  by  (34) 
gives 

T  =  Aie-^-*  +  «-2;w  f  jSie^-*  +  ^  \'ve't^dt]^dt     (43) 
Integrating  the  Bx  term  and  replacing  Bi/2j<jj  by  i4i  we  obtain 

T  =  Aie-^<^  +  A2  +  £^J  [(j2y«*J  i^+«'-i«' d<]  dt 
and  since 


i  =  ^Ti   =  e-«'+^-': 


we  have 


■flH' 


The  integration  indicated  in  the  last  term  can  be  carried  one 
step  farther  by  integration  by  parts 

J'udu  =  uv  —  J'vdu 

gijut 

whence 


Therefore  (44)  becomes 

j^  |I^  L+>irf y^eflt-iut. dt  -  e-^  jve-t+i'* dt\     (45) 

where 

R  " 


''"2L 


".  n     R* 
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In  equation  (45)  A  and  B  are  arbitrary  constants,  and  no 
further  arbitrary  constants  are  to  be  introduced  after  the  indi- 
cated integrations  are  performed. 

Equation  (45)  is  the  formal  solviion  of  the  differential  eqnation 
(35),  and  gives  i  directly  when  v  is  given  as  a  function  oft,  provided 
the  indicated  integraiions  can  be  performed. 

It  is  evident  from  a  comparison  of  (36a)  with  ^36)  that  the 
solution  for  q  differs  from  that  for  i  (45)  only  in  having  different 
arbitrary  constants  and  in  having  v  replaced  by  v,  giving 

+  1^  [e^  \v&^'^^  dt  -  e-^^  Iv^-^i^  d«}      (46) 

Equation  (46)  is  the  formal  soliUion  of  the  differential  equation 
(36a),  and  gives  q  when  v  is  knotvn  a^  a  function  of  t,  provided  the 
ithdicated  integrations  can  be  performed.  Bi  and  Bt  are  arbitrary 
constants  and  rw  further  arbitrary  constants  are  to  be  introduced  after 
performing  the  indicated  integrations. 

Expression  of  i  in  terms  of  v  instead  of  v. — The  integrations 
indicated  in  equation  (45)  may  be  performed  by  parts  in  such 
a  way  as  to  replace  v  by  v.    This  is  done  as  follows: 

fv^'i-'  dt^uv-  fvdu, 
where 

dv  =  vdt,  u  =  e"' "•''"' 

=  ve"^-^  -  (a  -  joi)fve^'^''^dt 
Likewise 

fie^-^^^  dt   =  ve""'^'"^  -  (a  +  jo,) /t;e^ +■''"'  dt 

whence  (45)  becomes 

i  =  e-"^{A^e-'^+A^'^] 

(a  +  ia>)e--'«'  I  i;e*^+^«*  dt  -  {a  -  j<a)e^'^  I  v^-^^  dt  |  (47) 

Further  Transformation  of  Equations  (46)  and  (47). — We 
may  now  change  the  expressions  for  q  and  i  into  definite  integrals 
with  the  constants  explicitly  determined  by  the  following  proc- 
ess, taking  (47)  as  a  sample.  We  may  write  the  identity,  em- 
ploying a  change  of  variable, 

(ve^^'^dt    ^[(v,e^'^^^dt''\ 

32 


+ 


ill 
2jL« 
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where  t;</  means  v  (which  is  a  function  of  0  with  its  t  everywhere 
replaced  by  t\ 

If  now  on  the  right-hand  side  we  add  and  subtract  the  same 
quantity,  we  obtain 

This  last  term  is  a  constant,  which  when  introduced  into  (47) 
will  merely  change  the  constant  Aito  A'l  say. 

Making  a  similar  transformation  of  tlie  last  integral  of  (47), 
it  is  to  be  noted  that  in  (47)  the  multipliers  of  the  resulting 
integrals  may  be  introduced  under  the  integral  signs,  since  the 
integrations  are  now  with  respect  to  t'  instead  of  t.  So  that 
(47)  becomes 


A'le-'^  +  A  V 


/  J<^ 


(48) 
This  now  becomes  by  changing  to  trigonometric  function 

i  =  /6"*^sin  {(at  +  <^i) 

+  ~\  C  "U-^^'-''^  !  cos <a(t-t')  -  -  sin  o>{t  -  O  I        (48) 
LLJr^o  '  [  CO  j 

or  

i^Ie-^sin  {id  +  4>,)  +  ^^'  +  ^'  f  "U""^'"''^cos  lc^(^-:0  + 

tan-^-U'   (50) 
"J 
By  a  similar  treatment  of  (46),  we  obtain 

q  =  Qe~^^\ii.(o)t  +  <^2) 

+  J_  r''l;,,6""^'-''^  sin  CO  {i-t')  dt'  (51) 

Zxojf-o 

There  are  relations  between  the  Q  and  4>i  of  (51)  and  the  / 

dq 
and  4>i  of  (51).     These  relations  may  be  obtained  by  equating  ^ 

to  i.     We  obtain,  by  differentiating  the  q  of  (51)  [see  Byerly 
Integral  Calculus  equation  (6),  p.  95]. 
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+ 


1  r-" 


—  a  sin  (ait  +  ^j)  +  w  cos  (wi  +  ^2) 


-a(«-0    , 


-  a  sin  w  («-0<ft'+  «  cos  o  (i-0  A' 


This  compared  with  (49)  shows  that 

/  sin  (o)i  +  (p\)  =^  Q  {w  cos  {(at  +  <pi)  —  a  sin  (<at  +  <pi)  \ , 

and  this  equation  is  true  for  all  values  of  t. 
Letting  ut  =  —  ipi  we  have 


0) 


tan(<^2  —  ^1)  =  - 


(52) 


and  letting  wi  =  —  ^j  we  obtain 


=  -  <?  Vo)»  +  a 
These  relations  put  into  (51)  give 

-  / 


(53) 


9  =  ^/   2   ■      '2^   "^sinlw^+^^i+tan"^  -) 
V  0)2  +  a*  \  a/ 

+  ^  j      l)t'e-''^'-%m  w  {t-V)  dt' 


(54) 


If  now  we  introduce  into  (50)  and  (54)  the  initial  conditions 
(say) 

<  =  0,    i  =  /o,     5  =  Qo  (55) 

we  have,  since  the  upper  and  lower  limits  of  the  definite  inte- 
grals become  identical, 


/o  =  /  sin  4> 

Qo=      "^ 


co«  +  a* 

• 

Dividing  Qo  by  /o  we  obtain 

a 


( a  sin  <^i  +  o)  cos  <l>i) 


(66) 


Qo 
h 


+ 


CO  cot  <l>] 


o)^  +  a^  '   0)2  +  a* 
<^i  =  cot"^ 


f<?o  0)2  +  a*   ,   a] 
h  - 

io  O)  0)  J 


(57) 


whence 


sin  4>i  — 


1 


N/i^r-^^+E}" 
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Therefore, 

I  =  /„    /i+(^l±^*^+"»?  (58) 

Equations  (50)  and  (54)  ^tVe  ^Ae  r^gttiVed  vaZi^es  of  i  and  q  where 
the  constants,  I  and  <l>i  have  the  values  given  in  (57)  and  (58).  In 
these  equations  Iq  and  Qo  are  the  valuss  of  curr^  and  charge, 
respectively,  at  the  time  t  =  0.  Note. — In  case  /©  =  Qo  =  0 
(57)  and  (58))  become  indeterminate ,  but  (56)  shov}S  that  in  that 
easel  =  0. 

Note  7.  Solution  of  the  equation 

"-"■w+^ft  +  e  <«" 

in  the  Critical  Case  in  which 

R*  =  4L/C  (60) 

In  view  of  equation  (60),  equation  (59)  may  be  written 

This  equation  may  be  reduced  to  one  of  a  lower  order  by  separat- 

Rdi  .  ^     Rdi    ,    Rdi         ,.,...  x-  ^  n 

*^^  Tdf  ^       Wdi  ■"  Wdt^  ^      indicating  operations  as  follows: 

dt\dt  "^  2L/  "^  2L\dt  "^  2L/ 
Whence 

.(diRi\ 

^  \dt  "^  2L/  ^  _Rdi 
di      Ri  2L 

dt  "^2L 

Integrating,  we  obtain 

in  which  £  is  a  constant  of  integration.    Let  B  =  log  As;  At 
being  an  arbitrary  constant,  then  (62)  gives 

di  ,  Ri       A    -M 
dt  +  2L^^''  '^' 

which  is  of  the  first  order,  and  may  be  integrated  by  the  use  of 
the  formal  equation  (34)  of  Note  5,  giving 
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t  ==  Ate    2L  +  C    aLje^2LAte    aidt 


and,  therefore, 


m 


i  ''(Ai  +  A^)e-ai 


(63) 


in  which  Ai  and  At  are  arbitrary  constants  of  integration. 

Equation  (63)  is  tAe  complete  integral,  or  general  solution  o/ 
(59)  in  the  Critical  Case. 

Note  8.  S<dtttioii  of  the  equation 


dt' 


V  =  L=^  +  R^  +  ^ 


dt 


q 
c 


(64) 


in  which  V  is  a  constant. 

The  solution  of  this  equation  may  be  obtained  directly  by 

substituting  q  for  i  and  V  for  v  in  equation  (45)  of  Note  6. 

A  more  elementary  method  of  solving  (56)  is  by  inserting  a 
new  variable  2  =  g  —  CF,  when  (64)  becomes 


0  =  L^  +  i2$  +  ^ 


dV 


dt 


(65) 


which  has  already  been  solved  (see  Chapter  II)  with  the  follow- 
ing results: 


In  general 


In  critical  case 


2  =  Bie*»'  +  Bf^^ 


where 


and 


**~        2L       \4L«      Lc 
whence  by  the  value  of  z 

q  =  Bk/"^  +  B^^  +  CV 


«  =  (Bi  +  Brf)6-2i 
This  is  the  solution  in  case  B? 

4L/C 


whence  by  the  value  of  2 
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Table  P 

Relation  of   Capftdty-inductance   Product  to  Undampei! 

Wavelength  and  Frequency  of  a  Circuity  Together 

with  Squares  of  Wavelengths 

Units. — 

X  is  in  meters, 
n  is  in  cycles  per  second, 
L  is  in  micro-henries, 
C  is  in  microfarads. 

Formulas  Employed  in  Calculation. — 

X  =  3  X  108  X  2irVXC  X  10"^  (1) 

This  last  factor  comes  from  the  fact  that  a  micro-henry  is  10~* 
henriesi  and  a  microfarad  is  10^  farads.  The  product  involves 
10"",  of  which  the  square  root  is  10~*. 

By  squaring  and  transposing  equation  (1),  we  obtain 

LxC  --  28145X*  X  10""  (2) 

In  computing  n,  the  formula  employed  is 

n  =  (3  X  10«)  -^  X  (3) 

Accuracy. — The  values  in  the  table  were  computed  and  checked 
on  a  calculating  machine  and  are  accurate  to  the  last  figure 
given. 

Rule  for  Extending  Range  of  the  Table. — If  we  annex  one  zero 
at  the  end  of  wavelength  values, 

(a)  we  must  annex  two  zeros  to  values  of  X*, 

(b)  omit  the  last  digit  from  values  of  n, 

(c)  displace  decimal  point  two  places  to  right  in  the 
L  X  C  values. 

^  A  table  of  this  character  prepared  by  Mr.  Greenleaf  W.  Pickard  has  been 
issued  by  the  Wireless  Specialty  Apparatus  Company  of  Boston.  Mr. 
Pickard's  table  has  only  three  significant  figures  in  values  of  L  X  C,  and 
four  significant  figures  in  values  of  n.  The  utility  of  Mr.  Pickard's  table 
has  led  me  to  compute  and  publish  the  present  table,  which  is  augmented  by 
the  inclusion  of  the  X*  values,  and  which  is  aecurate  presumably  to  all  of 
the  figures  given. 
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X 

X* 

LXC 

n 

X 

X« 

LXC 

n 

100 

10000 

0.0028145 

3000000 

136 

18496 

0.0052075 

2205882 

101 

10201 

0.0028711 

2970297 

137 

18769 

0.0052825 

2189781 

102 

10404 

0.0029282 

2941177 

138 

19044 

0.0053599 

2173913 

103 

10609 

0.0029859 

2912621 

139 

19321 

0.0054379 

2158274 

104 

10816 

0.0030442 

2884616 

140 

19600 

0.0055164 

2142857 

105 

11025 

0.0031030 

2857143 

141 

19881 

0.0055955 

2127660 

106 

11236 

0.0031624 

2830189 

142 

20164 

0.0056752 

2112676 

107 

11449 

0.0032223 

2803738 

143 

20449 

0.0057554 

2097902 

108 

11664 

0.0032828 

2777778 

144 

20736 

0.0058361 

2083333 

109 

11881 

0.0033439 

2752294 

145 

21025 

0.0059175 

2068966 

110 

12100 

0.0034055 

2727272 

146 

21316 

0.0059994 

2054795 

111 

12321 

0.0034677 

2702703 

147 

21609 

0.0060819 

2040816 

112 

12544 

0.0035305 

2678571 

148 

21904 

0.0061649 

2027027 

113 

12769 

0.0035938 

2654867 

149 

22201 

0.0062485 

2013423 

114 

12996 

0.0036577 

2631579 

150 

22500 

0.0063326 

2000000 

116 

13225 

0.0037222 

2608696 

151 

22801 

0.0064173 

1986755 

116 

13456 

0.0037872 

2586207 

152 

23104 

0.0065026 

1973684 

117 

13689 

0.0038528 

2564103 

153 

23409 

0.0065885 

1960784 

118 

13924 

0.0039189 

2542373 

154 

23716 

0.0066749 

1948052 

119 

14161 

0.0039856 

2521008  1 

1 

155 

24025 

0.0067618 

1935484 

120 

14400 

0.0040529 

2500000 

156 

24336 

0.0068494 

1923077 

121 

14641 

0.0041207 

2479339 

157 

24649 

0.0069375 

1910828 

122 

14884 

0.0041891 

2459016 

158 

24964 

0.0070271 

1898734 

123 

15129 

0.0042581 

2439024 

159 

25281 

0.0071153 

1886792 

124 

15376 

0.0043276 

2419355 

160 

25600 

0.0072051 

1875000 

125 

15625 

0.0043977 

2400000 

161 

25921 

0.0072955 

1863354 

126 

15876 

0.0044683 

2380952 

162 

26244 

0.0073864 

1851852 

127 

16129 

0.0045395 

2362205 

163 

26569 

0.0074778 

1840491 

128 

16384 

0.0046113 

2343750 

164 

26896 

0.0075699 

1829268 

129 

16641 

0.0046836 

2325581 

165 

27225 

0.0076625 

1818182 

130 

16900 

0.0047565 

2307692 

166 

27556 

0.0077556 

1807229 

131 

17161 

0.0048300 

2290076 

167 

27889 

0.0078494 

1796407 

132 

17424 

0.0049040 

2272727 

168 

28224 

0.0079436 

1785714 

133 

17689 

0.0049786 

2255639 

169 

28561 

0.0080385 

1775148 

134 

17956 

0.0050537 

2238806 

170 

28900 

0.0081339 

1764706 

135 

18225 

0.0051294 

2222222 i 

1 

171 

29241 

0.0082299 

1754386 
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X« 

LXC 

n 

X 

X* 

LXC 

n 

172 

29584 

0.0083264 

1744186 

216 

46656 

0.0131313 

1388889 

173 

29929 

0.0084235 

1734104 

218 

47524 

0.0133756 

1376147 

174 

30276 

0.0085212 

1724138 

220 

48400 

0.0136222 

1363636 

175 

30625 

0.0086194 

1714286 

222 

49284 

0.0138710 

1351352 

176 

30976 

0.0087182 

1704545 

224 

50176 

0.0141220 

1339286 

177 

31329 

0.0088175 

1694915 

226 

51076 

0.0143753 

1327434 

178 

31684 

0.0089175 

1685393 

228 

61984 

0.0146309 

1315790 

179 

32041 

0.0090179 

1675978 

230 

62900 

0.0148887 

1304348 

180 

32400 

0.0091190 

1666667 

232 

53824 

0.0151488 

1293104 

181 

32761 

0.0092206 

1657459 

234 

64756 

0.0154111 

1282051 

182 

33124 

0.0093227 

1648352 

236 

56696 

0.0156756 

1271186 

183 

33489 

0.0094255 

1639344 

238 

56644 

0.0159426 

1260604 

184 

33856 

0.0095288 

1630435 

240 

57600 

0.016212 

1250000 

185 

34225 

0.0096326 

1621622 

242 

58564 

0.016483 

1239669 

186 

34596 

0.0097370 

1612903 

244 

59536 

0.016766 

1229508 

187 

34969 

0.0098420 

1604278 

246 

60616 

0.017032 

1219512 

188 

35344 

0.0099476 

1595745 

248 

61504 

0.017310 

1209677 

189 

35721 

0.0100537 

1587302 

250 

62600 

0.017691 

1200000 

190 

36100 

0.0101603 

1578947 

252 

63604 

0.017873 

1190476 

191 

36481 

0.0102676 

1570681 

264 

64616 

0.018158 

1181102 

192 

36864 

0.0103764 

1562500 

256 

65636 

0.018445 

1171875 

193 

37249 

0.0104837 

1554404 

258 

66564 

0.018734 

1162791 

194 

37636 

0.0105927 

1546392 

260 

67600 

0.019026 

1153846 

195 

38025 

0.0107021 

1538462 

262 

68644 

0.019320 

1145038 

196 

38416 

0.0108122 

1530612 

264 

69696 

0.019616 

1136364 

197 

38809 

0.0109228 

1522843 

266 

70756 

0.019914 

1127819 

198 

39204 

0.0110340 

1515152 

268 

71824 

0.020216 

1119403 

199 

39601 

0.0111457 

1507538 

270 

72900 

0.020518 

1111111 

200 

40000 

0.0112580 

1500000 

272 

73984 

0.020823 

1102941 

202 

40804 

0.0114843 

1485449 

274 

76076 

0.021130 

1094891 

204 

41616 

0.0117128 

1470688 

276 

76176 

0.021440 

1086956 

206 

42436 

0.0119436 

1456311 

278 

77284 

0.021752 

1079137 

208 

43264 

0.0121767 

1442308 

280 

78400 

0.022066 

1071429 

210 

44100 

0.0124119 

1428572 

282 

79624 

0.022382 

1063830 

212 

44944 

0.0126495 

1415094 

2M 

80656 

0.022701 

1056338 

214 

45796 

0.0128893 

1401869 

1 

286 

81796 

0.023021 

1048961 
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X   ' 

X2 

LXC 

n 

X 

X« 

LXC 

n 

288 

82944 

0.023346 

1041667 

360 

129600 

0.036476 

833333 

290 

84100 

0.023670 

1034483 

362 

131044 

0.036881 

828729 

292 

85264 

0.023998 

1027397 

364 

132496 

0.037292 

824176 

294 

86436 

0.024327 

1020408 

366 

133956 

0.037703 

819672 

296 

87616 

0.024660 

1013513 

368 

135424 

0.038114 

815217 

298 

88804 

0.024994 

1006712 

370 

136900 

0.038531 

810811 

300 

90000 

0.025331 

1000000 

372 

138384 

0.038947 

806452 

302 

91204 

0.025669 

993377 

374 

139876 

0.039369 

802139 

304 

92416 

0.026010 

986842 

376 

141376 

0.039791 

797872 

306 

93636 

0.026354 

980392 

378 

142884 

0.040214 

793651 

308 

94864 

0.026699 

974026 

380 

144400 

0.040641 

789474 

310 

96100 

0.027047 

967742 

382 

145924 

0.041069 

785340 

312 

97344 

0.027397 

961538 

384 

147456 

0.041503 

781250 

314 

98596 

0.027750 

955414 

386 

148996 

0.041936 

777202 

316 

99856 

0.028104 

949367 

388 

150544 

0.042369 

773196 

318 

101124 

0.028460 

943396 

390 

152100 

0.042809 

769231 

320 

102400 

0.028820 

937500 

392 

153664 

0.043248 

765306 

322 

103684 

0.029181 

931677 

394 

155236 

0.043692 

761421 

324 

104976 

0.029547 

925926 

396 

156816 

0.044137 

757576 

326 

106276 

0.029913 

920246 

398 

158404 

0.044582 

753769 

328 

107584 

0.030278 

914634 

400 

160000 

0.045032 

750000 

330 

108900 

0.030660 

909091 

402 

161604 

0.045482 

746269 

332 

110224 

0.031021 

903614 

404 

163216 

0 . 045938 

742574 

334 

111566 

0.031401 

898204 

406 

164836 

0.046394 

738916 

336 

112896 

0.031776 

892857 

408 

166464 

0.046850 

735294 

338 

114244 

0.032153 

887574 

1  410 

168100 

0.047312 

731706 

340 

115600 

0.032536 

882353 

412 

169744 

0.047773 

728155 

342 

116964 

0.032918 

877193 

414 

171396 

0.048241 

724638 

344 

118336 

0.033307 

872093 

416 

173056 

0.048708 

721154 

346 

119716 

0.033695 

867052 

418 

174724 

0.049175 

717703 

348 

121104 

0.034084 

862069 

420 

176400 

0.049648 

714286 

350 

122500 

0.034478 

857143 

422 

178084 

0.050121 

710900 

352 

123904 

0.034872 

852273 

424 

179776 

0.050599 

707547 

354 

125316 

0.035271 

847458 

426 

181476 

0.061078 

704225 

356 

126736 

0.035671 

842697 

428 

183184 

0.051556 

700935 

358 

128164 

0.036071 

837989 

430 

184900 

0.052040 

697674 

TABLE  I— Continued 


\ 

^' 

LXC 

" 

X 

X' 

LXC 

" 

432 

186624 

0.052524 

994445 

510 

260100 

0.073206 

588236 

434 

188356 

0.063014 

691244 

515 

266226 

0.074649 

582524 

436 

1900Q6 

0.053504 

688073 

620 

270400 

0.076104 

576923 

438 

191844 

0.053993 

684932 

525 

275625 

0.077576 

571429 

440 

193600 

0.054489 

681818 

530 

0.079069 

666038 

442 

196364 

O.0549S4 

678733 

535 

2S6225 

0.080559 

660748 

444 

197136 

0.055485 

675676 

540 

291600 

0.082071 

666556 

446 

198916 

0.055986 

672646 

646 

297026 

0.083599 

560459 

448 

200704 

0.056487 

669643 

550 

302500 

0.085139 

645455 

450 

202500 

0.056994 

696667 

655 

308025 

0.086696 

540541 

452 

204304 

0.057500 

663717 

560 

313600 

0.088263 

625714 

454 

206116 

0.058012 

660793 

665 

319225 

0.089847 

530974 

466 

207936 

0.058525 

657895 

570 

324900 

0.091443 

526316 

458 

209764 

0. 059037 

655022 

575 

330625 

0.093056 

621739 

460 

211600 

0.059555 

652174 

580 

336400 

0.094680 

617241 

462 

213444 

0.060073 

649361 

585 

342225 

0.096321 

512821 

464 

215296 

0  060596 

646552 

690 

348100 

0.097973 

508475 

466 

217156 

0.061120 

643777 

595 

354025 

0.099642 

604202 

46S 

219024 

0.061643 

941026 

600 

360000 

0. 10132 

500000 

470 

220900 

0.062172 

638298 

605 

366025 

0,10302 

495868 

472 

222784 

0.062701 

635593 

610 

372100 

0.10473 

491803 

474 

224676 

0.063239 

632912 

615 

378225 

0.10646 

476 

226576 

0,063771 

630252 

620 

384400 

0. 10819 

483871 

478 

228484 

0.064306 

627615 

626 

390625 

0.10994 

480000 

480 

230400 

0.064846 

625000 

630 

396900 

0  11171 

476191 

482 

232324 

0.065389 

622407 

635 

403225 

0  11349 

472441 

484 

234256 

0  065932 

619835 

640 

409900 

0,11528 

468750 

486 

238196 

0.066478 

617284 

645 

416025 

0.11709 

465116 

48S 

238144 

0.067025 

614754 

650 

422500 

0  11891 

461639 

490 

240100 

0.067576 

612245 

655 

429025 

0, 12075 

458016 

492 

242064 

0.068128 

609756 

660 

435600 

0,12260 

454545 

4B4 

244036 

0.068685 

607287 

665 

442226 

0.12447 

451128 

M)16 

0.069242 

604839 

670 

448900 

0.12934 

447761 

1004 

0,069800 

602410 

675 

455625 

0,12824 

444444 

1000 

0.070363 

600000 

680 

462400 

0.13014 

441176 

1025 

0.071778 

594059 

685 

469225 

0.13206 

437956 
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X 

X« 

LXC 

1 
n 

X 

X« 

LXC 

n 

690 

476100 

0.13400 

434783 

870 

766900 

0.21303 

344828 

695 

483025 

0.13595 

431655 

876 

766626 

0.21549 

342867 

700 

490000 

0.13791 

428571 

880 

774400 

0.21796 

340909 

705 

497025 

0.13989 

426632 

886 

783225 

0.22044 

338983 

710 

504100 

0.14188 

422536 

890 

792100 

0.22294 

337079 

715 

511225 

0. 14389 

419680 

895 

801026 

0.22646 

335196 

720 

518400 

0.14590 

416667 

900 

810000 

0.22797 

333333 

725 

525625 

0.14794 

413793 

905 

819025 

0.23052 

331492 

730 

532900 

0. 14998 

410969 

910 

828100 

0.23307 

329670 

735 

540225 

0.15206 

408163 

915 

837225 

0.23564 

327869 

740 

547600 

0.15412 

405405 

920 

84G400 

0.23822 

326087 

745 

555025 

0.16621 

402686 

926 

856626 

0.24082 

324324 

750 

562500 

0.15832 

400000 

930 

864900 

0.24343 

322681 

755 

570025 

0.16043 

397361 

935 

874225 

0.24606 

320866 

760 

577600 

0.16267 

394737 

940 

883600 

0.24869 

319149 

765 

585225 

0.16471 

392167 

946 

893025 

0.26134 

317460 

770 

592900 

0.16687 

389610 

950 

902500 

0.25401 

315790 

775 

600625 

0.16905 

387097 

966 

912026 

0.26669 

314136 

780 

608400 

0.17123 

384615 

960 

921600 

0.26938 

312600 

785 

616225 

0.17344 

382166 

966 

931225 

0.26209 

310881 

790 

624100 

0.17666 

379747 

970 

940900 

0.26482 

309278 

795 

632025 

0.17788 

377359 

975 

950625 

0.26756 

307693 

800 

640000 

0.18013 

375000 

980 

960400 

0.27030 

306122 

805 

648025 

0.18239 

372671 

986 

970225 

0.27307 

304668 

810 

656100 

0.18466 

370370 

990 

980100 

0.27586 

303030 

815 

664225 

0.18696 

368098 

995 

990025 

0.27864 

301508 

820 

672400 

0.18926 

366864 

1000 

1000000 

0.28146 

300000 

825 

680625 

0.19166 

363636 

1006 

1010026 

0.28427 

298507 

830 

688900 

0.19389 

361446 

1010 

1020100 

0.28711 

297030 

835 

697226 

0.19624 

369282 

1015 

1030225 

0.28996 

296667 

840 

706600 

0.19859 

357143 

1020 

1040400 

0.29282 

294118 

845 

714025 

0.20096 

366030 

1025 

1050626 

0.29J69 

292683 

850 

722600 

0.20335 

362941 

1030 

1060900 

0.29859 

291262 

855 

731025 

0.20575 

350877 

1035 

1071225 

0.30149 

289866 

860 

739600 

0.20816 

348837  i 

1040 

1081600 

0.30442 

288462 

865 

748225 

0.21059 

346821 

1045 

1092025 

0.30734 

287081 
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x« 


LXC 


n 


X2       I    L  X  C 


n 


1050 
1055 
1060 

1065 
1070 
1075 

1080 
1085 
1090 

1095 
1100 
1105 

1110 
1115 
1120 

1125 
1130 
1135 

1140 
1145 


1102500 
1113025 
1123600 

1134225 
1144900 
1155625 

1166400 
1177225 
1188100 

1199025 
1210000 
1221025 

1232100 
1243225 
1254400 

1265625 
1276900 
1288225 

1299600 
1311025 


0.31030 
0.31325 
0.31624 

0.31922 
0.32223 
0.32524 

0.32828 
0.33132 
0.33439 

0 . 33746 
0.34055 
0.34365 

0.34677 
0.34990 
0.35305 

0.35620 
0 . 35938 
0.36256 

0.36577 
0.36898 


285714 
284360 
283019 

281690 
280374 
279069 

277778 
276498 
275229 

273973 
272727 
271493 

270270 
269058 
267857 

266667 
265487 
264317 

263158 
262009 


1150 

1322500 

1155 

1334025 

1160 

1345600 

1166 

1357225 

1170 

1368900 

1175 

1380625 

1180 

1392400 

1185 

1404225 

1190 

1416100 

1195 

1428025 

1200 

1440000 

1205 

1452025 

1210 

1464100 

1215 

1476225 

1220 

1488400 

1225 

1500625 

1230 

1512900 

1235 

1525225 

1240 

1537600 

1245 

1550025 

0.37222 
0.37545 
0.37872 

0.38198 
0.38528 
0.38857 

0.39189 
0.39521 
0.39856 

0.40191 
0.40529 
0.40867 

0.41207 
0.41548 
0.41891 

0.42234 
0.42581 
0.42927 

0.43276 
0.43625 


260870 
259740 
258621 

257611 
256410 
255319 

254237 
253165 
252101 

251046 
250000 

248963 
247934 
246914 

245902 
244898 
243902 

242915 
241935 
240964 


TABLE  II 


509 


Table  n 

Kadiatioii  Resistance  in  Ohms  of  Flat-top  Antenna 

Xo  »  natural  wavelength  of  antenna  unloaded, 
X   =  wavelength  when  loaded  with  inductance  at  base, 
length  of  flat  horizontal  part  of  antenna. 


7 

total  length  of  antenna 

Radiation  resistance  in  ohms  for 

r  equal 

X/Xo 

" 

0 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.0 

1.0 

1.1 

1.2 

36.60 
28.00 
21.80 

33.30 
26.00 
20.20 

29.70 
23.90 
18.80 

25.60 
20.00 
15.80 

20.30 
16.00 
12.40 

14.70 

11.90 

9.00 

9.70 
7.60 
6.00 

4.00 
3.80 
2.90 

1.200 
1.070 
0.940 

1.3 
1.4 
1.5 

18.20 
15.10 
12.80 

16.00 
14.00 
11.70 

15.10 
12.20 
10.40 

12.60 

10.50 

9.00 

11.20 
8.60 
7.30 

7.20 
6.10 
5.20 

4.90 
4.00 
3.30 

2.40 
2.00 
1.70 

0.810 
0.700 
0.600 

1.6 
1.7 
1.8 

11.00 
9.50 
8.3d 

10.00 
8.60 
7.70 

9.00 
7.60 
6.70 

7.80 
6.70 
6.00 

6.30 
5.40 
4.70 

4.40 
3.70 
3.20 

2.80 
2.5q 
2.20 

1.40 
1.20 
1.10 

0.500 
0.400 
0.330 

1.9 
2.0 
2.2 

7.40 
6.50 
5.20 

6.80 
6.10 
5.00 

6.20 
5.50 
4.60 

5.30 

4.80 
3.90 

4.20 
3.80 
3.00 

2.90 
2.70 
2.20 

1.90 
1.70 
1.40 

0.90 
0.75 
0.57 

0.240 
0.180 
0.160 

2.4 

2.6 
2.8 

4.40 
3.80 
3.30 

4.20 
3.50 
3.00 

3.80 
3.10 
2.60 

3.20 
2.70 
2.30 

2.50 
2.10 
1.80 

1.80 
1.50 
1.30 

1.20 
1.00 
0.86 

0.48 
0.42 
0.37 

0.140 
0.120 
0.100 

3.0 
3.2 
3.4 

2.80 
2.50 
2.20 

2.50 
2.30 
2.00 

2.20 
2.00 
1.80 

1.90 
1.70 
1.60 

1.50 
1.30 
1.10 

1.10 
0.92 
0.84 

0.74 
0.64 
0.55 

0.33 
0.29 
0.26 

0.090 
0.080 
0.072 

3.6 
3.8 
4.0 

2.00 
1.75 
1.62 

1.90 
1.70 
1.50 

1.60 
1.40 
1.30 

1.40 
1.30 
1.10 

1.00 
0.94 
0.88 

0.77 
0.71 
0.66 

0.47 
0.39 
0.31 

0.22 
0.19 
0.16 

0.066 
0.060 
0.055 

4.5 
5.0 
5.5 

1.30 
1.00 
0.78 

1.21 
0.92 
0.73 

1.05 
0.80 
0.65 

0.89 
0.68 
0.56 

0.75 
0.63 
0.53 

0.54 
0.42 
0.36 

0.26 
0.22 
0.19 

0.12 
0.09 
0.08 

0.042 
0.032 
0.025 

6.0 
6.5 
7.0 

0.61 
0.48 
0.38 

0.54 
0.45 
0.36 

0.49 
0.41 
0.33 

0.44 
0.38 
0.32 

0.43 
0.35 
0.28 

0.29 
0.25 
0.^^ 

0.16 
0.14 
0.12 

0.07 
0.07 
0.06 

0.019 
0.015 
0.013 

7.5 
8.0 
8.5 

0.32 
0.28 
0.26 

0.31 
0.27 
0.25 

0.29 
0.25 
0.23 

0.28 
0.23 
0.21 

0.25 
0.22 
0.19 

0.19 
0.17 
0.15 

0.11 
0.10 
0.09 

0.06 
0.05 
0.05 

0.013 
0.012 
0.012 

9.0 

9.5 

10.0 

0.25 
0.24 
0.22 

0.22 
0.20 
0.18 

0.20 
0.19 
0.17 

0.18 
0.17 
0.15 

0.16 
0.15 
0.13 

0.13 
0.12 
0.11 

0.08 
0.08 
0.07 

0.05 
0.05 
0.04 

0.012 
0.011 
0.011 

10.5 
11.0 
11.5 

0.21 
0.20 
0.19 

0.16 
0.14 
0.13 

0.15 
0.13 
0.12 

0.14 
0.12 
0.11 

0.12 
0.11 
0.10 

0.10 
0.09 
0.08 

0.07 
0.06 
0.06 

0.04 
0.04 
0.04 

O.OIO 
0.010 
0.009 

12.0 
12.5 
13.0 

0.18 
0.16 
0.15 

0.12 
0.11 
0.10 

0.11 
0.10 
0.09 

0.10 
0.09 
0.09 

0.09 
0.08 
0.08 

0.07 
0.07 
0.06 

0.05 
0.05 
0.05 

0.03 
0.03 
0.03 

0.009 
0.008 
0.008 

13.5 
14.0 
14.5 

0.14 
0.12 
0.11 

0.09 
0.08 
0.08 

0.08 
0.07 
0.07 

0.08 
0.07 
0.06 

0.07 
0.06 
0.06 

0.06 
0.05 
0.05 

0.04 
0.04 
0.04 

0.03 
0.02 
0.02 

0.007 
0.007 
0.006 

15.0 
15.5 
16.0 

0.10 
0.08 
0.06 

0.07 
0.06 
0.06 

0.06 
0.06 
0.06 

0.06 
0.05 
0.05 

0.05 
0.05 
0.04 

0.04 
0.04 
0.04 

0.03 
0.03 
0.03 

0.02 
0.02 
0.02 

0.006 
0.005 
0.005 
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TABLE  III— RELATION  OF  UNITS 


Table  m. — ^For  the  Conversion  of  Units — Containing  the  Practical 
Together  With  Their  Values  in  Terms  of  the  Two  Sets  of  c.g.s.  Units, 

Where  c  =  8  X  10*°  cm./sec. 


Unit  of 

■ 

Practical  units 

C.  g.  8.  units 

Electromag- 
netic 

EUeotroetatic 

Quantity 

1  Coulomb  = 
1  Ampere     = 
1  Volt 
lObm 
1  Farad 
1  Henry       = 
1  Joule         = 
1  Watt 

10-1  = 
10-1  = 
10«    = 
10*    = 

io-»  = 

10»    « 

10^        :^ 

10^    - 

10-1  X  c    »  3      X  10» 
10-1  X  c    =«  3      X  10» 
10»    -5-  c   =    HX  io-« 

io»  -^  c«  =  H  X  10-11 

10-«  X  »*  =?  9      X  10" 
10»    -m;»  =    }i  X  10-11 
10^  ergs 

lO^ergs 

« 

Current 

Potential 

Resistance 

Capacity 

Inductance 

EnerflTv 

■■-■»»*'■  OJ 

Power 

INDEX 


Abtaham,  M.,  436,  486 

Absolute  units,  conversion  table  of, 

610 
Adams,  £.  P.,  324 
Addition  of  complex  quantities,  46 
Additivity  of  solutions,  13,  489 
Ampere,  510 

Amplitude  at  optimum  resonance, 
167,  192,  221,  224,  237 
in   two   resistanceless   coupled 

circuits,  86,  90,  92 
in  two  resistive  circuits,  138 
of  current,  61,  64,  211,  252 
Angular  velocity,  45,  77,  99 
velocity  undamped,  178 
Anisotropic  media,  350 
Antenna  circuit  replaced,  176,  240 
field  due  to  horizontal  part  of, 

452,  455 
field  due  to  vertical  part  of,  440 
not  a  doublet,  436 
power  radiated  from  horizontal 

part  of,  457,  463,  472 
power  radiated   from   vertical 

part  of,  444 
radiation  characteristics  of,  435 
table  of  radiation  resistance  of, 

509 
total  radiation  resistance  of,  473 
Antitangents,  caution  regarding  sign 

of,  49 
Apparent  resistance,  reactance  and 

impedance,  159,  160 
Appendix,  489 
Arbitrary  constants,  13,  15,  490,  492 

incidence,  394 
Argand's  method,  43 
Artificial  lines,  285 
Attenuation  constant,  293,  295,  326 
factor,  411 

of    h^h   frequency   waves   on 
wires,  332 


Austin,  L.  W.,  482 
Average  current,  38 
Avoidance  of  interference,  194 
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Bjerkness,  V.,  73 
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Bound  electrons,  349 
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Capacity-inductance  product  (table) 
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Capacity  per  unit  of  length,  332 
Carson,  J.  R.,  287 
Chafifee,  E.  Leon,  86 
Chain  of  circuits,  210,  226 
Charge  compared  with  discharge,  22 

energy  during,  32,  40 

intrinsic,  4,  349 
Charging  of  a  condenser,  20 
Circuit  containing  R,  L,  C,  and  a 
sinusoidal  e.m.f.,  51 
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of  reflection,  292,  403 
Coefficients  of  radiation  resistance, 
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Compensator,  electric,  286,  320 
Complementary  function,  157 
Complete  product,  371 

solution  for  condenser  discharge, 

17 
Complex  attenuation  constant,  293, 

205 
impedance,  158 
mutual  impedance,  207 
reflection  coefficient,  292,  293 
Complex  quantities,  addition  of,  46 
division  of,  48 
evolution  of,  49 
geometry  of,  42 
involution  of,  49 
multiplication  of,  47 
Condenser,  charging  of,  20 
discharge,  11,  17,  18 
discharge,  energy  expended  in, 

37 
discharge  in  primary,  86,  138 
energy  supplied  to  a  perfect,  34 
power  supplied  to  a  perfect,  33 
Condensive     and     non-condensive 

flow,  366 
Conductivity,  370 
Conservation  of  elustricity,  3 
Constants,    determination   of   arbi- 
trary, 15 
Construction  of  antenna,  483 
Continuity  of  tangential  components 

of  E  and  H,  368 
Conversion  table  of  units,  510 
Cosine,  series  for,  44 
Coulomb,  348,  510 
Counter  e.m.f.,  7 
Coupled  circuits  forced,  156 
periods  of,  79 
power  in,  171 
two,  73 
under  impressed  e.m.f.,  156, 

204 
wavelengths  of,  81 
Coupling  by  capacity,  219 
by  resistance,  223 
coefficient  of,  78,  178 
critical,  deficient  and  sufficient, 

167 
nearly  perfect,  84 


Coupling,  negligible,  83 

perfect,  84 
Crehore,  A.  C,  156 
Critical  case,  14,  18 

coupling,  167 
Crystalline  media,  350 
Cubic  equation  reduced,  105,  107 
Cunningham  285 
Curl,  358 
Curl  curl  A,  377 
Curl,  defined,  363 

equations  examined,  364 
Current  amplitude  in  smooth  line, 
329 

average  and  mean-square,  38 

density,  368 

doublet,  422 

interruption,  energy  and  power 
during,  40 

resonance  condition,  63 
Curves  of  radiation  resistance,  476. 
477,  478,  479,  480 

D 

Damping  constant,  26,  99,  1 13,  133 

factor,  23 
Decrement,    determination   of,    70, 
148 

logarithmic,  23,  27 

of  energy,  36 

per  undamped  period,  66 
Decrements,    resonance   curves   for 

various,  67 
Deficient  coupling,  167 
Demoivre's  formula,  44 
Density  of  energy,  375 
Design  of  compensator,  320 

of  filter,  318 
Detector  in  shunt,  240 

resistance,  201 
Dielectric  constant,  348 

effect  of,  348 
Difference  equation,  289 
Direct  coupled  system,  74 
Discharge  compared  with  charge,  22 

energy  during,  32 

of  a  condenser,  11,  17,  18 
Discontinuity  of  induction,  357 


INDEX 


513 


Displacement  assumption,  367 
current,  368 

Distributed  capacity,  3 
in  coils,  340 

Divergence  of  a  curl  equals  zero,  365 
of  a  vector,  353 
of  a  vector  product,  373 
surface,  365 

Division  of  complex  quantities,  48 

Domalip,  73 

Dorsey,  385 

Double  periodicity,  99 

Doublet,  421,  422,  429 

power  radiated  by  a,  432,  433 
radiation  resistance  of  a,  433 

Doubly-periodic  system,  80 

Drude,  P.,  73 

Duane,  Wm.,  334 
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Efficiency  of  transfer,  173 
Electric  induction,  349 
intensity,  347,  348 
Electricity  conservation  of,  3 
Electric  waves,  347 

due  to  a  doublet,  421 

in  an  imperfect  conductor, 

408 
on  wires,  324 
Electromagnetic  units,  510 
Electromotive  force,  5,  359,  363 
counter,  7 

induced  by  buzzer  excitation, 
30 
Electrons,  free  and  bound,  349 
Electrostatic  units,  510 
Elimination  among  Meixwell's  equa- 
tions, 378 
Energy  and  power,  general  notions, 
32 
in  buzzer  excitation,  40 
and  radiation,  373 
during  charge  or  discharge,  32 
electric  and  magnetic,  in  plane 

wave,  388 
log.  dec.  of,  36 

lost  in  resistance  during  charge, 
40 

33 


Energy  of  electromagnetic  field,  370 
supplied  to  a  perfect  condenser, 
34 
to  a  resistance,  36 
to  a  resistanceless  inductance, 
35 
transmission    and    absorption, 
415 
Equivalences  for  three  circuits,  229 

for  two  circuits,  217 
Equivalent  resistance,  reactance  and 
impedance,  216,  217,  229 
Erg,  510 

171  and  17  s  defined,  178 
Evolution  of  complex  quantities,  49 
Excitation  by  current  interruption, 

27 
Exponential,  series  for,  44 
Exponentials,  integration  by  use  of, 

49 
Extinction  coefficient,  411 
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Farad,  510 

Faraday,  348 

Field  due  to  doublet,  429 

due  to  horizontal  part  of  an 

antenna,  452 
due    to    vertical    part    of    an 

antenna,  440 
intensities  on  reflection,  397, 403 
Filter  action,  296 

design,  318 
Filters,  285 

Flat-top   antenna,    radiation   resis- 
tance of,  478,  509 
power  contributed  by,  473 
Flux  of  induction,  350 
Forced  solution,  161 
Forward  equivalences,  216,  229 
Fourth   order  differential  equation, 

94 
Free  electrons,  349 

oscillation  of  single  circuit,  9 
oscillation  of  two  coupled  re- 
sistanceless circuits,  73,  86 
oscillation  of  two  coupled  resis- 
tive circuits,  94,  138 
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Frequency  for  different  wavelengths 

etc.  (Table),  502 
Fresners  equations,  407 

G 

Galizine,  B.,  73 

Gaussian  system  of  units,  359 

Gauss's  theorem,  350,  352,  353 

Geitler,  J.  von,  73 

Geometry  of  complex  quantities,  42 

Grand  maxima  of  current,  238 

of  relative  power,  265,  277, 
282 
Graphic  method  for  wavelengths,  81 

H 

Hagen,  419 

Harmonic  plane  wave,  388 

wave  in  imperfect  conductor, 
409 
Heaviside,  324 
Henry,  510 
Hertz,  423,  482 

High  frequencies,  line  that  attenu- 
ates, 301 
High-frequency  waves  on  wires,  332 
Homogeneous  isotropic  medium,  378 

linear  differential  equation,  12, 
490 
Horizontal  plane,  field  in,  484 
Hubbard,  J.  C,  340 


Impedance,  158 
apparent,  160 
complex  mutual,  207 
equivalent,  216 
input,  292 
pure  mutual,   213 
surge,  292,  310,  314,  317 
Imperfect  conductor,  electric  waves 

in  an,  408 
Index  of  refraction  for  electric  waves, 
385,  411 
of  imperfect  conductors,  411 
Inductance,   discharge  of  primary, 
91,  150 


Inductance,  mutual,  75 

per  unit  of  length,  333 

resistanceless,    power  supplied 
to,  35 

self,  6 
Induction,  electric,  349 

flux  of,  350 

magnetic,  357 
Inductivity,  348 
Input  impedance,  292 
Insulating  medium,  379 
Insulator,  reflection  at  surface  of  an, 
399 

refraction  at  surface  of  an,  399 
Integral  effect  in  secondary,    143, 

146,  159 
Integration  by  use.  of  exponentials, 

49 
Intensity  before  a  reflector,  397 

electric,  347 

in  horizontal  plane,  484,  485 

magnetic,  357 
Interference,  avoidance  of,  194 

ratio  of,  194 
Intrinsic  charge,  4,  349 
Inverse  square  law,  348 
Involution  of  complex  quantities,  49 
Isochronism,  83 

quasi,  108 
Isotropic  medium,  349 


Jones,  D.  E.,  423 
Joule,  510 

K 

Kelvin,  Lord,  324 
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Kirchhoff,  324 
Kirchhoff 's  current  law,  1 

e.m.f.  law,  6,  8 
Kolacek,  73 
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Large  conductivity,  waves  in  medium 

of,  413 
Law  of  reflection,  396,  401 

of  refraction,  401 
Lines,  artificial,  285 
resistanceless,  296 
resistive,  309 
Linkage,  positive,  359 
Logarithmic  decrement  23,  27 
of  energy,  36 
per  undamped  period,  66 
Loose-Coupled  system,  136  • 

Low  frequencies,  line  that  attenu- 
ates, 300 

M 

Macku,  B.,  73 
Magnetic  intensity,  357 
Magnetically  coupled,  76 

coupled  system,  relations  in,  82 
Magnetomotive  force,  359,  360 
Martin,  J.,  69 
Maximum  efficiency,  173 
Max.  max.  current,  167 

and  detector  resistance,  201 
Maxwell,  J.  C,  156,  348,  363,  364, 

368 
Maxwell's  displacement  assumption. 
367 
equations,  358 
Mean-square  current,  38,  61 
of  sine,  62 

secondary  current,  143,  146, 153 
Muirhead,  285 

Multiplication  of  complex  quantities, 
47 
of  vectors,  371 
Mutual  impedance,   complex,   206, 
207 
pure,  213 
inductance,  75 
power,  457,  465,  472 

N 

Negative  roots,  105 
Negligible  coupling,  83,  121,  136 
Non-crystalline  media,  349 
Non-reflection,  condition  for,  304 


Normal  incidence,  391 
Numerical  cases,  112,  122,  180,  188, 
197,  257,  279,  306,  320,  322 

O 

Oberbeck,  73,  156 

Ohm,  510 

Ohm's  law,  5 

Optimum  combinations  for  a  chain 
of  circuits,  237 
resonance,  165,  186,  191,  275 
simultaneous  adjustments,  247 

Oscillation,  free,  of  single  circuit,  9 


Partial  resonance,  161,  162, 163,  177, 

180,  232 
Particular  integral,  157 

solution,  52 
Perfect  coupling,  84 
Period  and  wavelength,  60,  73 
during  charging,  26 
of  single  circuit,  23,  24,  25,  73 
Period  undamped,  25,  64,  100 
Periods  of  two  couple  circuits,  73,  79 
Permeability,  357 
Persistent  waves,  176 
Phase  change  at  reflection,  330,  419 
Phase  lag  per  section,  293,  295 
Pickard,  G.  W.,  602 
Pierce,  G.  W.,  4,  81,  156,  176 
Planck,  M.,  423 
Plane  field,  380 

polarized  wave,  388 
wave,  379 

equation,  380,  409 
harmonic,  388 
reflection  of,  391,  394 
solution,  377,  381,  383 
Poisson,  358 
Poisson's  equation,  355 
Polarized  wave,  plane,  388 
Positive  linkage,  359 
Potential  difference  on  wires,  341 

f aU  of,  5 
Power  and  energy,  general  notions, 
32 
in  buzzer  excitation,  40 
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Power  in  coupled  circuHSi  171,  258, 

266,  277,  282 
Power,    maximum,    transferred    at 
maximum  efficiency,  174 
radiated  by  doublet,  432 
from  flat-top,  467,  463 
from  vertical  part,  444,  460 
.      mutually,  467,  466,  472 
relative,  268,  265,  277,  282 
supplied  to  a  condenser,  33 
to  a  resistance,  36 
to  an  inductance,  36 
Power  transferred  at  maximum  effi- 
ciency, 173 
Poynting,  J.  H.,  376 
Poynting's  vector,  370,  376,  415 
Pupin,  286 
Pure  mutual  impedance,  213 

Q 

Quasi  isochronism,  108 

R 

Radiation  characteristics  of  an  an- 
tenna, 435 
resistance  of  a  doublet,  434 
of  an  antenna,  477,  609 
of  a  straight  vertical  antenna, 

481 
of  vertical  part,  461 
Radiotelegraphic  receiving  station, 
176 
with  detector  in  shunt,  240 
Ratio  of  interference,  194 
of  units,  369,  610 
quantities,  266 
.yleigh,  Lord,  73 
^.eactance,  53,  168 
apparent,  160 
equivalent,  216 
Reciprocity  theorem,  204,  217,  228 
Recurrent  sections,  256 
Reflection  coefficient,  292,  293,  403, 
419 
from  an  imperfect    conductor, 

416 
from  a  perfect  conductor,  391 


Reflection,  law  of,  396,  401 
on  smooth  line,  330 
repeated,  291 
vitreous,  399 
Refraction,  law  of,  401 

vitreous,  399 
Refractive  index,  386 
Relative  power,  268,  265,  277,  282 
Relaxation  time,  408 
Repeated  reflection,  291 
Resistance,  apparent,  160 
•    coupling,  223 
equivalent,  216 
Resistance,  power  and  energy  sup- 
plied to,  36 
radiation,  of  doublet,  434 
of  flat-top  antenna,  473,  509 
of  straight  vertical  antenna. 

481 
of  vertical  part  of  antenna, 
461 
Resistanceless  coupled  circuits,  73, 
86 
line,  296 
Resonance  combinations,  248 
curve,  equation  to,  66 
in  simple  circuit,  60 
partial,  161,  232,  240 
relations,  240,  243 
relations  restricted,  232 
Resonant  fundamental  system  on 

wires,  338 
Restricted  resonance  relations,  232 
Restrictions,  243 

Retardation  angle  per  section,  294, 
296,  306,  308 
per  unit  length,  326 
by  resistanceless  line,  305 
R.  M.  S.  current  and  e.m.f.,  38 
Roots,  negative,  106 

of  fourth  degree  equation,  99 
Rosa,  385 
Rubens,  419 
Radenberg,  434 
Rule  of  signs,  103 
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Saunders,  334 

Scalar  and  vector  product,  371 
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Secondary,  e.m.f.  induced  in,  31 

Semiconductors,  408,  411 

Sharpness  of  resonance,  IM 

Shepherd,  G.  M.  B.,  285 

Signs,  rule  of,  103 

Sine,  series  for,  45 

Sinusoidal  e.m.f.  impressed,  51,  156 

Solenoidal  vector,  367 

Solution   of   differential   equations, 

494,  495,  500 
Spherical  waves,  423 
Stationary  waves  in  insulator,  393 

on  wires,  335,  337,  342,  344 
Steady  state,  58 
Stoppage  condenser,  242,  284 
Sufficient  coupling,  167 
Surface  divergence,  355 
Surge  impedance,  292,  310,  314,  317 

of  smooth  line,  328 
Systems  of  recurrent  sections,  256 


r-case,  118,  119 
Taylor,  285 

Telegraph  and  telephone  lines,  arti- 
ficial, 285 

equation,  409 
Terminal  conditions,  290 

impedance,  303 
Three  circuits,  chain  of,  226 
Thomson  doublet,  421 
Thomson,  Sir  J.  J.,  421 

Sir  Wm.,  11,  24,  324 
Thomson's  formula,  24 
Time  between  maxima,  25 
Time-lag  independent  of  frequency, 

308 
Transformation  into  periodic  form, 
53,  98 

of  e.m.f .  equation,  363 

of  m.m.f.  equation,  360 
Transformer  coupling,  73,  214 
Transient  term  made  zero,  57 
Transverse  wave,  386 
Trowbridge,  John,  334 
Two  circuits  with  transformer  coup- 
ling, 214 

coupled  circuits,  73,  94 


Two-way  equivalences,  229 
Types  of  artificial  line,  298 


U 


u-case,  118 

Undamped  angular  velocity,  178 

period,  64,  100,  113,  129 
log.  dec.  per,  66 

wavelength,  67,  179,  258 
Units,  conversion  table  of,  510 

Gaussian,  359 

ratio  of,  359,  385,  510 


Varley,  285 

Vector,  exponential  expression  for, 
44 
product,  371 

trigonometric  expression  for,  44 
Velocity  of  electric  waves,  383,  384, 
411 
of   high   frequency   waves    on 

wires,  332,  334 
of  light  and  ratio  of  units,  385 
on  wires,  330 
Vertical  part  of  antenna,  440,  444, 

450,  451 
Vitreous   reflection   and  refraction, 

397 
Volt,  510 


W 


Watt,  510 

Wave,  electric,  347 

Wave  equation,  377,  378 

Wavelength,  definition  of,  60 

graphic  method,  81 

square  vs.  added  capacity,'  339 
V8,  X  and  L-XC  (Table),  502 

undamped,  67,  179,  268 
Wave,  plane  harmonic,  388 

transverse,  386 
Waves,  on  wires,  324 

persistent,  176 
Wien,  M.,  73 
Wires,  waves  on,  324 
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